Phyvsics Letters B 281 (1992) 315-319
North-Holland

PHYSICS LETTERS B

Quasi integrability of the sixteen-vertex model

M.P. Bellon, J.-M. Maillard and C.-M. Viallet

Laboratoire de Physique Théorique et des Hautes Energies ', Université de Paris 6-Paris 7,
Tour 16, 1¢ étage, boite 126, 4 Place Jussieu, I-75252 Paris Cedex 05, France

Received 10 February 1992

We analyze the symmetries of the sixteen-vertex model. We prove the existence of a natural parametrization of the parameter
space of the model by elliptic curves, grounding the inversion trick for the exact calculation of the partition function. We proceed
with a “pre-Bethe-ansatz” system of equations whose analysis produces an algebraic modular invariant and yields candidates for

criticality and disorder conditions.

1. Introduction

The results we describe herc concern statistical me-
chanics on lattices (vertex models for the casc). We
emphasize the existence of a large group of symmetry
acting on the parameter space of lattice models, and
analyze these symmetrics in the case of the general
sixteen-vertcx modcl on a two-dimensional square
lattice. Our results take their roots in the thcory of
intcgrable lattice models [ 1] in statistical mechanics
and field theory, but concern very general (integra-
ble or not) modecls, and in particular extend to higher
dimensions.

Onc of the recurrent fcatures of integrability is the
cmergence of algebraic curves in the parametrization
of the models. These curves are the core of the reso-
lution of the models, be it through the Bethe ansatz
[2,3], the description of the solutions of the Yang-
Baxter equations, or thc implementation of inver-
sion relations [4,5]. We have shown recently how
these curves may be generated by the action of an in-
finite group (denoted I in the sequel), which hap-
pens to be the symmetry group of the Yang-Baxter
equations, and we have correspondingly introduced
the notion of quasi-integrability (see refs. [6-10]).
What is essential is that the group I' not only acts as
a symmetry of integrability but is a symmetry group
of the whole phase diagram whatever the model is. This
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i1s what we use hcre in the case of the sixtcen-vertex
model on a square lattice [11], aiming at exact re-
sults beyond the border of integrability.

We show that the orbits of the group I stay on el-
liptic curves in the parameter space, furnishing the
most appropriatc parametrization to describe the
physics of the model. We give the equations of these
curves. We then show how the action of " is compat-
ible with weak graph duality (gauge) symmetries
[12,11] and give a full set of algebraically indepen-
dent gauge invariants, with remarkable transforma-
tions properties under I'. We proceed with a “pre-
Bethe-ansatz” system of equations whosc analysis
produces an algebraic modular invariant, and candi-
dates for criticality and disorder conditions.

2. The model

The model is a vertex model on a square lattice,
with spins taking two values on each bond. The
Boltzmann weights are arranged in a 4 X4 matrix R
of entries r¥ corresponding to the configuration

!
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J

We alternatively use for R the notation
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The model is insensitive to a rescaling of all entries
by a common factor. The complexified parameter
space is thus the projective space CP,s. A number of
transformations act on R: the group I' of symmetries
of the Yang-Baxter cquations, and the group G of
gauge transformations. We shall also describe in scc-
tion 5 a larger group Gpeme, COntaining G as a
subgroup.

2.1. Thegroup I’

It is generated by involutions represented by non-
linear (birational) transformations [6-10]: the in-
version I (inverse for the 4X4 product in .#), the
partial transpositions ¢, and ¢,, and the full transpo-
sition ¢ defined by
Y (UR)Srif =401}, (1)

aff
with 1 an arbitrary multiplicative factor, and
(LRYl=rd, (LRYy=r, t=nt,. (2)

The matrix R is an elcment in .4 = &/ ® &/ with « the
algebra of 2 X2 matrices. The indices 1 and 2 recall
that we act only on the first (respectively) second
factor o/ in .#. The inversion I commutes with t but
does not commute with t, or t,.

2.2. The group G

In contrast, the gauge group G =sl, Xsl, acts /ine-
arly on R by similarity transformations (sec ref. [11]
for details):

Ifg=g/xXg, g(R)=gr'g7" " Rgg. (3)

3. I'-orbits

The pictorial analysis already proposed in refs.
[6,9] produces fig. 1 as a typical picture of the orbits
of I' (projection of the orbit on a coordinate two-
plane).
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Fig. 1. Orbit of T'.

The picture demonstrates the existence of curves on
which the discrete orbit is dense. We have found 18
algebraically related quadratic polynomials (p,, ...,
I1s) having simple transformations under I'. Setting
L=a,a4—aya,, L=dd,—d>d;,

Li=bbs—bybsy, l,=cics—0ac5,
ls=a,d —b¢,, lk=a,dy—b;c,,
L=asdy—bycy, ly=asdis—bacs,
ly=a,ds—byc3+asd, ~bsey,
Lo=a by —byas +asb, —byas,
hh=cdi—dyestcad, —dsc,,
lr=a,cs—ac3+asc —asc,,
lis=b,dy—bsds+b,d, —bsd, ,
La=a,d,—byc,+a,d, —b ¢,
lis=a,dy—b,c3+asd, —bscy,
le=asdy —bscytasdy —bycy,
lis=a,dy —bycs+asdy —bacy

[18 :b4Cl +C4bl —a2d3'—a3d2 s

and
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p=h+hL, po=li—b, pi=h+l,,
Pa=li—ly, ps=ls+ly, pe=Il—1I,
pPr=lst+l, ps=ls—l, pe=l, ps=lys,
Po=lbo+tl i+, pu=hothi~la—1ls,
Po=ho—=l+la=by, pa=lo=Li=la+4h;,
Pu=la+ls+lis+ls, pis=hat+lis—le~17,
Die=ba—lis+he—1li7, pir=la—lis—lie+l,

then
1(1),)=;~'€i'1’1» (4)
Lwp)==xp;, Lp)==p:. (5)

Appropriate ratios of the p;’s yield 17 algebraically
rclated invariants of I'. The equations of the curves
of fig. 1 are obtained by setting these invariants o
constants. They gencrically have the infinite group I’
as group of automorphisms, and are consequently of
genus 0 or 1. The p,’s verify three algebraic identitics
which may be written as equalities between poly-
nomial expressions Jf, .43, 4, written indiffercntly in
respectively A =1{p\, P2, P3, Pa» Pios Pr1> P1zs Diss
Potpis} and Z={ps, pe, P17, Ps» Pra> Pre> Pis» P17
Do—Dis}:

A(P)=H(P), i=2,3,4, (6)
with
H(P)=4(—-pi+pi—-pi+p3)
+plo+ph —ph —pls—4(po +pis)?,
H(R)=3(p1=p3) (pFo—PT1)
+3(p +03) (P12 —p15)
+P1aP1i D2 —PiaP1i PaFPisPioPa— P2 Pro 2
+2(po+p15) (P2 +p3—pi—p3),
X3 =order four polynomial .

Therc are 18 more quadratic polynomials g, ..., ¢,
with transformation properties likc (4), but not in-
variant by ¢, or t,. These polynomials can be ob-
tained from the p;’s by exchanging thc two middle
columns of R.
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4. G-orbits

The action of G and I" do not commute. However
G and I do commute and ¢, (respectively ¢,) sends
orbits of G onto orbits of G. Consequently the action
of I' projects down to the quotient space 2=.4#/G.
Onc should keep in mind that this quotient space may
not be a smooth manifold, but rather a stratified space
since all gauge orbits do not have the same dimension.

We use the previous results to construct a number
of G-invariants. Indecd G acts linearly on py, ..., p\s,
(respectively gy, ..., 4,5 ). Among the G- and I'-invar-
iants of the representation on the p;’s, we get

A =2p,+po+pis, H=2ps+ps—pis,
S=4p3+plo—pis, FH=4pi+pii—pir,
SIs =243+ 8ty =21dt5
S =2413 48t +2ud tg
S =13 (15 ) +15(15)?

+1663 1601317 =24t t5,
S=t3 (5 )+ (18)?

+1613 168505t +20,18 15,
with
L=5(0—Po—ps), L=3(Ps—Ds+Dis) ,
13 =pstps, ti=pitps,
t5=pntpn, 5 =pstpe.

The G-invariants .# (i=1, ..., 8) form a systcm of rank
7, and appropriate ratios vield six G- and I-
invariants.

Similarly the simplest G- and I-invariants we gct
from the g/’s are
H=4(g1 —qi+q3—4q%)

+843 —(1%1 —gh+qiatais .
A =4(q5-qi+qi—q})

+841s —qi0—qi: +ais +qie.

We may complement them by any ¢, (and ¢,) G-

invariant of the form tr(R?), the simplest being the
trace tr(R). We thus get nine algebraically indepen-
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dent gauge invariants, which define a finite covering
over the quotient space Q.

5. Towards Bethe ansatz

One of the keys to the Bethe ansatz is the existence
(secegs. (B.10), (Blla) inref {2]) of vectors which
arc pure tensor products (of the form v®w) and
which R maps onto the pure tensor product v'@w’. If

) () o) )

then the solution of the “pre-Bethe-ansatz’ equation
R(1®w)=uw'@w’ (7)
verifies the two biquadratic relations
L+lp=lap +Lp*+lp?~ (I, +15)pp’
—lisp’p'+liopp”+p%p"
=0, (8)
Ltheq—1lisq' +lsq*+1sq” = (ly—lis)aq’
—119°q'+11499" + 159"
=0. (9)
The group Ggeme~sl> X sl, X sk, X sl, acts naturally
on (7): the four copies of sl, act respectively on o, w,
v’, w’. This induces a linear action on R,
R-gi'ga! R gir gor s

1.e. homographic transformations on p, p’, ¢, ¢’, and
linear transformations on the /’s. This linear repre-
sentation has three invariants associated to cach of
its two nine-dimensional irreducible components. The
two components reflect the partition of the /s from
(8), (9). The threc invariants are nothing but . %, 3,
;. Furthermorc Jf; is invariant under the large group
sl; X sl;, since it is the determinant of a 3 X 3 matrix
the entries of which are the coefficients in (8).

The parametrization of (8), (9) is obtained as fol-
lows: the discriminant 4 of (8), considered as a de-
gree two polynomial in p, is a polynomial of the form

A=ap*+48p>+6yp?+48p +a’. (10)

The transformations of 4 under homographic trans-
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formations of p’ have two fundamental invariants g,
and g, and the classical [13] modular invariant J=

g3/(g3 —27g3%).
&=ao'—48f +3y%, (11)
g=aya’ +2yf —af?—a’'fF—y*; (12)

£, and g; are also invariant under the homographic
transformations of p (since 4is).

Exchanging the role of p and p’, or, more remark-
ably, applying the same approach to eq. (9) leads to
identical g, and g4. The latter is a direct consequence
of the constraints (6), since g, and g5 are expressible
in terms of .45, A3, A

=34, (13)
8 =i (443 — 192054, = 27H3) . (14)

For J=cc the ¢lliptic parametrization degenerates
into a rational one. This leads to a special variety in
the parameter space and yields candidates for alge-
braic criticality and disorder conditions [ ].

There exist a number of models for which g3 —
27g3 factorizes and becomes handable. Such models
are obtaincd by imposing relations between the en-
tries of R. We may consider for instance the following
generalizations of the Baxter model:

(a)=ds, ay=d;, as=d,, a,=d,,

bi=cs, by=cy, bs=c3, bi=cy), (15)
(az =a; =b1 =b4 =C| =04 =d2=d3 s
ay=d,, as=d,, c;=b;, by=c3). (16)

Condition J=oo factorizes into simple low degree
components. In the instance of (16), these compo-
nents are of the typical form

(a,+b3—as—by),
(a; +bs+a,+b,+4a,) ,
(a1a4 +bra4+bsas—ai—2a3) ,

where one recognizes straightforward generalizations
of the disorder and criticality conditions of the Bax-
ter model [1]. Noticeably, these conditions appear
on the same level.

The explicit elliptic parametrization shows that
11,1 as well as the exchange of p and p’ (respectively
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g and q’) are realized as a shift of the spectral param-
eter (see for instance ref. [3]).

Remark. We can perform the same symmetry anal-
ysis in higher dimension, since all the symmetry
groups we havce used here have their generalizations
to dimension 3, 4, ... [9]. For instance the results of
section 5 reproduce themselves, mutatis mutandis,
vielding to an intertwinning of three or more curves
by matrices R living on higher dimensional varieties.

6. Conclusion

We have proved the existence of a canonical pa-
rametrization of the Boltzmann weights of the six-
teen-vertcx model. This parametrization by elliptic
curves yields a framework for the usc of the so-called
inversion trick [4] in the exact (and straightfor-
ward) calculation of the partition function [14].

In addition to this parametrization, the completc
analysis of the symmetries of the model brings to the
light a rcmarkable algebraic variety (J=o0). This va-
riety 1s stable by the entire group of symmectries and
is a candidate for the criticality and disorder
conditions.

We actually believe that getting at the modular in-
variant J is extracting the very substance of the in-
variance properties. The foliation of the parameter
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spacc by the values of J then becomes a structuring
feature for any result concerning the phase space of
the model.
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