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We study the random sequential adsorption (RSA) of unoriented anisotropic objects onto a
flat uniform surface, for various shapes (spherocylinders, ellipses, rectangles, and

needles) and elongations. The asymptotic approach to the jamming limit is shown to follow
the expected algebraic behavior, 8( 0 ) — () ~t~ 173 where 0 is the surface coverage; this
result is valid for all shapes and elongations, provided the objects have a nonzero proper
area. In the limit of very small elongations, the long-time behavior consists of two successive
critical regimes: The first is characterized by Feder’s law, #~'/%, and the second by the '

law; the crossover occurs at a time that scales as €

—12 when €0, where € is a parameter of

anisotropy. The influence of shape and elongation on the saturation coverage 6( ) is also
discussed. Finally, for very elongated objects, we derive from scaling arguments that when
the aspect ratio a of the objects becomes infinite, @( «0 ) goes to zero according to a power
law a7, where p=1/(1+2v2). The fractal dimension of the system of adsorbed needles is

also discussed.

I. INTRODUCTION

A variety of large molecules, specifically proteins and
latex particles, have been shown to adsorb in an essentially
irreversible manner.'” Rates of both desorption and sur-
face diffusion are very slow compared to the rate of ad-
sorption. In the many cases where particles do not adsorb
on top of each other and thus form only monolayers, it has
been suggested that the random sequential adsorption
(RSA) model may be appropriate.” RSA is a process in
which objects are placed at random on a surface such that
they do not overlap with any that have already been suc-
cessfully placed. Once on the surface, the position of an
object remains permanently fixed, which ensures the irre-
versible character of the adsorption process. Initially, the
probability of placing a new object is high and the surface
fills rapidly. As the surface coverage increases, the adsorp-
tion probability decreases due to exclusion effects from
preadsorbed objects until, eventually, it is impossible to
place another object without overlap. This condition, asso-
ciated with a zero probability of adsorption, is commonly
known as the jamming limit. For a RSA on a continuous
uniform surface, the approach to the jamming limit is char-
acterized by an algebraic, as opposed to an exponential,
time dependence.

Until recently, nearly all of the published work on
RSA has focused on spherical particles. This is clearly a
limitation since many of the substances studied are in fact
nonspherical. For example, the human plasma protein fi-
brinogen is often modeled in adsorption experiments as a
rod of aspect ratio 7.5:1.3 As, moreover, there is a range of
bulk concentrations for which such proteins adsorb exclu-
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sively “side-on”,? it seems relevant to investigate the RSA

process of two-dimensional anisotropic particles deposited
onto a uniform surface. This case is more complex than the
RSA of hard disks, as can be understood by considering
the rate equation governing the time evolution of the sur-
face coverage 6(1): this equation takes the form of a “gen-
eralized Langmuir equation,”

do
=k [ a0 r@etom.al )

where k, is the “bare” rate of adsorption (which is set
equal to 1 in the folowing without loss of generality),
f(Q) is the probability distribution for the orientations ()
of the incoming particles [we restrict ourselves to the con-
sideration of a uniform distribution f(Q)=1/2mx], and
®[6(1),0Q] represents the probability of adding a new par-
ticle with an orientation 0 when the surface coverage is
equal to 6. ®[0(r),Q] can also be interpreted as the frac-
tion of the total surface that is available to the center of a
new particle with an orientation {); we call it the available
surface function (ASF). The fact that the ASF is orienta-
tion dependent changes the main features of the RSA (sat-
uration coverage, asymptotic kinetics, structure of the
monolayer, eic.), when compared to the hard-disk case.
By formally integrating Eq. (1), one can deduce the
coverage as a function of time. However, except for the
standard one-dimensional car parking problem,6'8 the ASF
is not exactly determined, which requires the extensive use
of the computer simulation. For descriptive purposes it is
fruitful to divide the RSA kinetics into several “regimes”:’
a low-to-moderate coverage regime, for which coverage
and time expansions can be developed,”®'* and a high-
coverage regime which corresponds to the asymptotic ap-
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proach towards the jamming limit (the ASF goes to zero
and consists of very small disconnected areas) and for
which exact results can be derived.’> ! As will be dis-
cussed in Sec. IV, an additional “intermediate” regime
must be introduced when considering the RSA of very
elongated objects. In this paper, we focus on the asymp-
totic and intermediate regimes as well as on the depen-
dence of the saturation coverage upon particle shape and
elongation. The second paper is devoted to the low-to-
moderate-coverage regime and to the validity of various
approximate interpolation formulas devised for describing
the full range of coverages. A forthcoming third paper will
consider the structure of the RSA configurations of aniso-
tropic objects and their comparison with the corresponding
equilibrium configurations.

The present paper is organized as follows. In Sec. II,
we detail the sxmulatlon procedures and data analysis. The
results for the asymptotic kinetics and saturation coverage
are given in Sec. III. By careful examination of various
shapes (rectangles, ellipses, spherocylinders, or more pre-
cisely discorectangles) and elongations, we confirm that
the coverage approaches its saturation value with an alge-
braic time dependence, the exponent of which is equal to
1/3. For weakly elongated ellipses and spherocylinders, the
asymptotic regime can be divided into two regions: The
first is characterized by Feder’s law, t—V 2 and the second
by the t~'3 law; the time of the crossover is shown to
increase as €~ /2 when €—0, where € is a parameter of
anisotropy that vanishes in the limit of disks. In addition,
we discuss the influence of shape and elongation on the
efficiency of the filling process. Finally, in Sec. IV, we study
the limit of very elongated objects. By scaling arguments,
we show that when the aspect ratio «a is very large, the
saturation coverage goes to zero according to a power law,
6,(o0)~a~? where p=1/(142v2). This result is ob-
tained by introducing an intermediate regime in which the
filling by very elongated objects is insensitive to the width
(or smallest linear size) of the objects and is thus similar to
the filling by infinitely thin needles, a process which has
been recently studied.?>?* The characteristic time for the
crossover between the intermediate and asymptotic re-
gimes is shown to scale as o1 +2/2 . Following the argu-
ments given in Ref. 22, we find that the fractal dimension
of the system of adsorbed needles is equal to (1+4v2)/(1
+2v2).

Il. SIMULATION PROCEDURES AND DATA ANALYSIS

We consider the RSA of several kinds of two-
dimensional hard convex bodies (rectangles, ellipses,
spherocylinders, needles) with various aspect ratios, a>1:
a is defined as the ratio of the long axis @ to the short axis
b for ellipses and spherocylinders (discorectangles in 2D),
as the ratio of the length L to the width / for rectangles,
and is infinite for needles. When @ — 1, spherocylinders and
ellipses reduce to the isotropic case, i.e., disks, whereas
rectangles reduce to an anisotropic case, i.e., squares. The
simulation procedures are as follows. Each run starts with
an empty square cell with periodic boundary conditions.
At each step, a trial object is sampled with random position
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and orientation that are both chosen from uniform proba-
bility distributions. In order to reduce the number of tests
for overlap between the trial object and objects that are
already placed, a systematic grid construction is adopted.
For ellipses, squares, and rectangles, the procedures for
overlap tests have been described previously.'®1%?* For
spherocylinders, noting that they can be thought of as a
locus of points equidistant from a line segment in a plane,
the overlap test amounts to determining the minimum dis-
tance between two line segments: overlap occurs when the
distance is less than b.

When the aspect ratio a increases, three cumulative
effects reduce the efficiency of the simulations: (1) finite-
size effects grow as the ratio of largest linear size of the
object over the linear size of the square cell; (2) Even with
the grid construction, l.uc region which is accessible to a
trial object goes up as o and the number of tests increases
accordingly; (3) As discussed in Sec. IV, the characteristic
time of the beginning of the asymptotic behavior grows
with a. In simulations, we set the system size s (defined as
the ratio of the proper area of one object to the area of the
square cell) equal to 0.002 for ellipses, and 0.0002 for
spherocylinders and rectangles with an aspect ratio a be-
tween 1 and 15. For needles, which have no proper area,
the ratio of the needle length over the length of the cell side
was taken as 0.05. Since some simulation data have been
already published in the literature for ellipses,'®?
squares, 24 rectangles,”?* and needles,”>? but not for
spherocylinders, we have paid special attention to the
spherocylinder simulations in order to minimize all possi-
ble sources of error and uncertainty: the simulations for
every aspect ratio include from 500 to 750 independent
runs, each consisting of 108 trials, and an accelerating pro-
cedure, described briefly as follows, was used. The sphero-
cylinder simulations also make use of a systematic grid
construction such that only one particle can lie within a
grid element. The specific new feature is the identification
of those grid elements which cannot accept the center of a
new particle in any orientation. The random number gen-
erator is then applied only to those grid elements that have
not been so identified and the number of adsorption at-
tempts is scaled appropriately. Thus if a fraction f of the
surface has been discounted, each adsorption attempt cor-
responds to 1/(1—f) attempts of a conventional algo-
rithm.

In order to discount a grid element, one must check
that every point within it is inaccessible to a new particle in
any orientation. Practically, this requires that the surface
be discretized. We used a fine-mesh lattice with a density of
points sufficient to approximate a continuous surface. In
the simulations reported here, each grid contained 625
points. The procedure for testing the availability of a dis-
crete point within a grid is a rather involved geometrical
problem. A full discussion of the method, together with
other simulation details, will be presented elsewhere.

The asymptotic regime of the process is characterized
by the fact the ASF consists mostly of small isolated tar-
gets in which only one additional particle can be inserted.
The filling process is then very slow, with many attempts
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TABLE 1. Power law exponents p, and saturation coverage 6,( « ) char-
acterizing the asymptotic regime of spherocylinders. The results were
obtained from the simulation data by least-square fit procedures based on
Eq. (2) (Ref. 19). R is the number of independent runs.

Spherocylinders
4 Pa 6,(0) R
1.25 0.421+0.006 0.569+0.001 750
1.5 0.334+0.006 0.580+0.001 750
1.75 0.335+0.006 0.583£0.001 750
2 0.338+0.006 0.581+0.001 650
2.5 0.339+0.006 0.577+0.001 750
3 0.335+0.006 0.569+:0.001 650
4 0.337+0.006 0.554+0.001 650
6 0.337+0.006 0.524+0.001 700
10 0.330+0.006 0.482+0.001 750
15 0.334+£0.007 0.445+0.001 500

being required to add each new particle. The rarity of the
successful events makes the study of the asymptotic kinet-
ics rather difficult and raises some methodological ques-
tions which have been discussed by Viot and Tarjus.!” We
have analyzed the simulation data by looking for an as-
ymptotic behavior of the following form:

ba
6(1) ~0a(w0) — (2)

where 6,( ), b,, p, are considered as a priori unknown
and may depend upon the aspect ratio a. More details are
given in Ref. 19, as well as in Tables I-III

{ll. ASYMPTOTIC KINETICS AND SATURATION
COVERAGE

Except for the case of weakly elongated ellipses and
spherocylinders (a=1.25), the power law exponents de-
termined by using Eq. (2) (or its time derivative) were all
found to be equal to 1/3, within statistical uncertainties
(cf. Tables I-1II). This confirms the result obtained first
by Talbot er al'® and later by others.!®2! It shows that,
provided the anisotropic objects are inserted with random
orientations, shape and elongation do not influence the
value of the power law exponent. As will be discussed later
on, this conclusion should also apply to weakly elongated
ellipses and spherocylinders. The exponent seems to be
simply given by the inverse of the number of degrees of
freedom per object,'® a result that can be rationalized by
following the arguments given by Talbot et al.:'® The as-
ymptotic kinetics can be determined by studying the filling

TABLE II. Same as Table I for ellipses.
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of small isolated targets, each target being characterized by
a small length scale parameter 4. For every degree of free-
dom (here two coordinates for the position of the center
and one angle for the orientation), there is only a restricted
range of values for which an object can reach a given tar-
get, provided the target is small enough, and the width of
this range is proportional to 4. Since all degrees of freedom
must lie simultaneously within their respective range for an
object to be successfully inserted in the given target, the
rate k(h) at which targets characterized by /4 disappear
goes as k"', where 4" is the number of degrees of freedom
per object (here, .#"=3). The following rate equation can
be written:

d
En(h,t)~—k(h)n(h,t)~—h/n(h,t), t—+o, (3)

where n(h,t) is the number density of A targets, so that the
asymptotic equation for the time evolution of the coverage
is

Hc
9(00)—9(t)~L dhn(ht) ~t= VY, 15+ 0, (4)

where H, is an (irrelevant) upper cutoff. Equation (4)
expresses the fact that the number of targets at time ¢ is
equal to the number of particles that can still be inserted,
and that only vanishingly small values of 4 are relevant to
determine the asymptotic behavior. Note that the preced-
ing reasoning is not valid when some of the degrees of
freedom are chosen from a discrete probability distribution
(e.g., for parallel nonspherical objects'®?®) and for objects
with no proper area (e.g., for infinitely thin needles® or
mixtures with pointlike particles?®?7).

We consider now the asymptotic regime of weakly
elongated objects. For small elongations, following once
again the treatment of Talbot ef al.,'® one can define two
classes of targets: nonselective and selective. A target is
nonselective if an object placed in this target can be freely
rotated by 27 with only a slight displacement of its center;
the rotation of 27 of the object requires that a roughly
circular region of diameter d (where d is the longest length
of the object) is free of neighboring objects [see Figs. 1(a)
and 1(c)]. A selective target, on the other hand, is such
that it is only for a limited range of orientations that a
region of length d (and width >b4,/) is free of objects [see
Figs. 1(b) and 1(d)]. The selective targets are those which
have been previously considered in deriving Egs. (3) and
(4). Since A4 is the length scale characteristic of the avail-

TABLE IIIL. Same as Table I for rectangles.

Ellipses Rectangles
a Pa G,(0) R a Pu 6,(c0) R
1.25 0.43+0.05 0.568 +0.001 200 1 0.34+0.01 0.530+0.001 35
1.5 0.33+0.03 0.580+0.001 200 1.5 0.34+0.02 0.552+0.002 40
2 0.32+0.03 0.583=0.001 200 1.618 0.32+0.02 0.553+0.002 40
3 0.32+0.03 0.569=0.001 200 2 0.34+0.04 0.548:0.002 35
4 0.324+0.03 0.552+0.001 200 5 0.33+0.04 0.510+0.005 35
5 0.35+0.03 0.536+0.001 200 15 0.32+0.04 0.483+0.005 35
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FIG. 1. Illustration of nonselective and selective targets for weakly elongated ellipses [(a) and (b), respectively] and rectangles {(c) and (d),
respectively]. The targets are defined by three preadsorbed particles denoted (1), (2), and (3). For nonselective targets [(a) and (c)], one can rotate
by 27 the test particle inserted in the middle: a circular region of diameter d=a for ellipses (a) or d = ,/L2+7z for rectangles (c) must be free of
preadsorbed particles. For selective targets [(b) and (d)], one cannot rotate the test particle by 27: only a limited range of orientations is allowed.

able space for the center of a new object, one concludes
that for h»(a—b) or (d—1I), the targets are selective and
for h<(a—>b) or (d—1), the targets are nonselective. The
relevant anisotropy parameter is thus e=a/b—1=a—1
for ellipses and spherocylinders and € = d/I — 1
= J1+a? — 1for rectangles. If one chooses b or / as unit
length (b=1 or /=1), the switching from a selective to a
nonselective target occurs for a length scale A~¢e. The
leading term of the rate of disappearance for selective tar-
gets is AR (h/€), where (h/€) is the range of allowed ori-
entations; the rate for nonselective targets goes as B(h
—e€)? if k is large enough compared to €. For small €s,
these features can be incorporated in the following ansatz:

k(h)=AkK/e, h<e,

=Ae?+B(h—e€)%, h>e. (5)

The evolution of the coverage 6,.(¢) towards its saturation
value is given by

HL‘
06(00)—96(!)~f dh n(h,t)
0
€ 3
Nf nht)e=AW/e=10
0

H, 2 )
+ f n(h)eldd+BA-ONG—1) (6
€
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FIG. 2. Saturation coverage, 6,( ), as a function of the inverse of the
aspect ratio a (for 1<a<15). The data points correspond to the results
given in Tables I-1IT and in Refs. 18, 20, and 24. The lines are drawn for
visual guidance.

where ¢, is the time at which the asymptotic regime starts.
After some manipulations, one obtains

Sidxe™® e
G (0)—0(1) ~€ _';173——'+C;172' , =400,

)]

where z=¢€%, €<1, and C> 0. It is now easy to expand Eq.
(7) in the two limits z<€1 and z»1, and we derive the
following results: (i) the asymptotic regime is made of two
successive regions, the first characterized by a #~ /2 behav-
jor and a second by a r~'3 behavior; the characteristic
time of the crossover between the two behaviors is obtained
for z~1 and goes as €12, (ii) The ¢~/ regime shrinks
when €—0 and eventually vanishes (hard-disk case): the
amplitude of the r~!/3 term goes as €3, while the total
contribution of the selective targets to the saturation cov-
erage goes as €. (iii) The t~!/? regime vanishes when €
increases; the /2 term has in fact an additional exponen-
tial dependence, e“zt/ V/t, which explains why for a>1.5
in the case of ellipses and spherocylinders (€>0.5) and for
squares (€=0.414---) there is no detectable trace of 12
behavior. These results, which do not depend on the spe-
cific form of k(h) given in Eq. (5), also explain why the
numerical analysis of the simulation data for weakly elon-
gated ellipses and spherocylinders (a=1.25) does not give
the '3 behavior, but rather a mixture of =2 and /3
regimes that leads to an effective exponent intermediate
between 1/2 and 1/3.

The results obtained for the saturation coverage at the
jamming limit are given in Tables I-III. They are also
displayed in Fig. 2, together with the values already pub-
lished in the literature for ellipses'®?° and rectangles,”' as a
function of the aspect ratio. The curves obtained for the
three shapes (spherocylinders, ellipses, rectangles) show a

06 — T T T T T

8,(=)

« SPHEROCYLINDERS < .
« ELLIPSES SOt

045 » RECTANGLES N

FIG. 3. Saturation coverage, 8( ), as a function of the elongation e
defined in text (e=a for ellipses and spherocylinders, e = Jl+az2 for
rectangles). Other captions are same as in Fig. 2.

maximum and seem to go to zero when the aspect ratio
becomes very large. This latter feature, as we argue in the
next section, must be common to all convex bodies. On the
other hand, we have no proof for the necessary presence of
a maximum when the aspect ratio increases. The maximum
value for spherocylinders and ellipses is obtained for a~2
and is necessarily greater than the saturation coverage for
hard disks, since both spherocylinders and ellipses reduce
to disks when a— 1. Indeed, we find 8,,,,( © ) =~0.581 for
spherocylinders and an almost identical value, 6,,( )
=~0.583, for ellipses. The curve for rectangles displays a
maximum at o~ 1.6 and the corresponding saturation cov-
erage, 0., (0 )=~0.55, is only slightly larger than that of
hard disks: for a— 1, rectangles reduce to squares which
have a saturation coverage, Oyq,re =0.530, which is notably
less the hard-disk value, O ~0.547."7 Instead of using o
to measure the anisotropy, one can choose e=1--¢, where
€ is the parameter introduced above to discuss the filling
process of selective and nonselective targets. The elonga-
tion e is thus equal to the ratio of the longest length over
the width or small axis: for spherocylinders or ellipses e
=a, but for squares and rectangles e = 41 +al A square
{a=1, e=v2) should then not be compared to a disk (a
=e=1), but to an ellipse or a spherocylinder with a=v2;
similarly, a rectangle of aspect ratio a ‘“behaves” rather
like an ellipse or spherocylinder of aspect ratio J1+a
The difference between a and e is not relevant for very
elongated objects, but, as shown in Fig. 3, by plotting
O0( = ) as a function of e in place of a, one observes that the
location of the maximum is roughly independent of the
shape: filling a surface by unoriented hard convex objects
seems to be more efficient for objects with an elongation e
close to 2. This will be discussed in more detail in Paper II.
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IV. LIMIT OF VERY ELONGATED OBJECTS

There are two ways to approach the limit of infinitely
large aspect ratios: either by letting the width / (or small
axis b) go to zero while keeping the length L (or long axis
a) constant, or by letting the width (small axis) go to zero
while keeping the proper area constant. In the first case,
the proper area goes to zero, and this corresponds to infi-
nitely thin needles, or line segments. In the second case, the
length (long axis) becomes infinite in order to maintain a
nonzero proper area. The consequences for the RSA pro-
cess are important: the filling of a surface by needles pre-
sents no jamming limit and the density of adsorbed needles
keeps increasing (this somewhat parallels the observation
that equilibrium systems of hard needles have no finite
freezing density?®). As shown by Tarjus and Viot,2® the
long-time kinetics for needles is algebraic, but the exponent
is not simply related to the number of degrees of freedom
per object. The reason is that there is a competition, at all
times, between destruction and creation of targets which
results in an irrational exponent,

P(t)"'fﬂ“l, t—> 4 0, (8)

where p(t) is the number density of needles. Equation (8)
was rigorously proved for a one-dimensional system and
conjectured to be also valid for the two-dimensional sys-
tem.” Recent extensive simulations by Ziff and Vigil®? sup-
port this prediction.

On the other hand, there is always a jamming limit for
objects with a nonzero proper area and the saturation cov-
erage decreases as the aspect ratio increases. As pointed
out by Vigil and Ziff’! in their simulation study of unori-
ented rectangles, the RSA kinetics for very elongated rect-
angles (with a nonzero proper area) is very close to that of
line segments for most times except the longest. For short
and intermediate times, the rejection of trial rectangles due
to overlap with preadsorbed rectangles is controlled by the
largest linear size, since the probability to overlap just the
widths without crossing the lengths is much smaller than
the probability to adsorb in an open space. Rectangles “be-
have” effectively as line segments (needles). For longer
times, when the ASF is very small and composed of iso-
lated targets, the width of the rectangles becomes relevant
for the rejection process and one enters the asymptotic
regime described in the previous section. We will thus as-
sume that the RSA kinetics for very elongated objects
(here, the shape is not relevant) is governed by two suc-
cessive regimes: an intermediate needlelike regime and the
usual asymptotic regime. The initial regime corresponding
to very short times (see Paper II) shrinks for very large
ratios?! and is not relevant for determining the saturation
coverage.

The starting point consists in defining two pairs of scal-
ing variables,

t=sN, 0, =sn, (9)
(10)

where N is the number of trials, » is the number of ad-
sorbed objects, and s is the relative proper area of an object.

t'=asN, pl=asn,

5217

The first pair, Eq. (9), refers to the usual scaling variables
for a RSA process. The second one, Eq. (10), is appropri-
ate for the needles: as is simply equal to L? (or a*) divided
by the area of the square cell, and the variables are then
well defined when o + o and s—0. Using the general-
ized Langmuir equation, Eq. (1), and defining ® as the
ASF averaged over all orientations, one can write

do, dp|,

e ="7r=0r-

(11)

At short and intermediate times (needlelike regime),
the average ASF @, as obtained by combining Eq. (8) and
Eq. (11), decreases as V-2, Further, using the one-to-one
mapping between time and density and the fact that the
kinetics in this regime is independent of the width of the
objects gives

D(t') =~cp,” ", (12)

where ¢ is independent of the aspect ratio . For long times
(asymptotic regime), ® is expressible with the help of Egs.
(4) and (8), which finally leads to

(1) =d[0,( ) —8,]*% (13)

To proceed further, we make the two following as-
sumptions: First, that for large aspect ratios the crossover
region between the two critical regimes extends over a
small range of times so that it is meaningful to define a
matching point between the two regimes; and second, that
the relative importance of the two regimes in the filling
process stays essentially constant when o becomes infinite.
If this were not the case, one regime would shrink to zero
when a— + «. Both assumptions are well supported by
existing simulation data.??? Introducing the dimensionless
variable x=0,/6,( ) and using Egs. (9)-(13), one ob-
tains the following equation for the value of x at the match-
ing point:

d0 () (1—x)*=clab,(0)x]"7, (14)
which can be rewritten as
a6t (o) =c[d(1—x)*x"?]~". (15)

Since we have assumed that both regimes contribute in a
comparable way to the filling process when a— + «, the
value of x at the matching point and the coefficient d must
not diverge nor go to zero in this limit. As a consequence,
the right-hand side of Eq. (15) can be taken as indepen-
dent of a, and the following asymptotic result for the sat-
uration coverage is derived:

O (0) ~a~ VD o 4 . (16)

We thus obtain that the saturation coverage for very elon-
gated objects with a nonzero proper area (irrespective of
their shape) goes to zero when the aspect ratio a becomes
infinite according to a power law, the exponent of which is
equal to —1/(14-2v2) = —0.26. This is compatible with
the behavior observed in simulations of elongated rectan-
gles. In particular, from a log-log plot of their data, Vigil
and Ziff gave a numerical estimate of the exponent equal to
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FIG. 4. Hllustration of the time evolution of the coverage [6, vs In(#)] for
a very large aspect ratio a as predicted by Eqs. (9)-(15). 8,(M) and ¢,,
indicate, respectively, the surface coverage and the characteristic time at
the matching point between the needlelike regime and the asymptotic
regime.

—0.20.2122 Considering the difficulty of obtaining reliable
data for very elongated objects and the fact that our pre-
diction is only asymptotically valid, the agreement seems
rather satisfactory.

From Eq. (16) and the definition of x, it is clear that
the two regimes contribute to the saturation coverage with
a comparable weight, when a— + «,

Ba(0) =0, (M) ~0, (M) ~a~1/1+2D, (17)

where M indicates the matching point; this is illustrated in
Fig. 4. The time t), corresponding to the crossover between
the needlelike and the asymptotic regimes is obtained from
Egs. (9), (10), and (14) and goes as

VAEID | gyt 0. (18)

This result indicates that the asymptotic approach to the
jamming limit (characterized by the r~'/3 behavior) starts
at longer and longer times when the aspect ratio increases,
as is indeed observed in the computer simulation of very
elongated rectangles.”!

Finally, the asymptotic result derived for the satura-
tion coverage of very elongated objects can be used to de-
termine the fractal dimension of the system of adsorbed

ty~a

needles. According to the arguments given by Ziff and
Vigil,?? the fractal dimension may be obtained by studying
how the “mass” of the ensemble of needles varies as one
changes the length scale of the resolution. Looking at a
configuration of needles with a resolution € is equivalent to
a coarse graining procedure which assigns a width €L to
each object. By appropriately choosing the number density,
the corresponding coarse grained system can be viewed as
the saturation state for adsorbed rectangles of length L and
width eL.? Taking the mass of the system as proportional
to the saturation coverage and using Eq. {16), we then
derive that the mass decreases with the resolution as
€/U0+2D) when e-0. Since for a fractal object the mass
goes as &P where D is the fractal dimension, we con-
clude that the fractal dimension of the system of needles is
equal to (1+4v2)/(1+2v2)~1.74.
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