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Quantum impurity models provide a central framework for correlated electron physics, with quantum
dots enabling controlled experimental realizations. While their weak-coupling behavior is well understood
through mappings to Kondo Hamiltonians, the opposite regime of highly transparent contacts has lacked
a controlled theoretical description. Using the functional renormalization group (FRG), we resolve this
regime for the three-channel charge Kondo device of Iftikhar et al. [Tunable quantum criticality and super-
ballistic transport in a “charge”Kondo circuit, Science 360, 1315 (2018)], benchmarking against conformal
field theory by reproducing the universal zero-frequency conductance and, crucially, going beyond it to
obtain the full frequency crossover of the conductance and the full temperature crossover of the impurity
entropy, together with a continuous line of fixed points for interacting leads. These results establish FRG as
a powerful nonperturbative tool for quantum impurity problems in regimes inaccessible to conventional
approaches, with direct implications for mesoscopic experiments.
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Introduction—Quantum impurity physics provides a
window into how a small quantum system can dramatically
influence a much larger environment. The classic example
is the Kondo effect, where a single magnetic impurity in a
metal produces a collective many-body state that reshapes
electronic transport [1,2]. Multichannel extensions reveal
exotic non-Fermi-liquid behavior and quantum criticality
that have become cornerstones of modern condensed matter
theory [3–6]. Beyond their conceptual importance, impu-
rity models have become central to nanoscale experiments
across a variety of platforms, ranging from scanning
tunneling spectroscopy on magnetic adatoms [7–13] to
semiconductor quantum dots [14–30], which can be tuned
with unprecedented control. These developments have
opened the door to realizing exotic correlated states with
potential connections to fractionalized excitations and
anyonic physics [31–36]. A central challenge is to under-
stand how universality survives when the standard mapping
to Kondo Hamiltonians breaks down.
Metallic islands coupled to quantum Hall edge channels

provide an ideal platform for exploring this problem. In the
low-transparency regime, tunneling involves only two
charge states, and the system maps onto charge versions
of multichannel Kondo models [37–39]. In this regime,
numerical renormalization group (NRG) calculations are
quantitatively accurate [40,41] and have been confirmed
experimentally in one- and two-island geometries
[32,42–46]. A hallmark of this regime is the universality
of the low-energy behavior, established in the two-channel
Kondo model through theory [47–49] and experiment [42].
However, at high contact transparency the mapping fails, as
many charge states contribute simultaneously. Despite this

breakdown, experiments on the three-channel case suggest
that universality persists, with the same zero-frequency
conductance observed in both limits [42], as illustrated
in Fig. 1.
In this Letter, we provide a theoretical framework for

this strongly coupled regime. Focusing on the charge three-
channel Kondo model (3CK), we show that its effective
description maps onto a (0þ 1)-dimensional sine-Gordon-
like model [50–52], which we solve using a nonperturba-
tive functional renormalization group (FRG) approach
[54–56]. We obtain the full universal crossover of the
conductance and impurity entropy, controlled by a single

FIG. 1. Left: Experimental device from Ref. [42]: a metallic
island (the Kondo impurity) with gate-induced offset chargeN0 is
coupled to three quantum Hall edge channels via quantum point
contacts. Right: Schematic conductanceG as a function of energy
scale E (temperature or frequency) for low (blue) and high
(green) transparencies. Both regimes yield the same universal
zero-frequency conductance G�

3CK ¼ 2sin2ðπ=5Þ (red point), as
predicted by conformal field theory [50–53].
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energy scale T�. The corresponding universal scaling func-
tions are precisely the quantities probed experimentally,
where data are collapsed as functions of frequency or
temperature scaled by T� and compared to theoretical
curves. Our results reproduce the exact zero-frequency
conductance of conformal field theory (CFT) with 2%
accuracy, establishing the universality of the low-energy
physics across all transparencies [51–53]. Extending the
analysis to interacting leads, we reveal a continuous line of
nonperturbative fixed points, parameterized by the Luttinger
parameter K and connected to pseudogap Kondo physics
[57,58]. These findings demonstrate that FRG can access
impurity regimes beyond the reach of standard methods,
providing quantitative predictions for ongoing experiments.
Three-channel charge Kondo model—We consider the

three-channel charge Kondo geometry depicted in Fig. 1
and realized experimentally in Refs. [42,43]. When the
single-particle level spacing in the island is the smallest
energy scale in the system, the island can be treated as a
zero-dimensional object. In this limit, the island and the
three leads are described by a one-dimensional model
[38,39] with Hamiltonian

Ĥ0 ¼ −ivF
X3
j¼1

Z þ∞

−∞
dx

�
ψ̂†
j;R∂xψ̂ j;R − ψ̂†

j;L∂xψ̂ j;L

�
; ð1Þ

where ψ̂ j;R and ψ̂ j;L annihilate right- and left-moving
spinless electrons in channel j, and vF is the Fermi velocity
(we set ℏ ¼ kB ¼ 1). The region x > 0 corresponds to the
three pairs of counterpropagating spin-polarized quantum
Hall edge states, while the region x < 0 represents elec-
tronic states inside the metallic island. Using standard
bosonization techniques [59–61], Eq. (1) becomes

Ĥ0 ¼
X3
j¼1

Z þ∞

−∞
dx

v
2π

�
1

K
ð∂xϕ̂jÞ2 þ Kð∂xθ̂jÞ2

�
; ð2Þ

where v is the velocity of the density mode. The special
value K ¼ 1 of the Luttinger parameter (with v ¼ vF)
describes noninteracting electrons, and is realized with
integer quantum Hall channels in Ref. [42]. The operator ϕ̂j

is canonically conjugate to the current operator ∂xθ̂j=π. The
charge density in lead j is given by −∂xϕ̂j=π. The total
charge accumulated on the island, N̂ ¼ −ð1=πÞPj ϕ̂jð0Þ,
enters the charging energy

ĤC ¼ ECðN̂ − N0Þ2; ð3Þ

where N0 is the gate-induced offset charge and EC ¼
e2=2C with C the island effective capacitance. The last
contribution to the Hamiltonian accounts for the electron
backscattering amplitude r̃j at each quantum point contact
(QPC) between the island and the leads,

ĤQPC ¼ vF
X3
j¼1

r̃j
�
ψ̂†
j;Rð0Þψ̂ j;Lð0Þ þ H:c:

�
: ð4Þ

In bosonized form, this term reads [62]

ĤQPC ¼ −
X3
j¼1

Dr̃j
π

cos
�
2ϕ̂jðx ¼ 0Þ�; ð5Þ

where D denotes the electron bandwidth.
For low transparencies (r̃j ≫ 1), the fields ϕ̂jð0Þ are

pinned to zero modulo π, corresponding to integer
island charge. At N0 ¼ 1=2, the charging energy [Eq. (3)]
selects the two charge states N ¼ 0, 1, which form a
pseudospin-1=2. At temperatures T ≪ EC, the other charge
states can be ignored and the Hamiltonian maps to a Kondo
model with three noninteracting conduction channels for
K ¼ 1. As the temperature decreases, the Kondo inter-
action progressively screens the pseudospin. Initially sup-
pressed due to the low transparency of the contacts, the
conductance through the island increases as the temperature
is lowered, approaching the zero-temperature 3CK univer-
sal value G�

3CK ¼ 2sin2ðπ=5Þ [51], which reflects partial
screening of the impurity, see Fig. 1. This result is
consistent with experimental observations [42].
In the opposite limit of high transparency (r̃j ≪ 1), many

charge states contribute simultaneously. Integrating out the
bosonic fields away from the contacts (x ≠ 0) and the
gapped charge mode [62] yields the Euclidean action (for
N0 ¼ 1=2),

S½φ� ¼ 1

2πK

X
ωn

jωnjjφðiωnÞj2

−
X3
j¼1

rj

Z
β

0

dτ cos

�
Gj · φðτÞ −

π

3

	
; ð6Þ

where φðτÞ is a two-component field linearly related to
ϕ1;2;3. The imaginary time τ∈ ½0; β�, with β ¼ 1=T, and
ωn ¼ 2nπ=β (n∈Z) is a Matsubara frequency. The recip-
rocal lattice vectors G1 ¼ ð1;−1= ffiffiffi

3
p Þ, G2 ¼ ð0; 2= ffiffiffi

3
p Þ,

and G3 ¼ −G1 − G2 define a triangular potential land-
scape. The effective reflection coefficients are

rj ¼
D
π

�
3eγ=2KEC

πD

	K=3

r̃j; ð7Þ

with γ the Euler constant [62]. In the following, we focus on
the symmetric case where all reflection coefficients are
equal, rj ≡ r. The action (6), supplemented by the ultra-
violet (UV) energy cutoff D, also describes the quantum
Brownian motion of a particle with coordinate φ in a two-
dimensional periodic potential [50–52]. Although Eq. (6) is
not, strictly speaking, a Kondo model, its low-energy fixed
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point, which is discussed below, coincides with that of the
three-channel charge Kondo model [78].
FRG approach—The reflection coefficient r has a

scaling dimension 1 − 2K=3, hence it is relevant for
K < 3=2. While perturbation theory applies near K ¼ 3=2,
a nonperturbative treatment is required otherwise. We
employ the nonperturbative FRG [79], a modern formu-
lation of Wilson’s RG, which provides the effective action
Γ½ϕ� (or Gibbs free energy in statistical physics termino-
logy) from an exact functional flow equation obtained
by progressively integrating out high-energy degrees of
freedom [62]. The effective action

Γ½ϕ� ¼ − lnZ½J� þ
Z

dτ J · ϕ; ð8Þ

is defined as the Legendre transform of the free energy

− lnZ½J� ¼ − ln
Z

Dφ e−S½φ�þ
R

dτ J·φ; ð9Þ

and ϕðτÞ ¼ δ lnZ½J�=δJðτÞ ¼ hφðτÞi is the expectation
value of the field.
The first quantity we compute is the effective potential

UðϕÞ ¼ ð1=βÞΓ½ϕ�jϕ const, which is obtained from the
effective action evaluated in a time-independent field
configuration. The free energy F ¼ Uðϕ ¼ 0Þ is given
by the effective potential for a vanishing field, and the
entropy is simply S ¼ −∂Uð0Þ=∂T. The second quantity
of interest is the two-point vertex, defined as the
second functional derivative of the effective action:

Γð2Þ
ij ðτ; τ0Þ ¼ δ2Γ½ϕ�=δϕiðτÞδϕjðτ0Þjϕ¼0. Its Fourier trans-

form Γð2Þ
ij ðiωnÞ is the inverse of the correlation function

hφiðiωnÞφjð−iωnÞi. After analytic continuation to real
frequency, it determines the dimensionless conductance
matrix Gijðω; TÞ ¼ Gðω; TÞðδij − 1

3
Þ, which gives the cur-

rent flowing through QPCi in response to a voltage applied
to the electrode connected to QPCj. The conductance
Gðω; TÞ is given by

Gðω;TÞ¼Re

�jωnj
2πK

hφðiωnÞ ·φð−iωnÞi
����
ωn→−iωþ0þ



ð10Þ

in units of e2K=h. The functional flow equation satisfied by
the effective action cannot be solved exactly. We rely on the
Blaizot–Méndez-Galain–Wschebor approximation, which
allows us to obtain both the entropy and the frequency-
dependent conductance [62].
3CK fixed point (K ¼ 1)—For noninteracting leads, the

zero-temperature conductance approaches unity at high
frequency and decreases strongly at low frequency, reflect-
ing the renormalization of QPC transparency (Fig. 2).
While the conductance typically depends on the UVenergy
cutoff D and the reflection coefficient r, in the wide-band

limit it exhibits universal scaling as a function of the
rescaled frequency ω=T�,

Gðω; T ¼ 0Þ ¼ G
�
ω

T�

	
; ð11Þ

where G is a universal function (Fig. 2). Here, T� is an
emergent low-energy scale that characterizes the crossover
between high- and low-frequency behaviors. Its depend-
ence on microscopic parameters can be determined from a
perturbative analysis near the ballistic regime r ¼ 0,

T�

D
∝
�
r
D

	
3

; ð12Þ

in agreement with FRG [62]. In practice, we define T� such
that Gðω ¼ T�; T ¼ 0Þ lies halfway between 1 and the
zero-energy conductanceG�

3CK ¼ Gðω¼ 0; T ¼ 0Þ ¼ Gð0Þ.
The universal function G is known in two different limits.

In the high-frequency limit ω ≫ T�, it can be obtained
perturbatively [62],

1 − G
�
ω

T�

	
∝

ω≫T�

�
ω

T�

	
−2=3

; ð13Þ

which agrees with the FRG calculation (Fig. 2). In the low-
frequency limit ω ≪ T�, assuming that the low-energy
behavior is governed by the 3CK fixed point, regardless of
transparency, we can use the results of CFT [50–53],

G
�
ω

T�

	
¼
ω→0

G�
3CK þ c

�
ω

T�

	
ν

; ð14Þ

FIG. 2. Left: Universal conductance (in units of e2=h) as a
function of rescaled frequency ω=T� for several r values at
K ¼ 1. The asymptotic behavior at low-frequency [Eq. (14)] and
high-frequency [Eq. (13)] is shown by (red) dashed lines, while
the horizontal dash-dotted line marks the extrapolated zero-
frequency limit. The red point marks the exact CFT result.
Curves collapse onto a single line (the black solid line is a guide
to the eye) in the wide-band limit T�=D ≪ 1. Right: Universal
entropy crossover atK ¼ 1, compared with exact thermodynamic
Bethe ansatz (TBA) results.
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where G�
3CK ¼ 2sin2ðπ=5Þ and ν ¼ 2=5 is the exponent of

the leading irrelevant operator. The FRG reproduces both
values with remarkable precision (Table I). In addition to
providing a benchmark for assessing the accuracy of our
method, the case K ¼ 1 also illustrates its ability to access
real-frequency dynamical quantities such as GðωÞ, which
are difficult to compute with other techniques.
The residual impurity entropy exhibits similar scaling in

the large bandwidth limit T� ≪ D,

ΔSðTÞ ¼ SðTÞ − SðTÞ
���
r¼0

¼ S
�
T
T�

	
; ð15Þ

with S a universal function. At high temperatures, transport
through the QPCs is nearly ballistic, and the residual
entropy remains close to zero. It decreases with temperature
and takes negative values, larger than − ln 2, indicating that
the impurity is partially screened [complete screening
would give ΔSð0Þ ¼ − ln 2 ≃ −0.693]. Whereas the con-
ductance is known exactly only at zero temperature and
frequency, the full temperature dependence of the entropy
can be obtained from the thermodynamic Bethe ansatz
(TBA) equations [50,62]. The universal scaling function
obtained from FRG is nearly identical to the exact result
over a broad temperature range T=T� ≳ 10−1. Eventually,
it deviates from the exact TBA solution in the low-
temperature limit, although Sð0Þ remains within 9% of the
exact value. The exact result, Sð0Þ ¼ ln½ð1þ ffiffiffi

5
p Þ=2 ffiffiffi

3
p �,

has been interpreted as a signature of emerging Fibonacci
anyons [32,33,80,81]. Whether the FRG captures these
(putative) low-energy excitations remains an open question.
Generalized 3CK fixed points (K ≠ 1)—Electron inter-

actions in the leads are accounted for by a Luttinger
parameter K ≠ 1. In this regime, exact CFT or TBA
solutions are unavailable, but perturbative RG analyses
[51,52] predict a rich phase diagram with three distinct
regions. For K > 3=2, the weak-coupling fixed point
(r ¼ 0) is stable, yielding unit conductance at zero temper-
ature and frequency. For K < 2=3, the strong-coupling
fixed point, which can be studied perturbatively in the dual
model [51,52], is stable and the conductance vanishes.
Between these limits, 2=3 < K < 3=2, both extremes are
unstable, giving rise to a continuous line of intermediate
fixed points displaying Kondo-type physics, as in the
case K ¼ 1.

Our FRG analysis fully endorses this scenario. The FRG
reproduces the ballistic conductance Gðω ¼ 0; T ¼ 0Þ ¼ 1
for K > 3=2 and reveals the line of intermediate fixed
points that emerges as K decreases. The perturbative RG
results near K ¼ 3=2 from Ref. [52] are recovered. The
behavior for 2=3 < K < 3=2 parallels that at K ¼ 1: The
conductance approaches 1 at high frequencies and a non-
zero value G�ðKÞ < 1 in the zero-frequency limit (Fig. 3).
The residual entropy remains close to zero at high temper-
atures and reaches a finite value ΔS�ðKÞ at T ¼ 0 (Fig. 3).
The universal scaling forms (11) and (15) of conductance
and residual entropy extend beyond the case K ¼ 1 and
remain valid throughout the intermediate region (see
Fig. 4). Thus, the FRG provides quantitative predictions

TABLE I. Comparison of FRG and exact results for the zero-
temperature and zero-frequency conductance, the leading irrel-
evant exponent ν, and the zero-temperature impurity entropy.

FRG Exact

G�
3CK 0.677 2 sin2ðπ=5Þ ≃ 0.691 [51]

ν 0.408 2=5 [52]
ΔS�ð0Þ −0.062 ln

�ð1þ ffiffiffi
5

p Þ=2 ffiffiffi
3

p �
≃ −0.068 [50]

FIG. 3. Zero-frequency conductance G�ðKÞ as a function of K,
along with the corresponding exponent νðKÞ (right inset). Dashed
lines indicate perturbative RG results near K ¼ 3=2, and near
K ¼ 2=3 obtained from the dual model [51,52]. The exponent ν
peaks aroundK ¼ 1 (right inset). The left inset shows the residual
impurity entropy ΔS�ðKÞ. Solid (black) lines are guides to
the eye.

FIG. 4. Universal conductance scaling function G for several K
values. Markers correspond to r=D∈ f0.005; 0.01; 0.05g. Lines
are guides to the eye.
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for the conductance and residual entropy over a wide range
of K values, which could be tested in future experiments.
Note that the range of K we can study is limited, as
integrating the FRG equations becomes increasingly com-
putationally expensive for K ≲ 0.9.
Conclusion—In summary, we have solved the three-

channel charge Kondo model in the quasiballistic regime
using the functional renormalization group. Our results
recover the universal zero-frequency conductance of the
three-channel Kondo fixed point with excellent quantitative
accuracy and provide the full universal crossover of the
conductance and impurity entropy as functions of temper-
ature or frequency. Extending the analysis to interacting
channels, we uncovered a continuous line of fixed points
that connects smoothly to pseudogap Kondo physics in the
low-transparency limit. While tuning electron-electron
interactions in quantum Hall systems is challenging, recent
experiments with multiple islands demonstrate viable
routes to enhance them, opening possibilities to test our
predictions for K ≠ 1 [82,83]. More broadly, this Letter
establishes FRG as a powerful nonperturbative approach
to quantum impurity problems in regimes inaccessible to
conventional methods, with direct implications for future
experiments in mesoscopic devices.

Acknowledgments—We acknowledge fruitful discus-
sions with A. Anthore, F. Pierre, C. Piquard, and F. Rose.
C. M. acknowledges funding from the Agence Nationale de
la Recherche under the France 2030 programme, reference
No. ANR-22-PETQ-00122 (EQUBITFLY).

Data availability—The data that support the findings of
this article are not publicly available. The data are available
from the authors upon reasonable request.

[1] A. C. Hewson, The Kondo Problem to Heavy Fermions
(Cambridge University Press, Cambridge, UK, 1993),
Vol. 10031, p. 1.

[2] P. Nozieres, A “Fermi-liquid” description of the Kondo
problem at low temperatures, J. Low Temp. Phys. 17, 31
(1974).

[3] I. Affleck and A.W. Ludwig, Critical theory of over-
screened Kondo fixed points, Nucl. Phys. B360, 641 (1991).

[4] I. Affleck, A. W.W. Ludwig, H.-B. Pang, and D. L. Cox,
Relevance of anisotropy in the multichannel Kondo effect:
Comparison of conformal field theory and numerical
renormalization-group results, Phys. Rev. B 45, 7918
(1992).

[5] I. Affleck and A.W.W. Ludwig, Exact conformal-field-
theory results on the multichannel Kondo effect: Single-
fermion Green’s function, self-energy, and resistivity, Phys.
Rev. B 48, 7297 (1993).

[6] A.W. Ludwig and I. Affleck, Exact conformal-field-theory
results on the multi-channel Kondo effect: Asymptotic
three-dimensional space- and time-dependent multi-point

and many-particle Green’s functions, Nucl. Phys. B428, 545
(1994).

[7] V. Madhavan, W. Chen, T. Jamneala, M. F. Crommie, and
N. S. Wingreen, Tunneling into a single magnetic atom:
Spectroscopic evidence of the Kondo resonance, Science
280, 567 (1998).

[8] J. Li, W.-D. Schneider, R. Berndt, and B. Delley, Kondo
scattering observed at a single magnetic impurity, Phys.
Rev. Lett. 80, 2893 (1998).

[9] A. Zhao, Q. Li, L. Chen, H. Xiang, W. Wang, S. Pan, B.
Wang, X. Xiao, J. Yang, J. G. Hou, and Q. Zhu, Controlling
the Kondo effect of an adsorbed magnetic ion through its
chemical bonding, Science 309, 1542 (2005).

[10] Y.-h. Zhang, S. Kahle, T. Herden, C. Stroh, M. Mayor, U.
Schlickum, M. Ternes, P. Wahl, and K. Kern, Temperature
and magnetic field dependence of a Kondo system in the
weak coupling regime, Nat. Commun. 4, 2110 (2013).

[11] J. Bork, Y.-h. Zhang, L. Diekhöner, L. Borda, P. Simon, J.
Kroha, P. Wahl, and K. Kern, A tunable two-impurity
Kondo system in an atomic point contact, Nat. Phys. 7,
901 (2011).

[12] S. Trishin, C. Lotze, F. Lohss, G. Franceschi, L. I. Glazman,
F. von Oppen, and K. J. Franke, Tuning a two-impurity
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In this Supplemental Material, we derive the effective action used to calculate the conductance and the entropy of
the experimental setup discussed in the main text. We briefly review the functional renormalization group (FRG)
approach, including the local potential approximation (LPA) and the Blaizot–Méndez-Galain–Wschebor (BMW)
approximation scheme, and we discuss the numerical solution of the flow equations.
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I. MODEL AND BOSONIZATION

The experimental setup under consideration [S1, S2] consists of a metallic island coupled to three one-dimensional
quantum Hall edge channels. When the level spacing of the states on the island is the smallest energy scale in the
system, the finite volume of the island can be neglected. Under these conditions, the island and the three channels
can be described by a one-dimensional model [S3, S4] with the Hamiltonian Ĥ0 + ĤC + ĤQPC,

Ĥ0 = −ivF
3∑

j=1

∫ +∞

−∞
dx

(
ψ̂†
j,R∂xψ̂j,R − ψ̂†

j,L∂xψ̂j,L

)
,

ĤC = EC(N̂ −N0)
2,

ĤQPC = vF

3∑
j=1

r̃j(ψ̂
†
j,R(0)ψ̂j,L(0) + H.c.),

(S1)



2

where ψ̂j,R/L is the annihilation operator for right/left moving (spinless) electrons in the channel j and vF is the
Fermi velocity (we set ℏ = kB = 1 throughout). The region x > 0 corresponds to three pairs of counter-propagating
spin-polarized quantum Hall edge states, while the region x < 0 represents the electronic states of the metallic island.
The charging energy EC of the metallic island is equal to e2/2C, where C is the effective capacitance. N0 is an offset
charge controlled by an external gate voltage. The total number of electrons (charge) on the metallic island is given
by

N̂ =
∑

r=R,L

3∑
j=1

∫ 0

−∞
dx ρ̂j,r(x), (S2)

where ρ̂j,r(x) =:ψ̂†
j,r(x)ψ̂j,r(x): is the (normal ordered) density operator. The microscopic reflection amplitude at the

quantum point contact (QPC) between the island and the jth channel is denoted by r̃j .
A convenient formulation of the Hamiltonian can be obtained by using standard bosonization techniques [S5–S7].

The electron operators are expressed in terms of bosonic operators and fermionic ladder operators (Klein factors),

ψ̂j,r(x) =
Ûj,r√
2πα

eirkF x−i(rϕ̂j(x)−θ̂j(x)), (S3)

where r = +/− for right/left-moving particles and α = vF /D is a short-distance cutoff, with D the energy bandwidth

in the one-dimensional channels. The bosonic operators ϕ̂j and θ̂j obey the commutation relations [ϕ̂i(x), ∂y θ̂j(y)] =

iπδi,jδ(x− y). The anticommutation relations satisfied by the Klein factors, {Ûj,r, Ûj′,r′} = 2δjj′δrr′ , ensure that the

fermion operators ψ̂j,r anticommute.

The free Hamiltonian Ĥ0 reduces to the Luttinger-liquid Hamiltonian when expressed in terms of bosonic operators.
It is straightforward to extend our approach to the case where the electrons in the one-dimensional channels interact.
In that case, Ĥ0 takes the usual form

Ĥ0 =
∑
j

∫ ∞

−∞
dx

v

2π

[
1

K
(∂xϕ̂j)

2 +K(∂xθ̂j)
2

]
, (S4)

where K is the Luttinger parameter and v is the density mode velocity. In the absence of interactions, K = 1 and

v = vF . Using the relation ρ̂j(x) = −∂xϕ̂j(x)/π, we can write the total charge on the island as

N̂ = − 1

π

∑
j

ϕ̂j(0), (S5)

where we have assumed ϕ̂j(−∞) = 0. This leads to

ĤC = EC

(
1

π

∑
j

ϕ̂j(0) +N0

)2

. (S6)

The action associated with the electron backscattering at the QPCs takes the form

ĤQPC =
D

2π

∑
j

r̃jÛ
†
j,+Ûj,−e

2iϕ̂j(0) +H.c. (S7)

Since the operators Û†
j,rÛj,−r and the Hamiltonian commute pairwise, they can be diagonalized simultaneously.

Furthermore, unitarity implies that the eigenvalues of Û†
j,+Ûj,− and Û†

j,−Ûj,+ are of the form eiγ and e−iγ , respectively.
To preserve the symmetry between the three channels when rj = r, we choose γ to be independent of j. This leads to

ĤQPC =
D

π

∑
j

r̃j cos(2ϕ̂j(0) + γ). (S8)

A convenient description of the island can be obtained by integrating out the degrees of freedom away from the

QPCs, i.e. those associated with ϕ̂j(x ̸= 0). This is most easily done in the functional integral formalism [S8]. This
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leads to an effective (0+1)-dimensional Euclidean action S0 + Sint,

S0 =
∑
ωn

∑
j

|ωn|
πK

|ϕj(iωn)|2,

Sint =
D

π

∑
j

r̃j

∫ β

0

dτ cos(2ϕj(τ) + γ) + EC

∫ β

0

dτ

(
1

π

∑
j

ϕj(τ) +N0

)2

,

(S9)

where ϕj(τ) is a bosonic (real) field, τ is the imaginary time, and β = 1/T is the inverse temperature. We now
denote by ϕj(τ) ≡ ϕj(x = 0, τ) the field at x = 0 and by ϕj(iωn) its Fourier transform, with ωn a bosonic Matsubara
frequency. The energy bandwidth D emerges as the natural frequency cutoff. The phase γ can be eliminated by
shifting the field, ϕj(τ) → ϕj(τ) − γ/2, which leads to a simple redefinition of N0. In the following, we set γ = π.
With this choice, the three-channel Kondo (3CK) fixed point is reached for half-integer values of N0.
Next, we perform a change of variablesϕ1ϕ2

ϕ3

 = −


1√
6

1
2

1√
12

1√
6

0 − 1√
3

1√
6

− 1
2

1√
12


φC

φ1

φ2

 , (S10)

defined by an orthogonal transformation (up to a factor 1/
√
2). The field φC = π

√
2/3N describes fluctuations of the

total charge N on the island. The fields φ1 and φ2 are defined up to an arbitrary rotation in the plane perpendicular
to φC . This degree of freedom corresponds to a rotation of the vectors Gi defined in the following and is irrelevant
for physical quantities. With the additional shift φC → φC + π

√
2/3N0, the action reads

S =
1

2πK

∑
ωn

[
|ωn||φ1(iωn)|2 + |ωn||φ2(iωn)|2 + |φC(iωn)|2

(
|ωn|+

3

π
KEC

)]
− D

π

∫ β

0

dτ

[
r̃1 cos

(
φ1(τ) +

1√
3
φ2(τ) +

√
2

3
φC(τ) +

2π

3
N0

)
+ r̃2 cos

(
2√
3
φ2(τ)−

√
2

3
φC(τ)−

2π

3
N0

)
+ r̃3 cos

(
φ1(τ)−

1√
3
φ2(τ)−

√
2

3
φC(τ)−

2π

3
N0

)]
. (S11)

The charge mode φC is gapped and is little affected by the periodic potential in the weak-backscattering limit
r̃j ≪ EC/D. Its fluctuations determine the charge fluctuations on the island. To leading order in r̃j , and in the limit
T ≪ EC ≪ D,

⟨(N̂ −N0)
2⟩ = 3

2π2
⟨φ2

C⟩ ≃
3K

2π2
ln

(
πD

3eγ/2KEC

)
, (S12)

with γ being the Euler constant. We have used

⟨φ2
C⟩ = πKT

∑
ωn

e−ω2
n/D

2

|ωn|+ 3
πKEC

≃ K ln

(
πD

3eγ/2KEC

)
(T ≪ EC ≪ D), (S13)

where the exponential factor implements the ultraviolet (UV) energy cutoff. Since ⟨(N̂ −N0)
2⟩ ≫ 1 when EC ≪ D,

many charge states must be taken into account in the large-bandwidth limit.
In the spirit of a cumulant expansion, the charge mode can be integrated out [S3, S4]. Using (S13), we obtain

⟨ei
√

2/3φC ⟩ = e−
1
3 ⟨φ

2
C⟩ =

(
3eγ/2KEC

πD

)K/3

(S14)

in the limit r̃j → 0. To leading order in r̃j , this yields the following effective action for the field φ = (φ1, φ2),

S =
∑
ωn

|ωn|
2πK

|φ(iωn)|2 −
3∑

j=1

rj

∫ β

0

dτ cos
(
Gj ·φ(τ)−

2π

3
N0

)
, (S15)
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where

G1 =

( −1
− 1√

3

)
, G2 =

(
0
2√
3

)
, G3 =

(
1

− 1√
3

)
= −G1 −G2 (S16)

and

rj =
D

π

(
3eγ/2KEC

πD

)K/3

r̃j . (S17)

The periodic potential in (S15) possesses the symmetry of a triangular lattice defined by the vectors a1 = 2π(1, 0)

and a2 = 2π(1/2,
√
3/2) or, equivalently, by the reciprocal vectors G1 and G2. The potential has two minima per

unit cell when N0 is half-integer and a single minimum otherwise. The action (S15) also describes the quantum
Brownian motion (QBM) of a particle with coordinates (φ1, φ2) moving in a two-dimensional periodic potential [S9–
S11]. Hereafter, we refer to it as the QBM action.

II. CONDUCTANCE OF THE QUANTUM POINT CONTACTS

The conductance of the experimental setup is defined as a tensor,

Ij =
∑
k

GjkVk, (S18)

where Ij is the total current flowing through QPCj to the island, and Vk is the voltage applied to the electrode
connected to QPCk. To align with the experimental results of Ref. [S2] (see, in this reference, the Supplemental
Material on “Renormalized channel conductance”), we introduce the individual QPC conductances Gi = 1/Ri defined
by analogy with the classical circuit shown in Fig. S1. These conductances can be expressed in terms of the conductance
tensor via the Kirchhoff laws, ∑

j

Ij = 0, V1 −
I1
G1

= V2 −
I2
G2

= V3 −
I3
G3

. (S19)

A straightforward calculation yields

Gij = Gi

(
δij −

Gj∑
kGk

)
. (S20)

If there is no asymmetry between the three channels, all the QPC conductances are equal to G and Gij = G(δij−1/3).
The conductance tensor can be computed within linear response theory. An applied voltage Vi(t) corresponds to

a time-dependent perturbation Ĥ ′(t) =
∑

i eVi(t)N̂i where N̂i = −ϕ̂i/π and e is the electron charge. The linear
response is given by

⟨N̂i(t)⟩ =
∑
j

∫ ∞

−∞
dt′ χR

NiNj
(t− t′)eVj(t

′) =
∑
j

∫ ∞

−∞
dt′

e

π2
χR
ϕiϕj

(t− t′)Vj(t
′), (S21)

FIG. S1. Equivalent classical circuit describing the experimental setup of Ref. [S2]. Each QPC is defined by its own resistance.
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where χR
AB(t − t′) = iθ(t − t′)⟨[Â(t), B̂(t′)]⟩ is a retarded response function, and Â(t) and B̂(t) are operators in the

Heisenberg picture. Since the expectation value of the current is given by ⟨Îi(t)⟩ = e d
dt ⟨N̂i(t)⟩, we obtain

⟨Îi(t)⟩ =
∑
j

∫ ∞

−∞
dt′

e2

π2

d

dt
χR
ϕiϕj

(t− t′)Vj(t
′), (S22)

which leads to the frequency-dependent conductance

Gij(ω) = − e2

π2
Re

[
iωχR

ϕiϕj
(ω)

]
. (S23)

Gij(ω) can be obtained by analytic continuation of the imaginary-frequency correlation function of the field ϕi,

Gij(ω) =
e2

π2
Re

{
|ωn|⟨ϕi(iωn)ϕj(−iωn)⟩

∣∣
iωn→ω+i0+

}
. (S24)

After the change of variables (S10), Eq. (S24) can be rewritten in terms of the correlation functions of φ1 and φ2 and
φC . Neglecting all correlation functions involving the gapped field φC , we obtain

Gij(ω) =
e2

4π2
Re

{
|ωn|⟨Gi ·φ(iωn)Gj ·φ(−iωn)⟩

∣∣
iωn→ω+i0+

}
. (S25)

In the symmetric case, where rj = r and ⟨φi(iωn)φj(−iωn)⟩ = (δij/2)⟨φ(iωn) ·φ(−iωn)⟩, the QPC conductances are
given by

G(ω) =
e2

4π2
Re

{
|ωn|⟨φ(iωn) ·φ(−iωn)⟩

∣∣
iωn→ω+i0+

}
. (S26)

III. FRG APPROACH

In this section, we briefly describe the FRG approach used to obtain the physical properties of the metallic island.
Following the standard FRG strategy [S12–S14], we add an infrared regulator term to the QBM action (S15),

∆Sk[φ] =
1

2

2∑
i,j=1

∑
ωn

Rk,ij(iωn)φi(−iωn)φj(iωn), (S27)

where k is a (running) energy scale. The regulator function is defined by

Rk,ij(iωn) = γ1δij
|ωn|
πK

r

( |ωn|
k

)
+ γ2Zk,ijω

2
nr

(
ω2
n

k2

)
. (S28)

The k-dependent coefficients Zk,ij are set to zero in the LPA and are defined by (S38) in the BMW approximation.
We take r(x) = 1/(ex − 1) for both the LPA and the BMW approximation. The parameters γ1 and γ2 are of the
order of unity and can be varied to test the sensitivity of our method with respect to the choice of regulator function.

The partition function associated with the QBM action S +∆Sk = S0 + Sint +∆Sk,

Zk[J ] =

∫
Dφ e−S[φ]−∆Sk[φ]+

∫ β
0

dτJ·φ (S29)

is k-dependent. The expectation value of the field,

ϕ(τ) =
δ lnZk[J ]

δJ(τ)
= ⟨φ(τ)⟩, (S30)

can be obtained from a functional derivative with respect to the external source J . The scale-dependent effective
action,

Γk[ϕ] = − lnZk[J ] +

∫ β

0

dτ J · ϕ−∆Sk[ϕ], (S31)
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is defined as a slightly modified Legendre transform that includes the subtraction of ∆Sk[ϕ]. Fluctuations are nearly
frozen by the regulator term ∆Skin

if the initial value kin of the RG scale k is much larger than the bandwidth D (the
natural UV cutoff of the theory). In that case, Γkin

[ϕ] ≃ S[ϕ]. On the other hand, the effective action of the original
model is given by Γk=0 since Rk=0 = 0. The nonperturbative FRG approach aims to determine Γk=0 from Γkin

using
Wetterich’s equation [S15–S17],

∂tΓk[ϕ] =
1

2
Tr

[
∂tRk(Γ

(2)
k [ϕ] +Rk)

−1
]
, (S32)

where Γ
(2)
k is the second functional derivative of Γk and t = ln k is a (negative) RG time (which varies from ln kin to

−∞ as k decreases from kin to zero). The trace in Eq. (S32) involves a sum over frequencies as well as field indices.

A. LPA

In the LPA, the scale-dependent effective action is approximated by

Γk[ϕ] =
∑
ωn

|ωn|
2πK

|ϕ(iωn)|2 +
∫ β

0

dτ Uk(ϕ(τ)), (S33)

with the initial condition

Ukin
(ϕ) = −

3∑
j=1

rj cos

(
Gj · ϕ− 2π

3
N0

)
. (S34)

The flow equation preserves the triangular symmetry of the effective potential Uk(ϕ), which can be expanded into a
Fourier series,

Uk(ϕ) =
∑

m,n∈Z
r
(m,n)
k ei(mG1+nG2)·ϕ, (S35)

with complex coefficients that satisfy r
(−m,−n)
k = r

(m,n)
k

∗. The amplitudes of the first-order harmonics, |r(1,0)k |, |r(0,1)k |
and |r(1,1)k |, can be regarded as renormalized reflection coefficients. The flow equation of Uk(ϕ) is obtained by inserting
the ansatz (S33) into Wetterich’s equation,

∂tUk(ϕ) =
1

2β

∑
ωn

e−ω2
n/D

2

Tr[∂tRk(iωn)Gk(iωn,ϕ)], (S36)

The trace is taken with respect to the indices of the 2×2 matrices Rk(iωn) and Gk(iωn,ϕ). The propagator Gk(iωn,ϕ)

is obtained by inverting Γ
(2)
k (iωn,ϕ) + Rk(iωn), where Γ

(2)
k (iωn,ϕ) is the two-point vertex computed in a constant

field ϕ. The factor e−ω2
n/D

2

in (S36) implements the UV energy cutoff. In practice, the flow equation (S36) is solved

using the dimensionless quantities ω̃n = ωn/k and r̃
(n,m)
k = r

(n,m)
k /k.

B. BMW approximation

The LPA allows us to compute the free energy F = Uk=0(ϕ = 0) and the entropy S = −∂F/∂T . However, it does
not allow for the calculation of the conductance, G(ω), which requires knowledge of the full frequency dependence
of the propagator Gk=0,ij(iωn) = ⟨φi(iωn)φj(−iωn)⟩; see Eq. (S26). A derivative expansion of the effective action

beyond the LPA is subject to the same limitations. The propagator Gk=0, or its inverse the two-point vertex Γ
(2)
k=0,

can be computed within the BMW approximation [S18–S21]. The latter allows one to close the infinite hierarchy of

equations satisfied by the vertices Γ
(n)
k . In its simplest nontrivial implementation, the BMW approximation yields

closed equations for the effective potential Uk(ϕ) and the two-point vertex Γ
(2)
k (iωn,ϕ) evaluated in a constant field.

The latter can be written as

Γ
(2)
k,ij(iωn,ϕ) = δij

|ωn|
πK

+∆k,ij(iωn,ϕ) + U ′′
k,ij(ϕ), (S37)
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where ∆k(iωn) = Γ
(2)
k (iωn,ϕ)−Γ

(2)
k (0,ϕ) is a “self-energy”, and we use the notation U ′′

k,ij = ∂ϕi
∂ϕj

Uk. We anticipate

the fact that the Luttinger parameter, i.e. the coefficient of the |ωn| term, is not renormalized. At low frequencies,
|ωn| ≪ k, the self-energy is expected to be quadratic in frequency. For the sake of numerical accuracy, we write it in
the form

∆k,ij(iωn,ϕ) = Zk,ijω
2
n[1 + Yk,ij(iωn,ϕ)] (S38)

with the additional constraint ∫
d2ϕYk,ij(iωn = 0,ϕ) = 0, (S39)

which fixes the value of Zk,ij .
The derivation of the BMW flow equation is standard [S18, S20, S21]. Equation (S36) still holds, while Yk,ij satisfies

the equation

∂tYk,ij = ηk,ij(1 + Yk,ij) +
∑
i1,i2

Ii1i21,k ∂ϕi1
∂ϕi2

Yk,ij +
∑

i1,i2,i3,i4

{
Ii1i2i3i42,k

[
Zk,ii3Zk,ji4

Zk,ij
ω2
n∂ϕi2

Yk,ii3∂ϕi1
Yk,ji4

+
Zk,ii3

Zk,ij
∂ϕi2

Yk,ii3U
(3)
k,i1ji4

+
Zk,ji4

Zk,ij
∂ϕi1

Yk,ji4U
(3)
k,i2ii3

]
+

1

Zk,ij
Ii1i2i3i43,k U

(3)
k,i2ii3

U
(3)
k,i1ji4

}
, (S40)

with the notation U
(3)
i1i2i3

= ∂ϕi1
U ′′
k,i2i3

, and we do not explicitly write the dependence on ϕ and ωn. The parameter
ηk,ij = −∂t lnZk,ij is determined from the condition∫

d2ϕ∂tYk,ij(iωn = 0,ϕ) = 0, (S41)

which is a direct consequence of (S39). The threshold functions Ij,k (j = 1, 2, 3) are defined by

Ii1i21,k (ϕ) =
1

2β

∑
ωm

e−ω2
m/D2

∂̃tGk,i1i2(iωm,ϕ),

Ii1i2i3i42,k (iωn,ϕ) = − 1

β

∑
ωm

e−ω2
m/D2

∂̃tGk,i1i2(iωm,ϕ)Gk,i3i4(iωn + iωm,ϕ),

Ii1i2i3i43,k (iωn,ϕ) =
Ii1i2i3i42,k (iωn,ϕ)− Ii1i2i3i42,k (0,ϕ)

ω2
n

,

(S42)

where the derivative operator ∂̃t = (∂tRk)∂Rk
acts only on the time dependence of Rk. Note that I3,k remains well

defined in the limit ωn → 0, which can be verified by expanding I2,k in powers of frequency. In practice, the flow
equations are solved using the dimensionless quantities

ωn =
ωn

k
, Ũk(ϕ) =

Uk(ϕ)

k
, Z̃k,ij = kZk,ij , Ỹk,ij(iω̃n,ϕ) = Yk,ij(iωn,ϕ). (S43)

Similarly to the potential [Eq. (S35)], the function Yk,ij(iωn,ϕ) is expanded into a Fourier series.

IV. NUMERICAL RESULTS

In this section, we present the numerical solution of the flow equations. We restrict ourselves to the symmetric case
where rj = r. Unless stated otherwise, all results are obtained within the BMW scheme with N0 = 1/2.

A. Flows at T = 0

For convenience, we decompose the effective potential into two parts: Uk(ϕ) = Vk(ϕ) + Uk(0). Uk(0) corresponds
to the minimum value of the effective potential and determines the free energy F = Uk=0(0). Since its flow does not
influence other functions, it can be treated independently. Conversely, the flow of Vk(ϕ) is coupled to that of the
two-point vertex, i.e. Yk(iωn,ϕ).
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FIG. S2. Flow of the dimensionless effective potential Ṽk(ϕ) obtained for K = 1. (Left) Ṽk(ϕA, ϕB = 0) as a function of ϕB

for various RG times t = ln k. For convenience, we use the variables ϕA = 2ϕ2/
√
3 and ϕB = ϕ1 − ϕ2/

√
3. (Right) Effective

reflection coefficient r̃k = |r̃(1,0)k | = |r̃(0,1)k | = |r̃(1,1)k | as a function of t; see Eq. (S35). The inset shows the running exponent
νk = ∂t ln |r̃k − r̃k=0|, which converges to 0.408.

At zero temperature, the Matsubara frequency ω̃n ≡ ω̃ becomes a continuous variable. We find that the flow
reaches a fixed point defined by the k-independent functions Ṽ ∗(ϕ), Ỹ ∗(iω̃,ϕ) and the the k-independent parameter

ηij = η. For K > 3/2, the fixed-point potential Ṽ ∗(ϕ) vanishes, in agreement with the scaling dimension 1− 2K/3 of
the reflection coefficient r. The parameter η takes the value 3− 4K/3 for 3/2 ≤ K ≤ 9/4 and vanishes for K > 9/4.

The function Ỹ ∗(iω̃,ϕ) is nonzero but the self-energy ∆̃k(iω̃,ϕ) ∼ k1−ηω̃2 vanishes for k → 0 since η < 1. Therefore,

the frequency dependence of the two-point vertex Γ
(2)
k=0(iω,ϕ) is given by |ω|/πK in the small-frequency limit.

Conversely, the flow reaches a nontrivial fixed point for K < 3/2, defined by a nonzero effective potential Ṽ ∗(ϕ) ̸= 0,
as shown in Fig. S2 for the case K = 1. For this value of the Luttinger parameter, the approach to the fixed point
is characterized by the (correction-to-scaling) exponent ν ≃ 0.408. This value is in good agreement with the exact
value ν = 2/5 at the 3CK fixed point obtained from conformal field theory (CFT) [S9–S11, S22]. The dimensionful

potential Vk = kṼk vanishes as k approaches 0, which is a consequence of convexity and periodicity: The effective
potential, Uk=0, is defined by a Legendre transform and is therefore a convex function. Since it is periodic, it must
be constant, i.e., Vk=0(ϕ) = Uk=0(ϕ)− Uk=0(0) = 0.

When K < 3/2, ηk tends to the value η = 1 for k → 0: Zk,ij diverges as 1/k and Z̃k,ij reaches a fixed point

value Z̃∗
ij . The self-energy ∆k(iω,ϕ) behaves as Zk,ijω

2 ∼ k−ηω2 for |ω| ≪ k. For |ω| ≫ k, we instead find

∆k(iω,ϕ) ≃ ∆k=0(iω,ϕ) ∝ |ω|2−η ∼ |ω|, as shown in Fig. S3 for K = 1 [S23]. This is a remarkable result: Although
the Luttinger parameter K is not renormalized directly by the flow, the |ω|/πK term in the two-point vertex is
corrected by the self-energy term ∆k=0(iω,ϕ). As we will demonstrate in the next section, the linear frequency
dependence of the self-energy ∆k=0(iω,ϕ) is crucial for the emergence of a conductance value G∗ = G(ω → 0), which
is intermediate between 0 and e2K/h.

Capturing the full renormalization of the functions Ṽk and Ỹk requires an increasingly large number of harmonics
in the functions Ṽk and Ỹk as K decreases. This limits practical computations to K ≳ 0.9.

B. Universal conductance at T = 0

By inverting the two-point vertex (S37), we obtain the propagator Gk=0(iω,ϕ) and, using (S26), the conductance

G(ω) =
e2

4π2
Re

{
|ω| tr[Gk=0(iω,ϕ = 0)]

∣∣
iω→ω+i0+

}
=

e2

4π2
Re

{
|ω|

2
πK |ω|+∆k=0,11(iω, 0) + ∆k=0,22(iω, 0)[ |ω|

πK +∆k=0,11(iω, 0)
][ |ω|

πK +∆k=0,22(iω, 0)
]
−∆k=0,12(iω, 0)∆k=0,21(iω, 0)

∣∣∣∣
iω→ω+i0+

}
. (S44)

We have used U ′′
k=0,ij(0) = 0 since Uk=0(ϕ) is independent of ϕ. The conductance G∗ = G(ω = 0) depends on the

small-frequency behavior of the self-energy, ∆k=0(iω) ∼ |ω|2−η. For K > 3/2, we have 2 − η > 1, and we recover
the expected result in the perfect transmission limit: G∗ = e2K/2π ≡ e2K/h (restoring Planck’s constant). For
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K < 3/2, η = 1 and we obtain a nontrivial conductance G∗ with 0 < G∗ < e2K/h. For K = 1, we find G∗ ≃ 0.677
(in units of e2/h), which is in good agreement with the exact result at the 3CK fixed point obtained from CFT,
G∗

3CK = 2 sin2(π/5) ≃ 0.691 [S9–S11, S22]. Note that the limits k → 0 and ω → 0 do not commute; the limit k → 0
must always be taken first. This is the reason why the LPA, or a derivative expansion of the effective action, do not
allow us to compute the conductance, as they provide the two-point vertex only in the limit |ω| ≪ k.
To obtain the frequency dependence of the conductance, we perform the analytic continuation in (S44) using Padé

approximants [S24]. The conductance can be written in the scaling form

G(iω) =
e2K

h
Gimag

( ω

T ∗

)
(S45)

as a function of the imaginary frequency ω, or

G(ω) =
e2K

h
Greal

( ω

T ∗

)
(S46)

after analytic continuation. Here, T ∗ is a low-energy scale that characterizes the crossover between high- and low-
frequency behaviors. It is defined such that G(ω = T ∗) is halfway between the fully transparent value of e2K/h
and the universal zero-frequency conductance G∗(ω = 0) = G(0). Its dependence on microscopic parameters can
be determined from a perturbative analysis near the ballistic regime r = 0 (see Appendix B). The universal scaling
functions Gimag and Greal are nearly identical, as shown in Fig. S4 for K = 1. In the low-frequency limit, we expect
G = G∗ + c|ω|ν , with ν the exponent of the leading irrelevant operator at the fixed point. Accurately determining ν
is difficult due to a lack of numerical precision in the small-frequency limit. However, the result is compatible with
the value ν ≃ 0.408 obtained from the approach to the fixed point in Sec. IVA; see the inset in Fig. S4.

While the Padé approximant method is known to be reliable for performing analytic continuation from numerical
FRG data at T = 0 [S24, S25], it usually fails at nonzero temperature. This is the main obstacle to obtaining the
temperature-dependent conductance G(ω, T ).

C. Universal entropy

The entropy of the metallic island is usually defined by [S26]

Simp(T ) = S(T )− S(T )
∣∣
N0=0

, (S47)

i.e. by subtracting the entropy at N0 = 0 from the entropy S(T ) = −∂F/∂T = −∂Uk=0(0)/∂T evaluated at N0 = 1/2.

For K = 1, the exact value of the zero-temperature impurity entropy is known from CFT, Simp(0) = ln[(1 +
√
5)/2],

and is interpreted in terms of Fibonacci anyons [S26–S29]. However, computing the entropy with FRG when N0

0 5 10 15 20
|t| = − ln k

0.008

0.016

0.024

Z̃
k
,1

1

0 200 400 600 800
ω

0.0

0.6

1.2

1.8

∆
k
,1

1
(i
ω
,φ

=
0)

t = −20.33

t = −9.44

t = −2.55

t = 2.11

10−6 10−1

1

2

∂
ln
|ω
|l

n
∆
k

0 10 20
1.0

1.2

1.4 ηk

FIG. S3. (Left) Flows of Z̃k,11 and ηk,ij = ηk (inset) for K = 1. (Right) Self-energy ∆k,11(iω,ϕ = 0) obtained for various
values of the RG time t = ln k. The inset shows ∂ln |ω|∆k(iω,ϕ = 0) and the linear behavior ∆k(iω,ϕ = 0) ∼ |ω| emerging in
the regime |ω| ≳ k.
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differs from a half-integer number is difficult since the system flows to the strong-coupling (zero-transmission) fixed

point and the r̃
(m,n)
k ’s diverge when k → 0. For this reason, we prefer to compute

∆S(T ) = S(T )− S(T )
∣∣
r=0

, (S48)

taking as reference point the purely ballistic fixed point. The exact CFT result is then given by
∆S(0) = ln[(1 +

√
5)/2

√
3] for K = 1 [S11]. To obtain the temperature dependence of the entropy from FRG,

we compute the free energy F = Uk=0(ϕ = 0) and take a numerical derivative with respect to T .
In the large-bandwidth limit, the entropy satisfies the scaling form

∆S(T ) = S
(
T

T ∗

)
, (S49)

where S is a universal scaling function and T ∗ the characteristic energy scale introduced in Sec. IVB. Figure S5 shows
the function S obtained from the LPA and the BMW approximation for K = 1, as well as the exact result obtained
from the thermodynamic Bethe ansatz (TBA), whose calculation is detailed in Appendix C. There is a very good
agreement with TBA down to T/T ∗ ≃ 5 × 10−1 for the LPA and T/T ∗ ≃ 5 × 10−2 for the BMW approximation.
However, at lower temperatures, the FRG becomes unreliable, and the slight increase in S as T decreases is clearly an
artifact. If we accept the hypothesis that the zero-temperature entropy ∆S(0) originates from Fibonacci anyons, then
the failure of the FRG at low temperatures could indicate that this technique does not fully capture these excitations
in the present context.

Appendix A: Numerical integration of the flow equations

In this appendix, we discuss the numerical integration of the flow equations, focusing on the BMW approximation.

1. Zero temperature

When T = 0, the Matsubara frequency ωn ≡ ω becomes a continuous variable, and the Matsubara sums are
replaced by integrals. We follow the flow of the frequency-dependent dimensionless functions, e.g. Ỹk,ij(iω̃,ϕ), with
ω̃ belonging to a fixed, regular grid with the range 0 ≤ |ω̃| ≤ ω̃max. With our choice of cutoff function, we find that
the contribution of the frequencies beyond ω̃max = 6 is extremely small and is negligible. When computing I2,k, one

must evaluate Ỹk for frequencies larger than ω̃max. In such cases, following [S21], we set Ỹk(iω̃,ϕ) = Ỹk(iω̃max,ϕ).

However, determining Ỹk(iω̃,ϕ) and ∆̃k(iω̃,ϕ) is insufficient. One must also compute the dimensionful self-energy
∆k(iω,ϕ) to obtain the conductance. For a given (positive) frequency ω, the dimensionless frequency ω̃ = ω/k remains
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FIG. S4. Universal scaling functions Gimag and Greal for K = 1 [Eqs. (S45,S46)]. The exact result G(0) = 2 sin2(π/5) ≃ 0.691
obtained from CFT is indicated by a red point on the vertical axis. The inset shows that the low-frequency behavior is
compatible with G = G∗ + c|ω|ν , with the exponent ν ≃ 0.408 (shown by the horizontal dashed line) obtained from the
approach to the fixed point.
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FIG. S5. Universal entropy computed in the LPA and the BMW approximations, and compared with the exact TBA result.

in the (fixed) ω̃-grid as long as k ≥ ω/ω̃max. We must then switch from dimensionless to dimensionful formulation of
the flow equations. It turns out to be crucial to continue the flow in the dimensionful form to obtain accurate results
for the 3CK fixed point. Since the frequency dependence of the self-energy is linear rather than quadratic for |ω| ≳ k,
it is convenient to introduce the function Xk,ij such that ∆k,ij(iω,ϕ) = |ω|Xk,ij(iω,ϕ). Its BMW flow equation is

∂tXk,ij =
∑
i1,i2

Ii1i21,k ∂ϕi1
∂ϕi2

Xk,ij +
∑

i1,i2,i3,i4

{
1

|ω| [I
i1i2i3i4
2,k (iω)− Ii1i2i3i42,k (0)]U

(3)
k,i2ii3

U
(3)
k,i1ji4

+ Ii1i2i3i42,k (iω)
[
|ω|∂ϕi2

Xk,ii3∂ϕi1
Xk,ji4 + ∂ϕi2

Xk,ii3U
(3)
k,i1ji4

+ ∂ϕi1
Xk,ji4U

(3)
k,i2ii3

]}
. (S1)

In this expression, I2,k(iω,ϕ) must be evaluated outside the dimensionless-frequency grid when |ω| > kω̃max. In

that case, it is approximated by Ii1i2i3i42,k (iω,ϕ) ≃ −2Gk,i3i4(iω,ϕ)I
i1i2
1,k (ϕ) using the approximation G(iω + iω′,ϕ) ≃

G(iω,ϕ) for |ω′| ≤ kω̃max ≤ |ω| [S20]. The dimensionless and dimensionful parts of the flow are related by the
condition

Xk,ij(iω,ϕ) = Z̃k,ijω̃max[1 + Ỹk,ij(iω̃,ϕ)] (S2)

at k = ω/ω̃max.
We find that a Fourier expansion adapted to the triangular lattice in ϕ (as in Eq. (S35)), a five-point finite

differentiation in frequency, combined with the Simpson rule to compute the integrals, and an adaptive-step Runge-
Kutta method produce stable and converging results. The dimensionless-frequency grid is defined in the range
[0, ω̃max = 6] with a step δω̃ = 0.1. The ϕ grid is made of 35 × 35 harmonics for the results presented. Note that
when truncating the number of harmonics, care must be taken to preserve the triangular symmetry of the functions.

The main difficulty in numerically integrating the flow equations is related to the number of harmonics in the field

expansion of the functions Ũk(ϕ) and Ỹk(iω̃,ϕ). The harmonic r̃
(m,n)
k of rank (m,n) in the effective potential (S35)

has a scaling dimension 1− (2K/3)(m2+n2−mn). High-order harmonics are therefore strongly irrelevant and can be

ignored (a similar analysis can be made for Ỹk(iω̃,ϕ)). For K ≳ 0.9, we find that 35× 35 harmonics suffice to ensure

the convergence of the functions Ũk and Ỹk to their fixed-point values Ũ∗ and Y ∗ as k → 0. However, as K decreases
below 0.9, a larger number of harmonics are necessary to ensure convergence, thus making the numerical integration
of the flow equations more and more time consuming. We believe that values of K smaller than 0.9 could be reached
by allocating more numerical resources. On the other hand, the regime K < 2/3 is likely to remain inaccessible since

we expect a fully strong-coupling (zero-transmission) fixed point with diverging values of the coefficients r̃
(m,n)
k as

k → 0.
We estimate the accuracy of the FRG results from their sensitivity to the parameters γ1 and γ2 entering the

regulator function Rk. The optimal values of γ1 and γ2 are chosen by minimizing the sensitivity of G∗ = G(ω = 0)
to the regulator (principle of minimal sensitivity) [S30–S32], i.e., from the condition dG∗/dγi = 0. The universal
conductance G∗ at the 3CK fixed point changes by no more than three percent when γ1 is varied in the interval
[0.7, 6] and γ2 in the interval [2, 15]. This three percent variation is similar to the two percent difference between the
FRG estimate G∗ ≃ 0.677 and the exact CFT result G∗

3CK = 2 sin2(π/5) ≃ 0.691.
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2. Non-zero temperature

When T ̸= 0, the dimensionless Matsubara frequencies ω̃n = 2πnT/k form a quasi-continuum at the beginning
of the RG flow, since the initial cutoff kin is chosen much larger than all physical energy scales (in particular,
kin ≫ T ). Consequently, the flow can be approximated by the zero-temperature flow as long as kin is larger than
kT = 2πnmaxT/ω̃max, where nmax is typically in the range 50 − 100. When k < kT , the Matsubara sums in the
threshold functions cannot be approximated by integrals and must be evaluated explicitly. At this point, we switch
to the dimensionful version of the flow, in which the threshold functions are evaluated as discrete Matsubara sums.

Appendix B: Perturbative expansion near the ballistic fixed point

In this section, we discuss the perturbative analysis near the ballistic fixed point r = 0 and the high-frequency
behavior of the conductance.

1. Mobility

The conductance tensor

Gij(iωn) =
e2K

2h
GT

i · µ(iωn) ·Gj (S1)

can be expressed in terms of the mobility, defined by

µij(iωn) =
|ωn|
πK

⟨φi(iωn)φj(−iωn)⟩. (S2)

For the QBM described by the action (S15), the mobility gives the (average) long-time velocity of the particle subjected
to an external force.

To obtain an expression which is more convenient for perturbation theory, we consider the QBM action,

S[φ,h] =
∑
ωn

|ωn|
2πK

[
|φ(iωn)|2 − h(−iωn) ·φ(−iωn)

]
−

∫ β

0

dτ
∑
a

ra cos
(
Ga ·φ− π

3

)
=

∑
ωn

|ωn|
2πK

[
|φ(iωn)|2 −

1

4
|h(−iωn)|2

]
−

∫ β

0

dτ
∑
a

ra cos
(
Ga ·

(
φ+

h

2

)
− π

3

)
(S3)

in the presence of an external source. We have set N0 = 1/2 and shifted the field φ → φ+ h/2 to obtain the second
line. We then obtain

µij(iωn) =
4πK

|ωn|
δ2 lnZ[h]

δhi(iωn)δhj(−iωn)

∣∣∣∣
h=0

= δij −
πK

|ωn|
∑
a

raG
i
aG

j
b

〈
cos

(
Ga ·φ(0)−

π

3

)〉
+
πK

|ωn|
∑
a,b

rarbG
i
aG

j
b

∫ β

0

dτ eiωnτ
〈
sin

(
Ga ·φ(τ)−

π

3

)
sin

(
Gb ·φ(0)−

π

3

)〉
. (S4)

2. Perturbative expansion to order r2

We compute the mobility in a perturbative expansion with respect to the reflection coefficients ra. We use the fact
that the expectation value

⟨ei
∑

i Gi·φ(τi)⟩0 (S5)
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is nonzero only if
∑

i Gi = 0. Here, ⟨· · · ⟩0 denotes the average with respect to the ballistic action (ra = 0). We easily
obtain 〈

cos
(
Ga ·φ(0)−

π

3

)〉
=
ra
2

∫ β

0

dτ
〈
eiGa·[φ(0)−φ(τ)]

〉
0

(S6)

and 〈
sin

(
Ga ·φ(τ)−

π

3

)
sin

(
Gb ·φ(0)−

π

3

)〉
=
δab
2

〈
eiGa·[φ(0)−φ(τ)]

〉
0

(S7)

to leading order, which leads to

µij(iωn) = δij −
πK

|ωn|
∑
a

r2a
2
Gi

aG
j
a

∫ β

0

dτ (1− eiωnτ )⟨eiGa·[φ(0)−φ(τ)]⟩0 (S8)

to quadratic order in ra. In the symmetric case (ra = r), this yields the QPC conductance

G(iωn) =
e2K

h

{
1− πKr2

|ωn|

∫ β

0

dτ (1− eiωnτ )⟨eiG1·[φ(0)−φ(τ)]⟩0
}
, (S9)

where we have restored Planck’s constant.

3. High-frequency behavior and crossover temperature T ∗

In this section, we focus on the zero-temperature case. Using

⟨φi(0)
2⟩0 − ⟨φi(τ)φi(0)⟩0 = πK

∫ ∞

−∞

dω

2π
e−ω2/D2 1− eiωτ

|ω| ≃ K ln |Dτ | (D|τ | ≫ 1), (S10)

we obtain

⟨eiG1·(φ(0)−φ(τ))⟩0 = e−
1
2 ⟨{G1·[φ(τ)−φ(0)]}2⟩ ∼ |Dτ |−4K/3 (S11)

in the long-time limit |τ | ≫ 1/D. We deduce∫
dτ (1− eiωτ )⟨eiG1·[φ(0)−φ(τ)]⟩0 ∼ |ω|4K/3−1

D4K/3
(S12)

and

e2K

h
−G(iω) ∼ r2

∣∣∣∣ ωT ∗

∣∣∣∣4K/3−2

with
T ∗

D
∝

( r
D

) 1
1−2K/3

. (S13)

Equation (S13) is valid in the high-frequency limit |ω| ≫ T ∗ and for K < 3/2, where G(iω) ≃ e2K/h. The power-law
dependence of T ∗/D on r/D is in perfect agreement with the FRG calculation, as shown in Fig. S6 for K = 1.

Appendix C: Thermodynamic Bethe ansatz for K = 1

The QBM model on a triangular lattice defined by the action (S15) is integrable when K = 1. Although a numerical
solution of the TBA equations is not found in the literature, they are given in Sec. VI.A of Ref. [S11],

ϵ1(θ) = m1e
θ − T

∫ ∞

−∞

dθ′

2π

1

cosh(θ − θ′)
ln(1 + e−ϵ2(θ

′)/T ),

ϵ2(θ) = m2e
θ − T

∫ ∞

−∞

dθ′

2π

1

cosh(θ − θ′)
ln[(1 + e−ϵ1(θ

′)/T )(1 + e−ϵ3(θ
′)/T )],

ϵ3(θ) = m3e
θ − T

∫ ∞

−∞

dθ′

2π

1

cosh(θ − θ′)
ln(1 + e−ϵ2(θ

′)/T ).

(S1)
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FIG. S6. Crossover scale T ∗ as a function of the reflection coefficient r for K = 1. The dashed line shows the power-law
dependence T ∗/D ∝ (r/D)3 [Eq. (S13)].

These equations are expressed in terms of the pseudo-energies ϵi. The mass parameters mi are complicated functions
of the microscopic parameters ri, but their exact expression is not necessary to determine the universal entropy
crossover. The impurity free energy is given by

Fimp(T ) = −T
∫ ∞

−∞

dθ

2π

1

cosh(θ − θB)
ln(1 + e−ϵ1(θ)/T ), (S2)

where TB ∝ eθB is also a complicated function of the coefficients ri. Introducing fi(θ) = ϵi(θ+ θB)/T , we can rewrite
Eqs. (S1) in the form

f1(θ) =
m1e

θB

T
eθ −

∫ ∞

−∞

dθ′

2π

1

cosh(θ − θ′)
ln(1 + e−f2(θ

′)),

f2(θ) =
m2e

θB

T
eθ −

∫ ∞

−∞

dθ′

2π

1

cosh(θ − θ′)
ln[(1 + e−f1(θ

′))(1 + e−f3(θ
′))],

f3(θ) =
m3e

θB

T
eθ −

∫ ∞

−∞

dθ′

2π

1

cosh(θ − θ′)
ln(1 + e−f2(θ

′)),

(S3)

with

Fimp(T ) = −T
∫ ∞

−∞

dθ

2π

1

cosh(θ)
ln(1 + e−f1(θ)). (S4)

Reference [S11] demonstrates that the crossover between the ballistic fixed point (r = 0) and the intermediate 3CK
fixed point occurs when m1 = m2 = 0. Consequently, the parameters mi and θB appear only in the combination
m3e

θB = T ∗
TBA. The functions fi depend solely on the ratio T/T ∗

TBA, and it follows directly that ∆STBA = −∂Fimp/∂T
is a universal function of T/T ∗

TBA.
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