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Quantum mechanics

Completeness: “any element of reality has a counterpart in the theory”

Bohm-Aharonov (1957), Bell (1964), 
Clauser-Horne (1974), Aspect et al. (1982)

Can we assume quantum mechanics to be complete and get inconsistencies?

Application: Discriminate what is intrinsically quantum from what would be reproducible by classical physics

…led to proving the completeness of quantum mechanics.
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If quantum mechanics is complete, no theory including the supposedly “hidden” variables to it
can reproduce all the predictions of quantum mechanics
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How to prove completeness?

Suppose that hidden-variable theories exist and formulate inequalities for them

Can we explicitly include time in Bell inequalities, 
and use them to probe the time evolution of a many-body system?

Leggett-Garg (1985),
 ... Tononi-Lewenstein (today’s talk)

Contributions by:

Bell inequalities contain time only implicitly…

…Experiment: Bell inequalities are violated by quantum mechanics!

Temporal Bell inequalities in 
non-relativistic many-body physics

[Tononi, Lewenstein,  arXiv:2409.17290]
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Einstein-Podolsky-Rosen (1935)

EPR reasoning (simplified): 

● Take two particles interacting only between T=0 and T=t

● The two-body wave function can be decomposed in eigenfunctions of the second particle

position:                                                               or momentum:

● We measure the first particle’s position (or momentum), 
then the second particle collapses in the corresponding position (or momentum) eigenstates

● BUT, since the particles are in spatio-temporal disconnected regions, 
the second particle cannot know if it should collapse is position or in momentum eigenstates

● ⇒ the second particle must have previous information on both position and momentum

● But this is impossible because they are non-commuting operators! PARADOX!

Can Quantum-Mechanical Description of Physical Reality Be Considered Complete?

EPR: No.
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Bohm-Aharonov (1957) 

Spin singlet state:

Since we can predict in advance the spin measured by B, its value must be pre-determined, 
i.e. there must exist a more complete description than quantum mechanics

(as quoted by Bell)

Pair of particles moving in opposite directions:

A measures the spin in some direction and gets +1
⇒ the spin of B in this direction is certainly -1

The quantum information of an entangled pair is not stored and retrievable locally. 
Measuring one part means measuring the whole system!

Solution of the “paradox”: 



Bell (1964) From thought experiment… to experiment

He encoded the elements of reality not captured by quantum mechanics into hidden variables

satisfies

Assuming that the hidden-variables exist, the correlation function between two detectors’ axes



Bell (1964) From thought experiment… to experiment

He encoded the elements of reality not captured by quantum mechanics into hidden variables

Aspect et al. (1982)

Other Bell-type inequalities were derived by Clauser-Horne-Shimony-Holt (CHSH, 1969), 
and Clauser-Horne (CH, 1974)

satisfies

Assuming that the hidden-variables exist, the correlation function between two detectors’ axes
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Clauser-Horne (1974)
Two observers named Alice and Bob

For a hidden-variable theory:

each one choosing to measure one of two possible observables:

each observable with possible outcomes:

Clauser & Horne derived the quantity:

But quantum mechanics violates it!

which can be quantified after many experimental repetitions.
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Leggett-Garg (1985)

Measure the observable          , with outcomes            , at three time instances. The quantity:

Also violated experimentally!

satisfies (assuming macroscopic realism):

⇒ evidence against macroscopic realism

[Robens et al. PRX 5, 011003 (2015)]

Bell-like inequalities explicitly featuring time…
Dynamics which can be described exclusively with quantum mechanics?
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How to formulate temporal Bell inequalities?

To prevent A immediately “signaling” her measurement to B 
we need some kind of  “medium”:

- a medium with finite velocity of propagation of quantum information

Alice measures at 0, Bob at T=t:

…if the observers are causally-connected, the measurement probabilities are immediately 
describable in terms of hidden-variable theories

time evolution

- space-time separation (causality)

[Tononi, Lewenstein,  arXiv:2409.17290]



Many body medium: a spin chain connecting Alice and Bob

The propagation of 
quantum information in a 
spin chain is limited by a 
(Lieb-Robinson) bound:
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Measurement protocol

A spin chain connecting an entangled Bell pair

Alice measures her spin choosing between two possible measurements

The system evolves in time, then Bob chooses between
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Temporal CH inequality:

The probabilities of interest can be calculated analytically:

obtained from the CH inequality by adding the time dependence 
to Bob’s operators (Heisenberg picture):



We consider the following operators:

,  we know that

,  we need to specify the system Hamiltonian

Temporal CH inequality:



XX Hamiltonian in transverse field



XX Hamiltonian in transverse field

admits an exact mapping to fermions

With this Hamiltonian, everything is analytical:



Analytical solution

Putting all together, after many calculations, we find:

an analytical function of 



Dynamics of the temporal CH inequality

[Tononi, Lewenstein,  arXiv:2409.17290]



Dynamics of the temporal CH inequality
Violation of the temporal CH inequality at small time:

[Tononi, Lewenstein,  arXiv:2409.17290]



Dynamics of the temporal CH inequality
Violation of the temporal CH inequality at small time:

Breaking revivals at larger times

(they are less frequent as one approaches the thermodynamic limit of infinite chain)
[Tononi, Lewenstein,  arXiv:2409.17290]
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Conclusions
From proving the completeness of quantum mechanics to practical applications

1) The dynamics of the Clauser-Horne temporal inequality is analytical

2) The quantum correlations survive for a finite time interval 
between Alice and Bob measurements!

Thank you for your attention!

→ Alice measures at T=0, Bob measures at T=t !

Results:

Solution: connect Alice and Bob spins with a spin chain, where quantum information 
spreads with a finite velocity (Lieb-Robinson bound)

Problem: how to prevent the immediate spreading of quantum information?

Can we explicitly include time in Bell inequalities, 
and use them to probe the time evolution of a many-body system?

3) Speed of light → model-dependent Lieb-Robinson bound, itself of physical interest


