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ABSTRACT
We study the evolution of enthalpic changes across the glass transition of model sodium silicate glasses (Na2O)x(SiO2)100−x, focusing on the
detection of a flexible-rigid transition and a possible reversibility window in relationship with dynamic properties. We show that the hysteresis
resulting from enthalpic relaxation during a numerical cooling–heating cycle is minimized for 12% ≤ x ≤ 20% Na2O, which echoes with the
experimental observation. The key result is the identification of the physical features driving this anomalous behavior. The intermediate-
flexible boundary is associated with a dynamic onset with increasing depolymerization that enhances the growing atomic motion with a
reduced internal stress, whereas the intermediate-stressed rigid boundary exhibits a substantial increase in the temperature at which the
relaxation is maximum. These results suggest an essentially dynamic origin for the intermediate phase observed in network glass-forming
liquids.
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There are many disordered systems that can be modeled
as topological networks with varying connectedness, e.g., glasses,
liquids, packings of particles, or insulators. In order to predict the
physical behavior, an interesting means builds on the notion of
Maxwell–Lagrange rigidity, which has the advantage to simplify the
description of such complex systems via the enumeration of inter-
actions (or topological constraint density nc) and degrees of free-
dom.1,2 When applied to glasses, the mean-field Phillips–Thorpe
(MFPT) treatment1 predicts that an amorphous network will pro-
gressively stiffen and become rigid at the atomic scale (i.e., local
deformation modes) when the connectivity or network mean coor-
dination number r̄ increases. This has led to the recognition of a
rigidity transition3 separating an underconstrained phase (or flexible
phase, when nc < 3) from an overconstrained phase (or stressed-rigid
phase, when nc > 3).

The key feature of the MFPT theory is a solitary transition
at nc = 3 occurring at some critical coordination number r̄c that
coincides with the location of the Maxwell stability criterion for

isostatic structures (i.e., when densities of constraints and degrees of
freedom match with each other). Numerous experiments have con-
firmed these simple predictions in glasses, liquids, or even polymers4

but have also revealed that there is a range of “equivalent” com-
positions (or coordination numbers) for which the corresponding
supercooled liquid is strong5 and where the glass displays space-
filling tendencies6 and reduced aging phenomena.7 In addition,
enthalpic changes are extraordinarily small across the glass transi-
tion for such compositions, and hence, these define a reversibility
window (RW) in calorimetric experiments8,9 that appear to be linked
not only with properties of the corresponding supercooled liquids
such as the fragility or ease of relaxation5,10 but also with properties
of the glassy state such as the structure or molar volume.11 Ideal-
ized bond depleted networks at zero temperature12,13 or toy mod-
els14–17 suggest that RWs are the signature of an intermediate phase
found between the flexible and stressed-rigid phases. However, while
such results represent an interesting step forward for an increased
understanding, the physics of RWs remains to be characterized.
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In the present Communication, we investigate from molecu-
lar dynamics (MD) simulations a realistic network structure with
varying connectivity subject to both thermal changes and associated
relaxation during glass formation. A reversibility window is obtained
at the glass transition that is compatible with experimental obser-
vations. We show that the intermediate-flexible boundary is linked
with the presence of a dynamical threshold that promotes atomic
motion in the flexible phase and identify the networks of the RW
to be isostatic in character but with a marked growth in internal
stress. While the physics of intermediate phases is fully characterized
on idealized networks at zero temperature from a double percola-
tive transition, rigidity, and stress, for real amorphous materials at
finite temperature with a true physical interaction and subject to
glassy relaxation, complexity emerges so that the obtained signatures
contain only the fingerprints of the T = 0 behavior.

The model and framework used to reach the conclusions pre-
sented herein build on a recently introduced methodology that relies
on numerical cooling–heating cycles across the glass transition.18 A
series of sodium silicate glasses (Na2O)x(SiO2)100−x ranging from
x = 0 (silica) to 40% Na2O with 3000 atoms are simulated with an
integration time step of 1 fs. We adopt the well-established Teter
potential,19 with a short-range interaction cutoff taken as 8.0 Å and
the Coulomb interactions being evaluated by the Ewald summation
method with a cutoff of 12 Å. The validity of this potential has been
extensively verified in the liquid and glassy phases for different com-
positions.19–21 The glass samples are first equilibrated in the liquid
state (4000 K, zero pressure, NPT ensemble) to ensure the loss of the
memory of the initial configuration. It should be noted that prior to
the present work, extended investigations have been performed on
this system under various thermodynamic conditions (NPT, NVT,
cooling rate, etc.) but for a single composition only (x = 33%).22–25

Each system is then subjected to a thermal cycle (cooling followed
by subsequent reheating) with cooling and heating rates fixed at
1 K/ps under zero pressure in the NPT ensemble (Fig. 1). During
the course of the cycle, prior to each temperature increment, 16
configurations are extracted and subjected to an energy minimiza-
tion in order to access the enthalpy of the inherent configuration
as a function of temperature, as averaged over the 16 configura-
tions.18 Last but not least, each thermal simulation is repeated six
times so that the analyzed enthalpy relaxation during the cycle is the
result of an average over six repetitions. Figure 1 shows an exam-
ple of such an averaged thermal cycle. The enthalpy reported is
one of the inherent structures which permits to filter out thermal
effects given that it removes contributions arising from thermal fluc-
tuations of the atoms around their local (metastable) equilibrium
position.

As expected, in most of the situations and as in Fig. 1, the
glass transition is not reversible, that is, the cooling and heating
curves do not exactly overlap. This non-reversibility manifests itself
by a hysteresis cycle, which is simply the result of the enthalpic
relaxation in the vicinity of the glass transition and an indication
of the out-of-equilibrium nature of the glassy state. Indeed, visible
relaxation effects only occur close to the fictive temperature (here,
Tf ≃ 2500 K), whereas the system equilibrates rather easily on short
time scales at high-temperature. Following Ref. 18, in order to quan-
tify the extent of enthalpy relaxation, we fit the difference of enthalpy
during cooling and reheating [ΔH(T); see the inset of Fig. 1] by a
Gaussian function ΔH(T) = ΔHmax exp[−(T − Tmax)

2
/2σ2

T], where

FIG. 1. Ground-state enthalpy (H) in a (Na2O)5(SiO2)95 glass as a function of
temperature during a thermal cycle (cooling followed by reheating). The inset
shows the difference in enthalpy (ΔH) upon cooling and reheating as a function
of temperature. The solid line is the Gaussian fit (see text for details).

ΔHmax corresponds to the maximum extent of the relaxation, Tmax
is the temperature at which enthalpy relaxation is maximum, and
σT is related to the width of the range of temperature over which
relaxation occurs.

The effect of the glass composition on ΔHmax and Tmax is rep-
resented in Fig. 2. We find that the maximum extent of enthalpy
relaxation ΔHmax displays a global decrease with increasing sodium
content, but, interestingly, with a marked minimum between
x = 12% and 20%, which is indicative of a reversibility window
as ΔHmax is found to decrease by nearly 25% within this compo-
sition interval. In similar systems under pressure, such RWs have
been found to not depend on the applied cooling/heating rate22

and, thereby, appear to be an intrinsic property of the material.
The observation is, furthermore, directly comparable with the results
from modulated differential calorimetry on sodium silicate glasses,26

which revealed a similar RW at a somewhat higher soda composition
(18%–22%). The temperature of maximum relaxation Tmax exhibits
a decrease with the modifier content (the inset of Fig. 2) in qualita-
tive agreement with the fact that the glass transition temperature Tg

decreases with increasing x.26 This arises from the fact that the sys-
tem becomes more and more depolymerized, and hence, its viscosity
decreases so that its freezing point shifts toward lower temperature.
However, Tmax displays two marked regimes as Tmax decreases sub-
stantially up to 19% Na2O (with a slope of −10.61 K mol−1), then,
exhibits a clear break in slope with further changes, and evolves at
a smaller rate (with a slope of −5.87 K mol−1), the locus of this
transition/threshold being obviously linked with the sodium-rich
boundary of the RW.

We now investigate from the MD network structure how the
atomic topology and rigidity control the propensity for glass tran-
sition reversibility. We use a recent MD-based constraint counting
algorithm to estimate the constraint density nc, which consists in
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FIG. 2. Maximum extent of relaxation (ΔHmax) at Tmax as a function of composi-
tion (Na2O) in Na2O–SiO2 glasses. Error bars represent the standard deviations
over the six repetitions. The inset shows the temperature at which relaxation is
maximum (Tmax). The approximate gray zone is defined from the drop of ΔHmax.

computing the radial and angular excursion of the neighbors of
each atom to infer the number of active bond-stretching and bond-
bending constraints.2,23 Here, the numerical results for nc are found
to behave exactly according to the MFPT estimate3 nc = 1

3 [11−10x],
which assumes the effective coordination numbers r for Si, O, and
Na to be, respectively, 4, 2, and 1.23 The estimate is established by
assuming that (2r − 3) angular and r/2 radial interactions constrain
the system at the atomic level. According to Ref. 26, the present
silicate Si1−xO2−xNa2x also contains NBO atoms whose Si–NBO–
Na angular interactions become ineffective in the presence of the
sodium atoms23 so that one may write Si1−x(BO)2−3x(NBO)2xNa2x.
This leads to an estimate of (7 − 7x), (4 − 6x), 2x, and x for Si,
BO, NBO, and Na, respectively, and a special care has to be taken
into account for the one-fold Na atoms.27 Taken together, one has
11 − 10x constraints per formula unit, and this yields an isostatic
Maxwell stability criterion at x = 20%, which is compatible with the
present results.

Results of ΔHmax (Fig. 2) are now represented as a function
of the constraint density nc computed in the glass [Fig. 3(a)]. This
reveals that, close to nc = 3 (i.e., x = 20% Na2O), glasses undergo a
glass transition with minimal enthalpic changes, which is a charac-
teristic of an RW. The extent of the RW from roughly nc = 3.0 to
3.3 has been acknowledged in chalcogenide systems, where the octet
rule permits to rigorously link nc with glass composition.27 Con-
versely, stressed-rigid systems (nc > 3) at higher silica content and
the flexible (nc < 3) ones at higher sodium content induce a larger
extent of relaxation that manifests in a larger value for ΔHmax. The
physical origin of this trend can now be clarified, and this provides

FIG. 3. (a) Maximum extent of relaxation (ΔHmax, the same as Fig. 2) at Tmax as
a function of the constraint density nc in Na2O–SiO2 glasses. Atomic snapshots
for nc = 2.3 (b) and nc = 3.66 (c) are colored according to the calculated MSD
per atom. (d) Atomic mean square displacement (MSD) at 300 K (left axis, black
symbols) and internal stress (right axis, red symbols) as a function of nc .

an additional insight that has not been considered before. Stressed-
rigid materials display an intrinsically large bond density, which
induces some stress (i.e., nc − 314) that prevents from a full relax-
ation of the enthalpy during cooling. This situation is also met for
flexible glasses, which continue to relax at low temperature due to
the presence of low frequency modes (i.e., 3 − nc28). At some more
balanced compositions (close to the isostatic threshold), such modes
tend to reduce substantially and their density becomes strictly zero
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at x = 20% in the MFPT picture. These balanced (and nearly iso-
static) compositions also contain a smaller fraction of bonds, which
reduces the possibility to have stress relaxation.

In order to measure the degree of stress acting in the atomic
network, we rely on the concept of “stress per atom.” Although stress
can only be meaningfully defined at the macroscopic scale, we adopt
here the formalism proposed by Thompson et al.,29 which expresses
the contribution of each atom to the virial of the system. By using a
Voronoi tessellation to define the volume of an atom, its local “pres-
sure” is then defined as the trace of the calculated local stress tensor.
Note that, although the network as a whole is at zero pressure, some
bonds are under compression while others are under tension so that
they mutually compensate each other. We then focus on bridging
oxygen (BO) atoms, that is, atoms which are connected to two Si
atoms and contribute mostly to the connectivity of the rigid back-
bone. To isolate the contribution of the network to the stress of
each BO, the “stress per atom” calculation is repeated on an iso-
lated Q1–Q1 “dimer” cluster containing a single BO.30 Finally, the
internal stress of each BO in the glass is calculated from the dif-
ference Δσ between its states of stress in the network and isolated
cluster, which corresponds to the network stress, that is, the stress
imposed on the BO atoms by the increasing network connectivity
between SiO4 polytopes.31 One should also have in mind that in con-
trast to the strong ionocovalent Si–O bonds, Na–O bonds involving
NBO’s are more ionic and significantly weaker. Hence, they do not
contribute to carrying any stress throughout the network (which is
concentrated within the strong silicate skeleton of the glass), and our
stress/atom analysis does not reveal any notable internal stress for
such NBO atoms, as also recently revealed.37

Once represented as a function of nc [Fig. 3(d), right axis],
one realizes, indeed, that a substantial increase in Δσ is obtained
for nc > 3 with a possible jump at the flexible-intermediate bound-
ary although the large fluctuations prevent us from ensuring that
this might be a first-order transition, as suggested from simple bar
networks at zero temperature.12

In addition, we note that the atomic mobility (AM) also indi-
cates a marked change in behavior close to the RW compositions.
Such an AM is obtained here by applying an instantaneous energy
bump of 0.2 eV/atom to the 0 K inherent configuration of the glass.32

The energy is here chosen to be high enough to allow potential
motion between low energy barriers but low enough to avoid any
glass transition or melting of the system. The system is then allowed
to evolve in the microcanonical ensemble (NVE) for 100 ps during
which the mean square displacement (MSD) of the atoms is com-
puted. Figure 3(d) now indicates that flexible compositions (nc < 3)
will permit an enhanced atomic motion given the presence of a larger
number of energy channels in the potential energy landscape.33 It
is furthermore noted that this motion is heterogeneous in charac-
ter [Fig. 3(d)], as reminiscent of the critical behavior in the liquid
state.34

The outcome that emerges from this study indicates a more
complex physical picture of intermediate phases involving obvi-
ous contributions arising from kinetics and thermodynamics.
Weakly connected glasses having either a chain-like structure (e.g.,
chalcogen-rich systems as Ge10Se90) or a depolymerized network
(e.g., sodium-rich silicates or phosphates) are flexible (nc < 3) and
exhibit a noticeable increase in atomic mobility that manifests not
only by a large MSD but also an enhanced diffusivity in the liquid

state.35 This suggests that, in flexible glasses, relaxation is kinetically
favored by the fact that the atoms have a high mobility. This also
induces the possibility of glassy relaxation that gives rise to more
pronounced enthalpic changes during a cooling/heating cycle. In
contrast, stressed-rigid glasses (nc > 3) that correspond to usual sto-
ichiometric compounds (e.g., SiSe2, GeO2, etc.) or network-former-
rich modified glasses exhibit a low atomic mobility, but present
some internal stress at the atomic scale. This signals that the net-
work is locally unstable and acts as an energy penalty (driving force)
that enhances the propensity for relaxation. This suggests that, in
stressed-rigid glasses, relaxation is thermodynamically driven. Over-
all, isostatic glasses exhibit minimum relaxation as they feature an
optimal balance between low atomic mobility and limited inter-
nal stress. In this respect, it is interesting to note that the exper-
imental locus of RWs often coincides with minima in activation
barriers for enthalpic or viscous relaxation.5,20 In addition, for this
particular binary system, it is important to realize that the com-
positions belonging to the stressed rigid phase (x < 12%) merely
coincide with those displaying immiscibility,36 and it is tempting
to relate both phenomena as it is the case at the nanoscale for cer-
tain chalcogenides.37 We hypothesize that the existence of internal
stress in the network could act as an energy penalty promoting phase
separation.

In summary, we rationalize these two threshold compositions
at 12% and 19% as follows. For x > 19% (nc < 3), the glass is atomi-
cally flexible based on the mean-field enumeration of the topological
constraints. In this regime, atomic mobility is high and the network
does not exhibit any significant internal stress [Fig. 3(d)]. In this
regime, the network is macroscopically flexible. At x = 19%, how-
ever, corresponding to nc ≃ 3, the system exhibits a macroscopic
percolation of rigidity throughout its network, which results in the
formation of some stress within the structure. Nevertheless, at this
threshold, the glass still exhibits some local flexibility since the MSD
after an energy bump remains non-negligible. Here, both the tem-
perature at which relaxation is maximum and the internal stress
acting within the network exhibit a sudden increase. With decreas-
ing modifier composition, the MSD eventually drops to about
0.5 Å2 at x = 12%. This defines a second region (12% < x < 19%)
wherein the network is macroscopically rigid (as evidenced by the
existence of internal stress), but, locally, still exhibits some localized
floppy modes that permit some atomic motion. Finally, at x < 12%
(nc > 3.3), the system does not exhibit any notable internal flexibility
any longer and the MSD becomes negligible [Fig. 3(d)], which indi-
cates a fully locked atomic structure with stressed-rigid domains. At
this point, the network is rigid both at the macroscopic and local
scales.

Altogether, the present results on an archetypal glass system
highlight the existence of special compositions having some opti-
mal connectivity, which underscores the strong relationship between
atomic topology and relaxation events occurring during the glass
transition. These numerical results provide a strong support to the
experimental signature of RWs8,9,26 and signal rapid changes in
dynamic properties and stress, these changes being revealed and
analyzed here for the first time. From a more applied viewpoint,
it is realized that the understanding and prediction of relaxation
properties of glasses from such tools might be used to explore
new compositional spaces using the very special properties of RW
glasses.
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