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Generalised Hydrodynamics
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Matiere Condensée
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[Based off joint work with B. Doyon and G. El]
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Generalised Gibbs ensembles and GHD

e Boltzmann 1868: micro-canonical ensemble in long time limit

=  Generalised Gibbs ensembles (GGE): p o exp [ Z Bn@n
n=0

e Hydrodynamic principle: separation of scales and propagation of local GGE

Macroscopic Mesoscopic (fluid cells) Microscopic _ . .
=  Microscopic conservation law

(gj” t atQm(xa t) + 833]7%(587 t) =0

= Local GGE averages
Gm(x,t) and j,,(z,t)

= (approx) Meso conservation law

e

{Bula, 1)} By (2, 1) + D (1, ) = 0 (2]

(2,1) . _
[Doyon: Lecture Notes (2020)] Functions of {g,}’s !
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Left: Soliton gas in a water tank.

10 [Redor et al. (2019)]
5 Below: Soliton gas in an optical fiber
and intensity correlations.
0 [Curtesy of Elias Charnay]
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The Korteweg-de Vries equation
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The Korteweg-de Vries equation

e KdV: integrable, nonlinear, dispersive PDE

Oru + 6ud, u + Ggu =0.

e Infinite set of conservation laws

Time Space
conserved ‘ Qn = /da:' gn(x,t), and J, = /dt Jn(x,t), ‘ conserved
“charges” “currents”

e Exactly solvable via Inverse Scattering Transform (IST).

[Gardner, Greene, Kruskal, Miura (1967)]
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Some properties of N-soliton solutions

e Long time asymptotics of N—soliton solutions

N
un(x,t) ~ Z 277,,?sech2 [77,,; (LE — 4n?t — xi)] as t — %oo.
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Some properties of N-soliton solutions

e Long time asymptotics of N—soliton solutions

UN Z 2n; 2sech? [77,,, (3: — 4n?t — :c as t — Foo.

/'T

Action coordinate Angle coordinate

e Relation between asymptotic states given by scattering shift

R Z sgn(ni — ;) In Ni + 1
‘ ‘ Ni N — 1

j (5)
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Thermodynamics

e Partition function

1 dp(m:)
Zp = _m 1_[1 5 dx,; exp[ Zwm]

Generalised
Gibbs weights

p(n) = 4772 e.g. w(n) = Zﬁkhk(n)

hn(n) = Q,, for a single soliton 7

Soliton bare velocity
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0) < €z, x ¢ [0, L])




Thermodynamics

e Partition function

Z = : % Hdz;(ﬂ dz, exp[ Zw m] r,t=0) <€,z ¢ [0,L])

Soliton bare velocity Generalised Constraint / Entropy

Gibbs weights

p(n) = 4772 e.g. w(n) = Zﬁkhk(n)

hn(n) = Q,, for a single soliton 7




Thermodynamics

e Partition function

‘L= ZNI/NxRN

e Thermodynamic limit L. — oo: large deviations theory [Varadhan (1966), Touchette (2009)]
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Thermodynamics

e Partition function

‘L= ZN!/NxRN

e Thermodynamic limit L — oo: large deviations theory

dac exp[ Zwm]

=1

Z < exp(—LF) , Fz—/nn(n)dn
I

e Density of states p(n)

% :”_fpd“ p(p)log

n+/~t‘
n— p

p(n)dndx = # of solitons in [z, x + dx| X [n,n + dn]
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Thermodynamics

e Partition function

ZLZN'/NXRNi 1 d.ﬁU eXp[ anz] ,t:0)<€w,$¢[0,LD
e Thermodynamic limit L — oo: large deviations theory
n+— {Bn}
Zxexp(-LF), F= —/nn(n) dn | |
r Occupation function
e Density of states p(n) e Interpretation
p(n) f N+ p ‘
—==n— [ d log | —— _
) e k) n—p nn(n)dz™(n) = p(n) dz

(7]

p(n)dndx = # of solitons in [z, x + dx| X [n,n + dn]

Change of metric
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Some more (maybe) familiar relations

e Occupation function

log n(n) = —w(n)+/dun(n) log|L—£|,  F= —/nn(n) dn ,
r n-+u r
e Density of states e Thermodynamic averages
SF OF
= — , n) — —— = d hn ,
p(n) 5w () (qn) 5.~ |4 p(n)hn(n)
e Static covariance matrix
O°F
Cao=1[d a 0)) — (g, 0))) =— ,
= [ o ({0a@)a(0) - (@)@ 0) =~ 557
- [ dny p(m)hS () B ()
r I
dp(p) n— i
R (n) = h(n) + / 1o n(u)har
(n) = h(n) om0 (p) " (1)




Some more (maybe) familiar relations

e Static covariance matrix
0> F
6/8aaﬁb ’

Cop = / Az ({ga(2)g5(0)) — (a(2))(@6(0))) =
_ [ dn p(m)he (b= ()

dp() ‘77 — 1 dr
i (n) = h / lo n(p)h
(n) = h(n) + omp 80T (1) ()
GHD Simulations
Col 0.0235 0.022 £ 0.003
CHC 0.027 0.024 =+ 0.004
CPC 0.042 0.039 £ 0.005
Coo 0.22 0.2 + 0.03
Ci 0.28 0.23 & 0.04
CY; 0.39 0.36 &+ 0.05
Cl, 0.2 0.2 & 0.01
CH 0.25 0.23 £ 0.01
cly 0.36 0.34 4+ 0.02
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From thermodynamics to hydrodynamics

e Integrability: infinite number of conservation laws

at‘]n - 83:]?1 =0.
e Hydrodynamic approximation: separation of scales

(o(x,1)) ~ (0) 8, (2,6} = On(2,1) .

@ Fluid cell average (over GGE)

atq_n(wat) + 858.5?’1,(3?7 t) =0,

Gn (2, 1) Z/Fdn p(n; 2, t)hn(n) Jn (2, 1) =frdn p(m; 2, )" (m; 2, £) A () -

f‘> Orp(m; ,t) + Ox [ (53, t)p(m; 2, 8)] =0 . ?

(o]




Derivation of GHD equations

[Based on: Doyon, Spohn, Yoshimura (2017)]
e Asymptotic dynamics

z; (t) =z (0) +4n;t
= Op” (27, t) +4n°0y-p~ (527 ,1) = 0.




Derivation of GHD equations

[Based on: Doyon, Spohn, Yoshimura (2017)]
e Asymptotic dynamics

z; (t) =25 (0) +4n5t

= O (ma™, ) +4n°0-p (m;27,¢) =0..

e Change of metric: nn(n)dz~(n) = p(n) dx

Oyn(m; x,t) + v (n; 2, 8)Dpm(n; x,t) =0 .
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Derivation of GHD equations

[Based on: Doyon, Spohn, Yoshimura (2017)]
e Asymptotic dynamics

z; (t) =25 (0) +4n5t

= O (ma™, ) +4n°0-p (m;27,¢) =0..

e Change of metric: nn(n)dz~(n) = p(n) dx

Oyn(m; x,t) + v (n; 2, 8)Dpm(n; x,t) =0 .

N+ . .
—‘ p(n; z, ) [0 (5 2, 1) — v (u; 2, 8)]dps .

1
v (n; @, t) = 4n? 4+ = / log
r =

n

e Continuity equation for the DOS

Oup(m; . t) + Ox [p(m; 2, )0 (ny2,8)] =0 .
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Concluding remarks and perspectives

e GHD: stat mech interpretation of random solutions of the KdV equation.

e GHD has been applied to several models: KdV, NLS, Lieb-Liniger, Toda,
XXZ...

e GHD has been extended to account for corrections beyond Euler scale or to
probe integrability breaking.

e Perspective: integrable systems in (2+1)D like KP?
e Perspective: integrability of the GHD equations.

e Perspective: More rigorous derivation.
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