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Quantum impurity models provide a central framework for correlated electron physics, with quantum
dots enabling controlled experimental realizations. While their weak-coupling behavior is well understood
through mappings to Kondo Hamiltonians, the opposite regime of highly transparent contacts has lacked
a controlled theoretical description. Using the functional renormalization group (FRG), we resolve this
regime for the three-channel charge Kondo device of Iftikhar et al. [Tunable quantum criticality and super-
ballistic transport in a “charge” Kondo circuit, Science 360, 1315 (2018)], benchmarking against conformal
field theory by reproducing the universal zero-frequency conductance and, crucially, going beyond it to
obtain the full frequency crossover of the conductance and the full temperature crossover of the impurity
entropy, together with a continuous line of fixed points for interacting leads. These results establish FRG as
a powerful nonperturbative tool for quantum impurity problems in regimes inaccessible to conventional
approaches, with direct implications for mesoscopic experiments.
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Introduction—Quantum impurity physics provides a
window into how a small quantum system can dramatically
influence a much larger environment. The classic example
is the Kondo effect, where a single magnetic impurity in a
metal produces a collective many-body state that reshapes
electronic transport [1,2]. Multichannel extensions reveal
exotic non-Fermi-liquid behavior and quantum criticality
that have become cornerstones of modern condensed matter
theory [3—6]. Beyond their conceptual importance, impu-
rity models have become central to nanoscale experiments
across a variety of platforms, ranging from scanning
tunneling spectroscopy on magnetic adatoms [7-13] to
semiconductor quantum dots [14-30], which can be tuned
with unprecedented control. These developments have
opened the door to realizing exotic correlated states with
potential connections to fractionalized excitations and
anyonic physics [31-36]. A central challenge is to under-
stand how universality survives when the standard mapping
to Kondo Hamiltonians breaks down.

Metallic islands coupled to quantum Hall edge channels
provide an ideal platform for exploring this problem. In the
low-transparency regime, tunneling involves only two
charge states, and the system maps onto charge versions
of multichannel Kondo models [37-39]. In this regime,
numerical renormalization group (NRG) calculations are
quantitatively accurate [40,41] and have been confirmed
experimentally in one- and two-island geometries
[32,42-46]. A hallmark of this regime is the universality
of the low-energy behavior, established in the two-channel
Kondo model through theory [47—49] and experiment [42].
However, at high contact transparency the mapping fails, as
many charge states contribute simultaneously. Despite this
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breakdown, experiments on the three-channel case suggest
that universality persists, with the same zero-frequency
conductance observed in both limits [42], as illustrated
in Fig. 1.

In this Letter, we provide a theoretical framework for
this strongly coupled regime. Focusing on the charge three-
channel Kondo model (3CK), we show that its effective
description maps onto a (0 + 1)-dimensional sine-Gordon-
like model [50-52], which we solve using a nonperturba-
tive functional renormalization group (FRG) approach
[54-56]. We obtain the full universal crossover of the
conductance and impurity entropy, controlled by a single

lnE

FIG. 1. Left: Experimental device from Ref. [42]: a metallic
island (the Kondo impurity) with gate-induced offset charge N is
coupled to three quantum Hall edge channels via quantum point
contacts. Right: Schematic conductance G as a function of energy
scale E (temperature or frequency) for low (blue) and high
(green) transparencies. Both regimes yield the same universal
zero-frequency conductance Gjcyx = 2sin?(x/5) (red point), as
predicted by conformal field theory [50-53].
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energy scale 7*. The corresponding universal scaling func-
tions are precisely the quantities probed experimentally,
where data are collapsed as functions of frequency or
temperature scaled by 7* and compared to theoretical
curves. Our results reproduce the exact zero-frequency
conductance of conformal field theory (CFT) with 2%
accuracy, establishing the universality of the low-energy
physics across all transparencies [51-53]. Extending the
analysis to interacting leads, we reveal a continuous line of
nonperturbative fixed points, parameterized by the Luttinger
parameter K and connected to pseudogap Kondo physics
[57,58]. These findings demonstrate that FRG can access
impurity regimes beyond the reach of standard methods,
providing quantitative predictions for ongoing experiments.

Three-channel charge Kondo model—We consider the
three-channel charge Kondo geometry depicted in Fig. 1
and realized experimentally in Refs. [42,43]. When the
single-particle level spacing in the island is the smallest
energy scale in the system, the island can be treated as a
zero-dimensional object. In this limit, the island and the
three leads are described by a one-dimensional model
[38,39] with Hamiltonian

N 3 +o0
o= =ivy Y [ (0 0udin = 0,0050) . ()
j=1v7®

where r;r and v ;; annihilate right- and left-moving
spinless electrons in channel j, and v is the Fermi velocity
(we set i = kp = 1). The region x > 0 corresponds to the
three pairs of counterpropagating spin-polarized quantum
Hall edge states, while the region x < O represents elec-
tronic states inside the metallic island. Using standard
bosonization techniques [59-61], Eq. (1) becomes

3 “+00 v 1 ~ N
o 2 2
Hy = ,-Ezl /_oo dxzﬂ [} (0:¢;)” + K(0,:0,)"|, (2)

where v is the velocity of the density mode. The special
value K =1 of the Luttinger parameter (with v = vp)
describes noninteracting electrons, and is realized with
integer quantum Hall channels in Ref. [42]. The operator (/7) j
is canonically conjugate to the current operator axé /7. The
charge density in lead j is given by —d,¢ /7. The total
charge accumulated on the island, N = —(1/z) Y i ) ;(0),
enters the charging energy

Hc = Ec(N = Ny), (3)

where N, is the gate-induced offset charge and E. =
€?/2C with C the island effective capacitance. The last
contribution to the Hamiltonian accounts for the electron
backscattering amplitude 7; at each quantum point contact
(QPC) between the island and the leads,

3
Hope = vr Y [0l 2(009;,(0) + Hel.  (4)
j=1
In bosonized form, this term reads [62]
. 3 D¥; .
Hope = =3~ Teos2g(x =0)].  (5)
=1

where D denotes the electron bandwidth.

For low transparencies (7; > 1), the fields éﬁj(O) are
pinned to zero modulo 7z, corresponding to integer
island charge. At Ny = 1/2, the charging energy [Eq. (3)]
selects the two charge states N =0, 1, which form a
pseudospin-1/2. At temperatures T < E, the other charge
states can be ignored and the Hamiltonian maps to a Kondo
model with three noninteracting conduction channels for
K = 1. As the temperature decreases, the Kondo inter-
action progressively screens the pseudospin. Initially sup-
pressed due to the low transparency of the contacts, the
conductance through the island increases as the temperature
is lowered, approaching the zero-temperature 3CK univer-
sal value Gicx = 2sin®(z/5) [51], which reflects partial
screening of the impurity, see Fig. 1. This result is
consistent with experimental observations [42].

In the opposite limit of high transparency (7; < 1), many
charge states contribute simultaneously. Integrating out the
bosonic fields away from the contacts (x # 0) and the
gapped charge mode [62] yields the Euclidean action (for
Ny =1/2),

1 .
Sp) =5 Sl lletio, )

_grjlﬂdr cos<Gj-(0(T)—g), (6)

where @(7) is a two-component field linearly related to
¢125. The imaginary time 7 €0, ], with g = 1/T, and
w, =2nn/f (n € Z) is a Matsubara frequency. The recip-
rocal lattice vectors G, = (1,—1/\/5), G, = (0,2/\/§),
and G; = —G; — G, define a triangular potential land-
scape. The effective reflection coefficients are

D (3e'?KE\ X/
gy, =— | — ]7-.,
=)

(7)

T

with y the Euler constant [62]. In the following, we focus on
the symmetric case where all reflection coefficients are
equal, r; = r. The action (6), supplemented by the ultra-
violet (UV) energy cutoff D, also describes the quantum
Brownian motion of a particle with coordinate ¢ in a two-
dimensional periodic potential [SO0-52]. Although Eq. (6) is
not, strictly speaking, a Kondo model, its low-energy fixed
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point, which is discussed below, coincides with that of the
three-channel charge Kondo model [78].

FRG approach—The reflection coefficient r has a
scaling dimension 1 —2K/3, hence it is relevant for
K < 3/2. While perturbation theory applies near K = 3/2,
a nonperturbative treatment is required otherwise. We
employ the nonperturbative FRG [79], a modern formu-
lation of Wilson’s RG, which provides the effective action
I'[¢] (or Gibbs free energy in statistical physics termino-
logy) from an exact functional flow equation obtained
by progressively integrating out high-energy degrees of
freedom [62]. The effective action

Il¢] = —In Z|J] +/er-¢, (8)
is defined as the Legendre transform of the free energy
~InZ[J] = —In / Do &SIt [ delo. (9)

and ¢(z) =56InZ[J]/6J(r) = (@p(7)) is the expectation
value of the field.

The first quantity we compute is the effective potential
U(¢) = (1/B)T[P]|pcons» Which is obtained from the
effective action evaluated in a time-independent field
configuration. The free energy F = U(¢p =0) is given
by the effective potential for a vanishing field, and the
entropy is simply S = —0U(0)/0T. The second quantity
of interest is the two-point vertex, defined as the
second functional derivative of the effective action:
Fl(.jz.) (z.7) = 68°T'(p]/6¢);(7)5);(7')| y—o- Its Fourier trans-
form Fl(.?(ia)n) is the inverse of the correlation function
(@i(iw,)p;(—iw,)). After analytic continuation to real
frequency, it determines the dimensionless conductance
matrix G;j(w, T) = G(w, T)(8;; — 1), which gives the cur-
rent flowing through QPC; in response to a voltage applied
to the electrode connected to QPC;. The conductance
G(w,T) is given by

Glo)=Re{ 122 tp(i0) (i)

b o
w,——iw+0"

in units of ¢>K/h. The functional flow equation satisfied by
the effective action cannot be solved exactly. We rely on the
Blaizot-Méndez-Galain—Wschebor approximation, which
allows us to obtain both the entropy and the frequency-
dependent conductance [62].

3CK fixed point (K = 1)—For noninteracting leads, the
zero-temperature conductance approaches unity at high
frequency and decreases strongly at low frequency, reflect-
ing the renormalization of QPC transparency (Fig. 2).
While the conductance typically depends on the UV energy
cutoff D and the reflection coefficient r, in the wide-band
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FIG. 2. Left: Universal conductance (in units of e*>/h) as a
function of rescaled frequency w/T* for several r values at
K = 1. The asymptotic behavior at low-frequency [Eq. (14)] and
high-frequency [Eq. (13)] is shown by (red) dashed lines, while
the horizontal dash-dotted line marks the extrapolated zero-
frequency limit. The red point marks the exact CFT result.
Curves collapse onto a single line (the black solid line is a guide
to the eye) in the wide-band limit 7*/D < 1. Right: Universal
entropy crossover at K = 1, compared with exact thermodynamic
Bethe ansatz (TBA) results.

limit it exhibits universal scaling as a function of the
rescaled frequency w/T",

G(a;,T_O)_g<%>, (11)
where G is a universal function (Fig. 2). Here, T* is an
emergent low-energy scale that characterizes the crossover
between high- and low-frequency behaviors. Its depend-
ence on microscopic parameters can be determined from a
perturbative analysis near the ballistic regime r = 0,

* 3
T« (i) : (12)
D D
in agreement with FRG [62]. In practice, we define 7% such
that G(w = T*,T = 0) lies halfway between 1 and the
zero-energy conductance Gk = G(w =0,T =0) = G(0).
The universal function G is known in two different limits.

In the high-frequency limit @ > T*, it can be obtained
perturbatively [62],

w w )\ ~2/3
1_Q<F> oS (T_) ’ (13)

which agrees with the FRG calculation (Fig. 2). In the low-
frequency limit @ < T*, assuming that the low-energy
behavior is governed by the 3CK fixed point, regardless of
transparency, we can use the results of CFT [50-53],

w w \Y
g <T_> oo ek T (7) ’ (14)
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TABLE I. Comparison of FRG and exact results for the zero-
temperature and zero-frequency conductance, the leading irrel-
evant exponent v, and the zero-temperature impurity entropy.

FRG Exact
Gk 0.677 2sin?(7/5) ~0.691 [51]
v 0.408 2/5 [52]
AS*(0) -0.062 In [(1+V/5)/2V/3] ~ —0.068 [50]

where G = 2sin?(z/5) and v = 2/5 is the exponent of
the leading irrelevant operator. The FRG reproduces both
values with remarkable precision (Table I). In addition to
providing a benchmark for assessing the accuracy of our
method, the case K = 1 also illustrates its ability to access
real-frequency dynamical quantities such as G(w), which
are difficult to compute with other techniques.

The residual impurity entropy exhibits similar scaling in
the large bandwidth limit 7% <« D,

= 5<T1> (15)

with S a universal function. At high temperatures, transport
through the QPCs is nearly ballistic, and the residual
entropy remains close to zero. It decreases with temperature
and takes negative values, larger than — In 2, indicating that
the impurity is partially screened [complete screening
would give AS(0) = —In2 ~ —0.693]. Whereas the con-
ductance is known exactly only at zero temperature and
frequency, the full temperature dependence of the entropy
can be obtained from the thermodynamic Bethe ansatz
(TBA) equations [50,62]. The universal scaling function
obtained from FRG is nearly identical to the exact result
over a broad temperature range 7/7* > 10~!. Eventually,
it deviates from the exact TBA solution in the low-
temperature limit, although S(0) remains within 9% of the
exact value. The exact result, S(0) = In[(1 + v/5)/2V/3],
has been interpreted as a signature of emerging Fibonacci
anyons [32,33,80,81]. Whether the FRG captures these
(putative) low-energy excitations remains an open question.

Generalized 3CK fixed points (K # 1)—Electron inter-
actions in the leads are accounted for by a Luttinger
parameter K # 1. In this regime, exact CFT or TBA
solutions are unavailable, but perturbative RG analyses
[51,52] predict a rich phase diagram with three distinct
regions. For K > 3/2, the weak-coupling fixed point
(r = 0) is stable, yielding unit conductance at zero temper-
ature and frequency. For K < 2/3, the strong-coupling
fixed point, which can be studied perturbatively in the dual
model [51,52], is stable and the conductance vanishes.
Between these limits, 2/3 < K < 3/2, both extremes are
unstable, giving rise to a continuous line of intermediate
fixed points displaying Kondo-type physics, as in the
case K = 1.

AS(T) = S(T) - S(T)
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FIG. 3. Zero-frequency conductance G*(K) as a function of K,

along with the corresponding exponent v/(K) (right inset). Dashed
lines indicate perturbative RG results near K = 3/2, and near
K = 2/3 obtained from the dual model [51,52]. The exponent v
peaks around K = 1 (right inset). The left inset shows the residual
impurity entropy AS*(K). Solid (black) lines are guides to
the eye.

Our FRG analysis fully endorses this scenario. The FRG
reproduces the ballistic conductance G(w = 0,7 = 0) = 1
for K > 3/2 and reveals the line of intermediate fixed
points that emerges as K decreases. The perturbative RG
results near K = 3/2 from Ref. [52] are recovered. The
behavior for 2/3 < K < 3/2 parallels that at K = 1: The
conductance approaches 1 at high frequencies and a non-
zero value G*(K) < 1 in the zero-frequency limit (Fig. 3).
The residual entropy remains close to zero at high temper-
atures and reaches a finite value AS*(K) at T = 0 (Fig. 3).
The universal scaling forms (11) and (15) of conductance
and residual entropy extend beyond the case K =1 and
remain valid throughout the intermediate region (see
Fig. 4). Thus, the FRG provides quantitative predictions
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FIG. 4. Universal conductance scaling function G for several K
values. Markers correspond to r/D € {0.005,0.01,0.05}. Lines
are guides to the eye.
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for the conductance and residual entropy over a wide range
of K values, which could be tested in future experiments.
Note that the range of K we can study is limited, as
integrating the FRG equations becomes increasingly com-
putationally expensive for K < 0.9.

Conclusion—In summary, we have solved the three-
channel charge Kondo model in the quasiballistic regime
using the functional renormalization group. Our results
recover the universal zero-frequency conductance of the
three-channel Kondo fixed point with excellent quantitative
accuracy and provide the full universal crossover of the
conductance and impurity entropy as functions of temper-
ature or frequency. Extending the analysis to interacting
channels, we uncovered a continuous line of fixed points
that connects smoothly to pseudogap Kondo physics in the
low-transparency limit. While tuning electron-electron
interactions in quantum Hall systems is challenging, recent
experiments with multiple islands demonstrate viable
routes to enhance them, opening possibilities to test our
predictions for K # 1 [82,83]. More broadly, this Letter
establishes FRG as a powerful nonperturbative approach
to quantum impurity problems in regimes inaccessible to
conventional methods, with direct implications for future
experiments in mesoscopic devices.
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In this Supplemental Material, we derive the effective action used to calculate the conductance and the entropy of
the experimental setup discussed in the main text. We briefly review the functional renormalization group (FRG)
approach, including the local potential approximation (LPA) and the Blaizot—Méndez-Galain—Wschebor (BMW)
approximation scheme, and we discuss the numerical solution of the flow equations.
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I. MODEL AND BOSONIZATION

The experimental setup under consideration [S1, S2] consists of a metallic island coupled to three one-dimensional
quantum Hall edge channels. When the level spacing of the states on the island is the smallest energy scale in the
system, the finite volume of the island can be neglected. Under these conditions, the island and the three channels
can be described by a one-dimensional model [S3, S4] with the Hamiltonian Hy + He + Hqpc,

3 +00 ) . R R
o =ive Y- [ dn (0] 00y~ ], 00050),
j=17 =00
He = Eo(N — No)?, (S1)

3
Hqpc =vp Y 75(0] 4(0);,.(0) + H.c.),

j=1



2

where z/AJj’ g/ is the annihilation operator for right/left moving (spinless) electrons in the channel j and vp is the
Fermi velocity (we set i = kg = 1 throughout). The region & > 0 corresponds to three pairs of counter-propagating
spin-polarized quantum Hall edge states, while the region & < 0 represents the electronic states of the metallic island.
The charging energy Ec of the metallic island is equal to e2/2C, where C is the effective capacitance. Ny is an offset
charge controlled by an external gate voltage. The total number of electrons (charge) on the metallic island is given
by

N= Y} / dz pj (), (S2)

where p; »(z) ::ﬁj,T(x)z/AJj7r(x): is the (normal ordered) density operator. The microscopic reflection amplitude at the
quantum point contact (QPC) between the island and the jth channel is denoted by 7.

A convenient formulation of the Hamiltonian can be obtained by using standard bosonization techniques [S5—S7].
The electron operators are expressed in terms of bosonic operators and fermionic ladder operators (Klein factors),

N U‘T irkpz—i(rd; (z)—0;(z
V() = — QJ;rae kra—i(r;(2)=0;(2)) (S3)

where r = +/— for right/left-moving particles and o = vp/D is a short-distance cutoff, with D the energy bandwidth
in the one-dimensional channels. The bosonic operators ¢2j and éj obey the commutation relations [le (z), 8yéj(y)] =
im0; ;6(x — y). The anticommutation relations satisfied by the Klein factors, {U;., Ujs ,+} = 28;;:0,,/, ensure that the
fermion operators 1[)j,r anticommute.

The free Hamiltonian Hy reduces to the Luttinger-liquid Hamiltonian when expressed in terms of bosonic operators.
It is straightforward to extend our approach to the case where the electrons in the one-dimensional channels interact.
In that case, Hy takes the usual form

~ o0 1 ~ ~
Hy = ;/m dz % [K(amj)? + K(9,0,)2] (S4)

where K is the Luttinger parameter and v is the density mode velocity. In the absence of interactions, K = 1 and
v = vp. Using the relation p;(x) = —0,¢;(x)/m, we can write the total charge on the island as

~ 1 ~
N=——> 6,0, (S5)
J
where we have assumed ¢;(—o00) = 0. This leads to
. 1 . 2
He =Eqo| — (0)+ Ng ) . S6
: c(ﬂ;%()Jr y (56)
The action associated with the electron backscattering at the QPCs takes the form

. Do v oo
HQPC = % Z TjU;7+Uj,_621¢’(O) + H.c. (87)
J

Since the operators U ;’TU},_T and the Hamiltonian commute pairwise, they can be diagonalized simultaneously.

Furthermore, unitarity implies that the eigenvalues of U ]T +U j,— and U ]‘r_U i+ are of the form e” and e "7, respectively.
To preserve the symmetry between the three channels when r; = r, we choose v to be independent of j. This leads to

Hape = 2 307 cos(2;(0) + 7). (s8)

J

A convenient description of the island can be obtained by integrating out the degrees of freedom away from the
QPCs, i.e. those associated with ¢;(x # 0). This is most easily done in the functional integral formalism [S8]. This



leads to an effective (0+1)-dimensional Euclidean action Sy + Sint,
lwnl,, .
=300 s,
Wn J

De_ [P p 1 2
Sintzwzj:rj/o chos(ngSj(T)—F’y)—FEc/O d7<7rzj:¢j(r)+zvo) ,

(59)

where ¢;(7) is a bosonic (real) field, 7 is the imaginary time, and 8 = 1/T is the inverse temperature. We now
denote by ¢;(7) = ¢;(x =0, 7) the field at = 0 and by ¢;(iw,,) its Fourier transform, with w,, a bosonic Matsubara
frequency. The energy bandwidth D emerges as the natural frequency cutoff. The phase v can be eliminated by
shifting the field, ¢,;(7) — ¢;(7) — /2, which leads to a simple redefinition of Ny. In the following, we set v = .
With this choice, the three-channel Kondo (3CK) fixed point is reached for half-integer values of Nj.

Next, we perform a change of variables

1 1 1
1 @ 2 le wc
¢2 = — @ 01 —1% ©1 R (SlO)
¢3 % -3 ﬁ P2

defined by an orthogonal transformation (up to a factor 1/v/2). The field pc = m+/2/3N describes fluctuations of the
total charge IV on the island. The fields 1 and @9 are defined up to an arbitrary rotation in the plane perpendicular
to wo. This degree of freedom corresponds to a rotation of the vectors G; defined in the following and is irrelevant
for physical quantities. With the additional shift oo — ¢c + 71/2/3Np, the action reads

-5 ol )l + liclion)*(onl + KB
=5 D [lwaller(iewn) 2 + lwnllpa(iwn)? + e iwn) 2 (Jwal + = K Ec

Wn,

- g Oﬁ dr {Fl cos <<p1(7) + %902(7) + \/2900(7) + 2:,ZTN0> + 7o COS<\3§@2(7) - \/?DC(T) - 2;N0>

+rseos(a(r) = Teia(r) — oot - 20 ) | (s11)

The charge mode ¢¢ is gapped and is little affected by the periodic potential in the weak-backscattering limit
7; < Ec/D. Tts fluctuations determine the charge fluctuations on the island. To leading order in 7;, and in the limit
T EckD,

- 3 3K mD
N — No)?) = == (2 In|—m—— S12
(0 = NP} = o5t = oo (5o ) (512)
with v being the Euler constant. We have used
—wn/D? D

where the exponential factor implements the ultraviolet (UV) energy cutoff. Since (N — Ng)2) > 1 when E¢ < D,
many charge states must be taken into account in the large-bandwidth limit.
In the spirit of a cumulant expansion, the charge mode can be integrated out [S3, S4]. Using (S13), we obtain

K/3

3¢/ 2KE0> (514)

iV2lBpcy _ o~ el _
(V2e) = ¢ (*

in the limit #; — 0. To leading order in 7;, this yields the following effective action for the field ¢ = (1, ¥2),

§= Z

3 B 9
- er/ dTCOS(Gj () — éTNO)7 (S15)
j=1 70



where
-1 0 1
G1=<_1>, G2=(2>, GBZ(_l):_Gl_G2 (S16)
V3 V3 V3

K/3
7. (S17)

and

ri = —
J T wD

D (3e7/2KEC>

The periodic potential in (S15) possesses the symmetry of a triangular lattice defined by the vectors a; = 27(1,0)
and ay = 27(1/2,/3/2) or, equivalently, by the reciprocal vectors G; and Go. The potential has two minima per
unit cell when Ny is half-integer and a single minimum otherwise. The action (S15) also describes the quantum
Brownian motion (QBM) of a particle with coordinates (1, ¢2) moving in a two-dimensional periodic potential [S9—
S11]. Hereafter, we refer to it as the QBM action.

II. CONDUCTANCE OF THE QUANTUM POINT CONTACTS

The conductance of the experimental setup is defined as a tensor,

I =Y GuVi, (S18)
k

where I; is the total current flowing through QPC; to the island, and V} is the voltage applied to the electrode
connected to QPCy. To align with the experimental results of Ref. [S2] (see, in this reference, the Supplemental
Material on “Renormalized channel conductance”), we introduce the individual QPC conductances G; = 1/R; defined
by analogy with the classical circuit shown in Fig. S1. These conductances can be expressed in terms of the conductance
tensor via the Kirchhoff laws,

I I I
NoIi=0, i— o =Va— 2 =V3— . (S19)

A straightforward calculation yields

G
Gij =G (&-j - Z;j@) : (520)

If there is no asymmetry between the three channels, all the QPC conductances are equal to G and G;; = G(d;; —1/3).
The conductance tensor can be computed Wlthln linear response theory An applied voltage V;(t) corresponds to

a time-dependent perturbation H'(t) = > eVilt )N; where N; = —¢;/m and e is the electron charge. The linear
response is given by

Z/ dt’ xR, n, (t = t)eV;(t Z/ dt’ —X(M)J(t—t)V(tL (S21)

FIG. S1. Equivalent classical circuit describing the experimental setup of Ref. [S2]. Each QPC is defined by its own resistance.
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d B(t) are operators in the

where xB5(t — ') = i0(t — t')([A(t), B(t')]) is a retarded response function, and A(t) an
e%( i(t)), we obtain

Heisenberg picture. Since the expectation value of the current is given by (I;(t)) =
[ = ! e? d R / /
my=> [ d —3 g Xene, (E = T)V5(E), (S22)
j — 00

which leads to the frequency-dependent conductance

o2
Gij(w) = —;Re [iwxéi(bj (w)]. (S23)

Gij(w) can be obtained by analytic continuation of the imaginary-frequency correlation function of the field ¢;,

Gij(@) = SRe{ lonl(Gi(iwn)b; (=iwn) 1, oo |- (524)

After the change of variables (S10), Eq. (S24) can be rewritten in terms of the correlation functions of ¢; and s and
wc. Neglecting all correlation functions involving the gapped field ¢, we obtain

2
e ) )
Gij(w) = mRe{|wn|(Gi - p(iw,) Gy - cp(—zwn)ﬂwnﬁwﬂm}. (S25)

In the symmetric case, where r; = r and (p;(iwn)@;j(—iwy)) = (8:5/2){p(iwn) - @(—iwy)), the QPC conductances are
given by

62
G(w) = =5 Re {walle(iwn) - (=iwn) 1y pior } - (526)

III. FRG APPROACH

In this section, we briefly describe the FRG approach used to obtain the physical properties of the metallic island.
Following the standard FRG strategy [S12-S14], we add an infrared regulator term to the QBM action (S15),

ASk[p Z ZR’“ ij (1w ) @i (—twn ) @; (iwn), (S27)

1,j=1 wp

where k is a (running) energy scale. The regulator function is defined by

. Wn Wn, w2
Rk,ij(lwn) 7151] ‘ I(‘ (| L |> + ’72Zk z]w r <k2> (828)

The k-dependent coefficients Zj, ;; are set to zero in the LPA and are defined by (S38) in the BMW approximation.

We take r(z) = 1/(e* — 1) for both the LPA and the BMW approximation. The parameters v; and 72 are of the

order of unity and can be varied to test the sensitivity of our method with respect to the choice of regulator function.
The partition function associated with the QBM action S + ASy = So + Sint + ASk,

Zp[J] = /Dcp o Slel=ASk[pl+ [ drJ-¢ (S29)

is k-dependent. The expectation value of the field,

#(r) = ) = (o), (530)

can be obtained from a functional derivative with respect to the external source J. The scale-dependent effective
action,

B
Tul] =~ () + [ dr 76— ASila) (s31)



is defined as a slightly modified Legendre transform that includes the subtraction of ASy[¢]. Fluctuations are nearly
frozen by the regulator term ASy, if the initial value ki, of the RG scale k is much larger than the bandwidth D (the
natural UV cutoff of the theory). In that case, I'y,, [¢] =~ S[¢]. On the other hand, the effective action of the original
model is given by I'y—¢ since Rip—o = 0. The nonperturbative FRG approach aims to determine I'y—¢ from I'y, using
Wetterich’s equation [S15-S17],

OTelg] = 3T [A R 9] + Ri) ] ($32)

where F,(f) is the second functional derivative of T'y, and ¢ = Ink is a (negative) RG time (which varies from In &, to

—o0 as k decreases from k;, to zero). The trace in Eq. (S32) involves a sum over frequencies as well as field indices.

A. LPA

In the LPA, the scale-dependent effective action is approximated by

Wn
Ty(g] =Z‘ "L i) 2 + / dr U((r)), (333)
with the initial condition
3 2
=y COS(G’j ¢ — 3N0>. (S34)
j=1

The flow equation preserves the triangular symmetry of the effective potential U (¢), which can be expanded into a
Fourier series,

V(@)= Y r""eitn@rinGae, (835)

m,n€”z

m,—n m,n) 1,0 0,1
(= ) _7,1(C ) )|’ |T( )|

with complex coefficients that satisfy r . The amplitudes of the first-order harmonics, |7“,(c ’

and |7‘,(C ’ )|, can be regarded as renormalized reflection coefficients. The flow equation of Uy (¢) is obtained by inserting
the ansatz (S33) into Wetterich’s equation,

OUL() = 55 3 ¢/ TfDuR i) i, ), (836)

The trace is taken with respect to the indices of the 2 x 2 matrices Ry, (iwy, ) and G (iwy, ¢). The propagator Gy (iwy,, @)
is obtained by inverting F,(f) (iwn, @) + Ri(iwy, ), where F,(f)(iwm @) is the two-point vertex computed in a constant
field ¢. The factor e=wn/D* in (S36) implements the UV energy cutoff. In practice, the flow equation (S36) is solved
using the dimensionless quantities @,, = w,, /k and 7 N(" ™ = (" ™) /k.

B. BMW approximation

The LPA allows us to compute the free energy F' = Ug—o(¢p = 0) and the entropy S = —90F/9T. However, it does
not allow for the calculation of the conductance, G(w), which requires knowledge of the full frequency dependence
of the propagator Gr—g;(iwn) = (pi(iwn)p;j(—iwy,)); see Eq. (S26). A derivative expansion of the effective action
beyond the LPA is subject to the same limitations. The propagator Gi—g, or its inverse the two-point vertex F,(f:)O,
can be computed within the BMW approximation [S18-S21]. The latter allows one to close the infinite hierarchy of

equations satisfied by the vertices I‘,(C"). In its simplest nontrivial implementation, the BMW approximation yields

closed equations for the effective potential Uy (¢) and the two-point vertex I‘,(f)(iwn, ¢) evaluated in a constant field.
The latter can be written as

|wn |

T (iwn, ) = 6 2

+ Ak L4 (ana d)) + k k¥ (d)) (837)



where Ay (iwy,) = (zwn, o) — 2)(0 @) is a “self-energy”, and we use the notation Uy/;; = 0y, 0y, Uy. We anticipate
the fact that the Luttmgor parameter, i.e. the coefficient of the |w,| term, is not renormalized. At low frequencies,
|wn| < k, the self-energy is expected to be quadratic in frequency. For the sake of numerical accuracy, we write it in

the form
Ay ij(iwn, @) = Zyijwi [l + Yiij (iwn, @)] (S38)

with the additional constraint
[ @Y in = 0.0) =0, (539)

which fixes the value of Zj ;;.
The derivation of the BMW flow equation is standard [S18, S20, S21]. Equation (S36) still holds, while Y}, ;; satisfies
the equation

Zk 17,3Zk,]L4

2
Zons WnO0s., Yi,iis0pi, Y, jia

OViiy = Mhis (L + Yieig) + D 14206, 09, Vi + D, L% {

11,12 11,12,13,14

Zk,iig (3) Zk,ji4 (3) i192131 (3)
+ Znsy Oy, Y. iis Uy, Chjis T Znss 3¢i1Yk,jz4Uk iniis| T Zk - Iy 4Uk W“Uk i (S40)
with the notation Umm 0y, U}/ iyig» a0d we do not explicitly write the dependence on ¢ and wy,. The parameter
Mi,ij = —0gInZy, 45 is determmed from the condition

[ #o0¥is (i, =0.6) =0, (s41)
which is a direct consequence of (S39). The threshold functions I; ; (j = 1,2, 3) are defined by
i1io 1 —w2, /D% 5 :
172 (@) = % Ze 0y (W, @),
I3 (iwn, @) = —— Z e™m /P B, G i (tm, D) Gk i (i + itm, @), (S42)

1;3,1213“ (iwn, @) — 132" (0, )

2 )
w’ﬂ

L2 (v, ) =

where the derivative operator oy = (01 Ri)Or, acts only on the time dependence of Ry. Note that I3 j remains well
defined in the limit w, — 0, which can be verified by expanding I in powers of frequency. In practice, the flow
equations are solved using the dimensionless quantities

_ Ur(o)

e Zrij = kZkijy  Yiij(iln, @) = Vi ij(iwn, ). (543)

Similarly to the potential [Eq. (S35)], the function Y% ;; (iwy,, ¢) is expanded into a Fourier series.

IV. NUMERICAL RESULTS

In this section, we present the numerical solution of the flow equations. We restrict ourselves to the symmetric case
where r; = . Unless stated otherwise, all results are obtained within the BMW scheme with Ny = 1/2.

A. Flowsat T =0

For convenience, we decompose the effective potential into two parts: Ug(¢p) = Vi (@) + Ux(0). Ui(0) corresponds
to the minimum Value of the effective potential and determines the free energy F' = Ukz (O) Since its flow does not
influence other functions, it can be treated independently. Conversely, the flow of Vi (¢) is coupled to that of the
two-point vertex, i.e. Yk(zwn, P).
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FIG. S2. Flow of the dimensionless effective potential Vi(¢) obtained for K = 1. (Left) Vi(da,dn = 0) as a function of ¢p
for various RG times t = Ink. For convenience, we use the variables ¢4 = 262/v/3 and ¢p = ¢1 — ¢2/v/3. (Right) Effective

. Co(1,0)) _ =(0,1)) _ (1,1
reflection coefficient 7 = |7, | = |7, | = |7,
v, = Oy In |, — Fr=0|, which converges to 0.408.

)| as a function of ¢; see Eq. (S35). The inset shows the running exponent

At zero temperature, the Matsubara frequency @, = @ becomes a continuous variable. We find that the flow
reaches a fixed point defined by the k-independent functions V*(¢), Y*(iw, ¢) and the the k-independent parameter
n;; = 1. For K > 3/2, the fixed-point potential V*(¢) vanishes, in agreement with the scaling dimension 1 — 2K/3 of
the reflection coefficient r. The parameter 7 takes the value 3 — 4K/3 for 3/2 < K < 9/4 and vanishes for K > 9/4.
The function Y* (i@, ¢) is nonzero but the self-energy Ay (i@, ¢) ~ k'~"%? vanishes for k — 0 since n < 1. Therefore,
the frequency dependence of the two-point vertex I‘;fz)o (iw, @) is given by |w|/mK in the small-frequency limit.

Conversely, the flow reaches a nontrivial fixed point for K < 3/2, defined by a nonzero effective potential V*(¢) # 0,
as shown in Fig. S2 for the case K = 1. For this value of the Luttinger parameter, the approach to the fixed point
is characterized by the (correction-to-scaling) exponent v ~ 0.408. This value is in good agreement with the exact
value v = 2/5 at the 3CK fixed point obtained from conformal field theory (CFT) [S9-S11, S22]. The dimensionful
potential Vi, = kVj vanishes as k approaches 0, which is a consequence of convexity and periodicity: The effective
potential, Ug—q, is defined by a Legendre transform and is therefore a convex function. Since it is periodic, it must
be constant, i.e., Vi—o(®) = Ur=0(¢®) — Ur=(0) = 0.

When K < 3/2, n; tends to the value n = 1 for k — 0: Zj;; diverges as 1/k and Zk,ij reaches a fixed point
value Zz*j The self-energy Ay (iw, ) behaves as Zj ;jw? ~ k™"w? for |w| < k. For |w| > k, we instead find
A (iw, @) ~ Ag—o(iw, P) o< |w|>7 " ~ |w]|, as shown in Fig. S3 for K = 1 [S23]. This is a remarkable result: Although
the Luttinger parameter K is not renormalized directly by the flow, the |w|/7K term in the two-point vertex is
corrected by the self-energy term Aj—_o(iw, ). As we will demonstrate in the next section, the linear frequency
dependence of the self-energy Ap—o(iw, ¢) is crucial for the emergence of a conductance value G* = G(w — 0), which
is intermediate between 0 and e?K/h.

Capturing the full renormalization of the functions Vi and Y}, requires an increasingly large number of harmonics
in the functions V}, and Y) as K decreases. This limits practical computations to K 2 0.9.

B. Universal conductance at T'=0

By inverting the two-point vertex (S37), we obtain the propagator Gr—¢(iw, ¢) and, using (S26), the conductance
e? )

G(w) = < Re { || 0lGroo (i, & = O)]| 0 |

_ —QRe {|w| 2 |w| + Ag=o,11(iw, 0) + Ap—g 22(iw, 0)

Ar? [% + Ag—o,11(iw, 0)] [% + Ap—o,22(iw, 0)] — Ap—0,12(iw, 0)Ag—o 21 (iw, 0)

. (S44)
tw—w4i0T

We have used Uj_, ;;(0) = 0 since Ux—(¢) is independent of ¢. The conductance G* = G(w = 0) depends on the

small-frequency behavior of the self-energy, Ag—o(iw) ~ |w|>~"7. For K > 3/2, we have 2 —n > 1, and we recover
the expected result in the perfect transmission limit: G* = e?K /21 = e*K/h (restoring Planck’s constant). For



K < 3/2,7n =1 and we obtain a nontrivial conductance G* with 0 < G* < ¢2K/h. For K = 1, we find G* ~ 0.677
(in units of €?/h), which is in good agreement with the exact result at the 3CK fixed point obtained from CFT,
G3ox = 2sin’(1/5) =~ 0.691 [S9-S11, S22]. Note that the limits k& — 0 and w — 0 do not commute; the limit k& — 0
must always be taken first. This is the reason why the LPA, or a derivative expansion of the effective action, do not
allow us to compute the conductance, as they provide the two-point vertex only in the limit |w| < k.

To obtain the frequency dependence of the conductance, we perform the analytic continuation in (S44) using Padé
approximants [S24]. The conductance can be written in the scaling form

2K

2
G(W) = %greal (%) (846)
after analytic continuation. Here, T™ is a low-energy scale that characterizes the crossover between high- and low-
frequency behaviors. It is defined such that G(w = T*) is halfway between the fully transparent value of e?K/h
and the universal zero-frequency conductance G*(w = 0) = G(0). Its dependence on microscopic parameters can
be determined from a perturbative analysis near the ballistic regime r = 0 (see Appendix B). The universal scaling
functions Gimag and Greal are nearly identical, as shown in Fig. 54 for K = 1. In the low-frequency limit, we expect
G = G* + c|lw|”, with v the exponent of the leading irrelevant operator at the fixed point. Accurately determining v
is difficult due to a lack of numerical precision in the small-frequency limit. However, the result is compatible with
the value v ~ 0.408 obtained from the approach to the fixed point in Sec. IV A; see the inset in Fig. S4.
While the Padé approximant method is known to be reliable for performing analytic continuation from numerical
FRG data at T = 0 [S24, S25], it usually fails at nonzero temperature. This is the main obstacle to obtaining the
temperature-dependent conductance G(w,T).

C. Universal entropy

The entropy of the metallic island is usually defined by [S26]
Simp(T) = S(T) — S(T)\NOZO, (S47)

i.e. by subtracting the entropy at Ny = 0 from the entropy S(T') = —0F /0T = —0Uy—¢(0)/IT evaluated at Ny = 1/2.
For K = 1, the exact value of the zero-temperature impurity entropy is known from CFT, Sy, (0) = In[(1 4+ v/5)/2],
and is interpreted in terms of Fibonacci anyons [S26-S29]. However, computing the entropy with FRG when Ny

0 10 20

0.0 1 10¢ 107!

0 5 10 15 20 0 200 400 600 800

FIG. S3. (Left) Flows of Zy 11 and nx,; = ny (inset) for K = 1. (Right) Self-energy A 11(iw, ¢ = 0) obtained for various
values of the RG time t = Ink. The inset shows O, Ak (iw, ¢ = 0) and the linear behavior A (iw, ¢ = 0) ~ |w| emerging in
the regime |w| 2 k.
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differs from a half-integer number is difficult since the system flows to the strong-coupling (zero-transmission) fixed

point and the F,(Cm’n)’s diverge when k — 0. For this reason, we prefer to compute

AS(T) = S(T) = S(T)],_,, (848)

taking as reference point the purely ballistic fixed point. The exact CFT result is then given by
AS(0) = In[(1 ++/5)/2v/3] for K = 1 [S11]. To obtain the temperature dependence of the entropy from FRG,
we compute the free energy F' = Up_o(¢ = 0) and take a numerical derivative with respect to T.
In the large-bandwidth limit, the entropy satisfies the scaling form
T
AS(T)=S8 () , (S49)
T*
where § is a universal scaling function and T* the characteristic energy scale introduced in Sec. IV B. Figure S5 shows
the function S obtained from the LPA and the BMW approximation for K = 1, as well as the exact result obtained
from the thermodynamic Bethe ansatz (TBA), whose calculation is detailed in Appendix C. There is a very good
agreement with TBA down to T//T* ~ 5 x 107! for the LPA and T/T* ~ 5 x 1072 for the BMW approximation.
However, at lower temperatures, the FRG becomes unreliable, and the slight increase in S as T decreases is clearly an
artifact. If we accept the hypothesis that the zero-temperature entropy AS(0) originates from Fibonacci anyons, then

the failure of the FRG at low temperatures could indicate that this technique does not fully capture these excitations
in the present context.

Appendix A: Numerical integration of the flow equations

In this appendix, we discuss the numerical integration of the flow equations, focusing on the BMW approximation.

1. Zero temperature

When T = 0, the Matsubara frequency w, = w becomes a continuous variable, and the Matsubara sums are
replaced by integrals. We follow the flow of the frequency-dependent dimensionless functions, e.g. Y3 ;; (i@, ¢), with
@ belonging to a fixed, regular grid with the range 0 < || < @max. With our choice of cutoff function, we find that
the contribution of the frequencies beyond Wmax = 6 is extremely small and is negligible. When computing I3 1, one
must evaluate Yy, for frequencies larger than @mayx. In such cases, following [S21], we set Yk(ioﬁ, o) = Yk(idjmax, ).

However, determining Y}, (i, @) and Ak(i@ ¢) is insufficient. One must also compute the dimensionful self-energy
A (iw, @) to obtain the conductance. For a given (positive) frequency w, the dimensionless frequency @ = w/k remains

1.0
- gimag
— Greal
0.9
> 2
0.81 )
3
S
0.691 ¢ 10 101 10!
10° 10 107" 10t 100 10°

w/T*

FIG. S4. Universal scaling functions Gimag and Greal for K = 1 [Eqgs. (S45,546)]. The exact result G(0) = 2sin®(7/5) ~ 0.691
obtained from CFT is indicated by a red point on the vertical axis. The inset shows that the low-frequency behavior is
compatible with G = G* + c|w|”, with the exponent v ~ 0.408 (shown by the horizontal dashed line) obtained from the
approach to the fixed point.
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FIG. S5. Universal entropy computed in the LPA and the BMW approximations, and compared with the exact TBA result.

in the (fixed) w-grid as long as k > w/@max. We must then switch from dimensionless to dimensionful formulation of
the flow equations. It turns out to be crucial to continue the flow in the dimensionful form to obtain accurate results
for the 3CK fixed point. Since the frequency dependence of the self-energy is linear rather than quadratic for |w| 2 &,
it is convenient to introduce the function Xy ;; such that Ay ;;(iw, @) = |w| Xy i, (iw, @). Its BMW flow equation is

111 1 1112131 1112131
0 Xnij =D 120, 0o, Xnij + > { ol ) — I U LU

1,12 11,12,13,04

9112131 (3
+ I 1 213 4(1&)) [|w|8¢ 2Xk ”33¢71Xk Gia T a¢72Xk WJUk 21]14 + 8(;511 X5 JMUk 1)2”3]} (Sl)

In this expression, I j(iw, @) must be evaluated outside the dimensionless-frequency grid when |w| > k@pmax. In
that case, it is approximated by I;f,?“‘” (iw, @) ~ —2G iy, (1w, (;S)Ifl,?(qb) using the approximation G(iw + iw’, ¢) ~
G(iw, @) for |w'| < k®max < |w| [S20]. The dimensionless and dimensionful parts of the flow are related by the
condition

Xp,ij (1w, @) = Zk i jOmax(l + Yiij (i, @)] (52)

at k = w/@max-

We find that a Fourier expansion adapted to the triangular lattice in ¢ (as in Eq. (S35)), a five-point finite
differentiation in frequency, combined with the Simpson rule to compute the integrals, and an adaptive-step Runge-
Kutta method produce stable and converging results. The dimensionless-frequency grid is defined in the range
[0, Omax = 6] with a step 6 = 0.1. The ¢ grid is made of 35 x 35 harmonics for the results presented. Note that
when truncating the number of harmonics, care must be taken to preserve the triangular symmetry of the functions.

The main difficulty in numerically integrating the flow equations is related to the number of harmonics in the field
expansion of the functions Uy (¢) and Yk(i@, ¢). The harmonic f,(cm’n) of rank (m,n) in the effective potential (S35)
has a scaling dimension 1 — (2K/3)(m? +n? —mn). High-order harmonics are therefore strongly irrelevant and can be
ignored (a similar analysis can be made for Y (i, ¢)). For K > 0.9, we find that 35 x 35 harmonics suffice to ensure
the convergence of the functions Uy and Yy, to their fixed- -point Values U* and Y* as k — 0. However, as K decreases
below 0.9, a larger number of harmonics are necessary to ensure convergence, thus making the numerlcal integration
of the flow equations more and more time consuming. We believe that values of K smaller than 0.9 could be reached
by allocating more numerical resources. On the other hand, the regime K < 2/3 is likely to remain inaccessible since
we expect a fully strong-coupling (zero-transmission) fixed point with diverging values of the coefficients f,(cm’n) as
k—0.

We estimate the accuracy of the FRG results from their sensitivity to the parameters v; and 7- entering the
regulator function Ry. The optimal values of v; and 7, are chosen by minimizing the sensitivity of G* = G(w = 0)
to the regulator (principle of minimal sensitivity) [S30-S32], i.e., from the condition dG*/dy; = 0. The universal
conductance G* at the 3CK fixed point changes by no more than three percent when -, is varied in the interval
[0.7,6] and 2 in the interval [2,15]. This three percent variation is similar to the two percent difference between the
FRG estimate G* ~ 0.677 and the exact CFT result G3qx = 2sin®(7/5) ~ 0.691.
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2. Non-zero temperature

When T # 0, the dimensionless Matsubara frequencies @,, = 2anT/k form a quasi-continuum at the beginning
of the RG flow, since the initial cutoff k;, is chosen much larger than all physical energy scales (in particular,
kin > T). Consequently, the flow can be approximated by the zero-temperature flow as long as ki, is larger than
kr = 2mMmax T /@Omax, Where npay is typically in the range 50 — 100. When k& < kg, the Matsubara sums in the
threshold functions cannot be approximated by integrals and must be evaluated explicitly. At this point, we switch
to the dimensionful version of the flow, in which the threshold functions are evaluated as discrete Matsubara sums.

Appendix B: Perturbative expansion near the ballistic fixed point

In this section, we discuss the perturbative analysis near the ballistic fixed point » = 0 and the high-frequency
behavior of the conductance.

1. Mobility

The conductance tensor

Gij(iwn) = EGT (an) . Gj (Sl)

can be expressed in terms of the mobility, defined by

pisin) = 20l g iy (i) (52)

For the QBM described by the action (S15), the mobility gives the (average) long-time velocity of the particle subjected
to an external force.
To obtain an expression which is more convenient for perturbation theory, we consider the QBM action,

|wn | 2 . . A T
Sliovh] = 37 e ian)” = hiion) )] - /0 ar Y recos(Gu o - )

= 3 g [tiene — gient] - | Y reens(a (o) 5) )

in the presence of an external source. We have set Ny = 1/2 and shifted the field ¢ — ¢ + h/2 to obtain the second
line. We then obtain

4K 5% 1n Z[h|
lwn| 6 (iwn )dh;(—iwn) | _o

=6, — |7;I:| ZraGgGg<COS<Ga ~p(0) — g)>

Z raryGLGY /B dr ei‘“"LT<Sin(Ga (1) — g) sin(Gb - p(0) — g) > (S4)

pij (wp) =

\n\

2. Perturbative expansion to order r?

We compute the mobility in a perturbative expansion with respect to the reflection coefficients r,. We use the fact
that the expectation value

(¢! > Grtp(n))O (S5)
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is nonzero only if >, G; = 0. Here, (--- )¢ denotes the average with respect to the ballistic action (r, = 0). We easily
obtain

<cos (Ga -p(0) — g)> = %“ /OB dr <eiGa'[4P(0)—<P(T)]>O (S6)
and
sin(Ga - o(r) — ) sin(Gy - (0) — T) ) = 22 (G le@ o)y (s7)
3 3 2 0

to leading order, which leads to
. TK 7"3 i g 7 iwnTY /[ ,iGa [ (0)—p(T)]
i (iwn,) = 0;5 — ol E ?GaGa ; dr (1 —e*nT)(e'™e Yo (S8)

to quadratic order in r,. In the symmetric case (r, = r), this yields the QPC conductance

2K K2 B . .
G(@wn) = eh{l _ 7T|wr| /O dr (1 _ ezwnT)<62G1'[<F(0)—<F(T)]>0}’ (SQ)

where we have restored Planck’s constant.

3. High-frequency behavior and crossover temperature T~

In this section, we focus on the zero-temperature case. Using
_ ein

> dw 1
(@i(0)%)o — {pi(T)i(0))o = 7K / an T = KnlDrl (Dlrl > 1), (S10)
we obtain

<€iG1-(<P(O)—<P(7'))>O — o~ 5{G1 (N~ (0)]}?) |D’T|_4K/3 (S11)

in the long-time limit |7| > 1/D. We deduce

|w|4K/371

/ dr (1 — e“m)(e!Grle(O el R (S12)
and
2K 4K /3-2 T #
eT ~ Gliw) ~ 12 Ti with —- o (%) 6 (S13)

Equation (S13) is valid in the high-frequency limit |w| > T* and for K < 3/2, where G(iw) ~ e¢>K/h. The power-law
dependence of T*/D on r/D is in perfect agreement with the FRG calculation, as shown in Fig. S6 for K = 1.

Appendix C: Thermodynamic Bethe ansatz for K =1

The QBM model on a triangular lattice defined by the action (S15) is integrable when K = 1. Although a numerical
solution of the TBA equations is not found in the literature, they are given in Sec. VI.A of Ref. [S11],

oo /
€1(0) = mye’ — T/ ﬁ; In(1 + 6—62(9l)/T)
oo 27 cosh(f —0") '

° do’ 1 / ,

= 0 _ D S —e1(0")/T —e3(0')/T

2(8) = mae T/_Oo o coshg — g M e J(1+e )l (S1)
< do’ 1

40" 14 e—ea(®)/Ty
oo 27 cosh(f — 0") n(le )

€3(0) = mae? — T/



14

10714 = o (r/D)? o

10734 A

/D

1074

102 10!

FIG. S6. Crossover scale T™ as a function of the reflection coefficient r for K = 1. The dashed line shows the power-law
dependence T* /D o (r/D)? [Eq. (S13)].

These equations are expressed in terms of the pseudo-energies ¢;. The mass parameters m; are complicated functions
of the microscopic parameters r;, but their exact expression is not necessary to determine the universal entropy
crossover. The impurity free energy is given by

°° de 1

A — OV 2
oo 27 cosh(f — ) ( ) (52)

Fun(D) = -7 [

where Tg o €78 is also a complicated function of the coefficients ;. Introducing f;(0) = ¢;(0 +0p)/T, we can rewrite
Egs. (S1) in the form

Op o] da/ 1 ,
f(0) = ™° eg—/ ——_In(14e P,

T o 2m cosh(6 — 6)
moe?s °° dy’ 1 iy P
f2(0) = 2T 60*/ gmln[(1+€ REN A4 O], (S3)

msze’® < de’ 1 /
_MsC e _ —f2(0")
0) = In(1
13(9) T ° /,oo 27 cosh(f — 6') n(l+e )

with

> do 1
Foo(T) = =T — = _In(1+4e 1O, 4
o1) =T [ (i e ) (34)

Reference [S11] demonstrates that the crossover between the ballistic fixed point (r = 0) and the intermediate 3CK
fixed point occurs when m; = my = 0. Consequently, the parameters m; and #p appear only in the combination
mse?B = Tipa- The functions f; depend solely on the ratio T/ T , and it follows directly that AStps = —0Finp/0T
is a universal function of T'/Trp 4.
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