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Weshowthatthestar—triangleequationpossessesan infinite discretegroupof symmetry.This groupis theCoxetergroupA~.
It explainsthe presenceof thespectralparameterin solutionsof theequations.We describea strategyfor theresolution of the
equations,andapplyit to specificexamples.

1. Introduction equations.Up to now, the quest for new solutions
haslargely proceededby slight modificationsor new

The Yang—Baxterequations[1] andtheir higher avatarsof thealreadyknownsolutions.Forinstance,
dimensionalgeneralizationsare now consideredas the six-vertexmodel hasbeenrevisitedin an incre-
the defining relationsof integrability. They are the dible numberof ways in different domainsof math-
“deusex machina”ina numberofdomainsof math- ematicalphysics~. It is rathereasyto takedifferent
ematicsandphysics (knot theory, quantuminverse representationsof a particularsolutionandquantum
scattering,S-matrix factorization,exactly solvable groups emergedas a way of writing Yang—Baxter
modelsin statisticalmechanics,Betheansatz,quan- equationsindependentlyof the representation[51.

turn groups, chromatic polynomials and more Wewant toanalyzetheYang—Baxterequationsand
awaiteddeformationtheories).The appealof these their higher dimensional generalizations [6—91
equationscomesfrom their ability to giveglobal re- without prejudiceaboutwhat shouldbe a solution,
sultsfrom local ones.For instance,theyare a suffi- that is to say proceedby necessaryconditions.
cient and,to someextent,necessary[21 condition Wewill exhibit aninfinite discretegroupof trans-
for thecommutationof familiesof transfermatrices formationsacting on the ingredientsof the Yang—
of arbitrarysizeandevenof cornertransfermatri- Baxter equationsor their higherdimensionalgen-
ces.Fromthepointofview oftopology,onemayun- eralizations(tetrahedronequations).
derstandtheserelationsby consideringthem as the Thesetransformationsactas anautomorphygroup
generationof a largeset of discretedeformationsof of various quantitiesof interest in statisticalme-
thelattice.Thispointof viewunderliesmoststudies chanics(partition function,critical manifolds,phase
in knot theory and statisticalmechanics(7L-invari- diagram, ...), andare of greathelp for calculations,
ance [3,4]). evenoutsideof the domainof integrability [101.

It is a challengingproblemto exhibit and classify What we show hereis that theyform a groupof
all solutionsof this highly overdeterminedset of

~‘ Thesix-vertexmodelemergesfrom thecritical standardsca-
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symmetriesof the equationsdefIning integrability. bits of Aut are of finite order. One cantherefore
They consequentlyappearasa group of automorph- imaginethat the bestcandidatesfor the integrability
ismsof the algebraicvarietiesparametrizingthe so- varietiesarepreciselythe oneswherethe symmetry
lutionsof theYang—Baxteror tetrahedronequations. group possessesfinite orbits: the exactsolutionsof
We will denotethis group Aut. Au-Yanget al. [11—131seemto confirm this point

Whensearchingfor newsolutions,oneshouldkeep of view [14,151.
in mind the actionof Aut globally on the wholepa- A contrario,if onegetshold of an apparentlyiso-
rameterspace. latedsolution,the actionof Aut will multiply it until

The existenceof Aut drasticallyconstrainstheva- building up, in experimentallynot so rare cases,a
rietieswheresolutionsmaybe found.This groupof continuousfamily of solutionsfromtheoriginal one.
symmetriesis a powerful tool for burning the hay- This is the solution to the so-calledBaxterization
stackandhometowardsthe (integrable)needle.In problem (seeref. [16]). In all this,thereis a subtle
the generalcase,it has infinite orbits andgives Se- interplay between generic (infinite, possibly er-
vereconstraintson thealgebraicvarietieswhich par- godic) andparticular(finite) orbits of the symme-
ametrizethe possiblesolutions (genuszero or one try group Aut.
curves,algebraicsurfaceswhich are not of the gen- We first show that the simplestexampleof the
eral type, ...). In the non-genericcase,whenAut has Yang—Baxterrelationwhich is the star—trianglere-
finite order orbits, the algebraicvarietiescanbe of lation [1] has an infinite discretegroup of sym-
generaltype,butthevery finitenessconditionallows metriesgeneratedby three involutions. Thesein-
for their determination. volutions are deeply linked with the so-called

In the framework of infinite group representa- inversion relations[17—20].
tions,it is crucial to recognizethe essentialdiffer- We then drawthe practical consequencesof the
encebetweenwhatthesesymmetrygroupsarefor the existenceof this symmetryon the resolutionof the
Yang—Baxterequationand what they are for the star—triangleequations.Theexampleswe investigate
higher dimensionaltetrahedronand hyper-simpli- are the five-state chiral Pottsmodel, for which we
cial relations:the numberof involutions generating recovertheknown resultsof refs. [21—25].We also
our groupsincreasesfrom 2 to 2’~—’ whenpassing considera particularsix-statespin model.
from two-dimensionalto d-dimensionalmodelsand In ref. [16], thisanalysisis extendedtothe Yang—
thegroupjumpsfrom the semi-directproduct7L ~ Z2 Baxter, the tetrahedronand hyper-simplicialequa-
to a much larger group, i.e. a groupwith an expo- tions,forvertexmodelsin anydimension.Thiscould
nential growthwith the length of the word, alsobedonein a similarmannerfor the“generalized

It is worth recallingthat for the Zamolodchikov star—trianglerelation” of interactionroundthe face
solution of the tetrahedronrelation [7,6], the par- models[26,27].
tition function is the sameasthe oneof the two-di-
mensionalcheckerboardIsing model.This example
seemsto indicatethat three-dimensionalintegrabil- 2. The star—trianglerelations
ity canonly occur whenthe 2~’generatorsof the
groupsatisfyadditionalrelationsallowing fora mere 2.1. Thesetting
polynomialgrowthofthe size,andpossiblyreducing
toa semi-directproductof finite groupsandZ factors. Weconsidera spin modelwith nearestneighbour

Theexistenceof Aut as a symmetryfor the equa- interactionson a squarelattice of sizeMxM’, with
tionshasthefollowing consequence:we maysaythat periodicboundaryconditions.The spin a1 cantake
solving the Yang—Baxterequationis equivalentto q values.TheBoltzmannweight for an orientedbond
solving all its imagesby Aut. Theseimagesgeneri- <ill> will be denotedhereafterby w(a,, a’). The
cally tend to proliferate, simply becauseAut is infi- weightsw(a1,a~)canbeseenas the entriesof aqXq
nite. Consideringthat the equationsform an over- matrix. In thefollowing we will introducea pictorial
determinedset, it is easyto believethat the totalset representationof the star—trianglerelation. An ar-
of equationsis “less overdetermined”whenthe or- row will beassociatedto theorientedbond (if>. The
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arrowfrom ito j indicatesthat the argumentof the is a sufficientconditionfor the commutationof the
Boltzmannweight w is (a,, a~)ratherthan (a’, a~.). diagonaltransfermatricesof arbitrary sizeM with
This arrow will be relevantonly for the so-called periodic boundary conditions TM( W

2, w2) and
chiralmodels,that is to say that the qx q matrix de- TM( w3, w3):
scribingw is not symmetric.An interestingclassof - - - -

qXq matriceshas beenextensivelyinvestigatedin 2 2 2 2
the lastfew years [11—13]:the generalcyclic matri- 2 2 2 2

ces. It is important to note that we do not restrict 0’ 0’

ourselvesto thisparticularclassof matrices.We will - . - -

for instanceuse the following non-cyclic non-sym- ~ ~ ~
metric 6x 6 matrix asanotherillustrativeexample: ______ ______

X Y Z Y Z z Notethat for cyclic matrices[11—13]thestar—tn-
Z X 3’ Z 3’ Z angle relations (stl.l) and (stl.2) give the same

Y z X Z Z ~ (1) equationsinceoneexchanges(stl.2) and(stl.l) by
3) Z Z X Z Y spinreversal.Thereareotherstar—trianglerelations
Z y z y x z correspondingto otherchoicesfor the arrowson the
z z y z y x six bondsof the starandtriangle, namely

(2) (2)
2.2. Therelations 3 2/

We introducethe star—triangleequationsbothan- 1 = (ILJ.....( (st2.l)

alytically ~2 andpictorially: -

2 (3) ()
~ w1(a1,a)w2(a,a2)w3(a,a3)

=)~i~(a2,a3)~i32(a1,a3)~P3(a1,a2) . (2) andof courseits associatedtwin (st2.2)obtainedby
reversalof all arrowsor

(2) (2)

(1~,’’~__(1L,,,L,./~ (stl.l) ~ (st3.1)

We give to the readerasan exerciseto seethat to andits twin(st3.2).Of course,(1), (2) and(3) are
satisfy eq. (2) togetherwith the relationobtainedby on the samefootingandthereforetheir permutation
reversingall arrows will giveriseto equivalentstar—trianglerelations.One

(2) (2) could obviously imaginemanyotherchoicesfor the
- / arrowson the six bonds;however,they do not lead
3 2/ to the commutationof diagonal transfermatrices.

(1 I = ~ (st.l.2) We therefore have three systemsof equationsto

study: (stl.l andstl.2) or (st2.l andst2.2)or (st.3.l
2 (3) \(3) andst3.2).

For example,if the Boltzmannweightsare given
4*2 Sincethew, and i4~arehomogeneousvariables,therewill al- by the 6 x 6 matrix (1), (st1.1) will correspondto

waysbea globalmultiplicativefactor,~.floatingaroundin the 20 equations,and (st1.2) givesthe sameequations.
star—triangleequations. Ontheotherhand,(st2.1) leadsto 35 equationsand
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(st2.2)to thesameequationsalso,andfinally (st3.1) Theserelationspoint towardsa commutationcon-
and (st3.2) give the samesystemof 36 equations. dition on the matricesof Boltzmannweights them-

The spin a,maybelongto somefinite group (not selves,althoughthey are weaker.Notice that main-
necessarilyAbelian, the Fisher—Griessgroup Fl cesof the form (1) do commute.
would perfectlydo), andthe weightsbe functionsof
the group elementa1a~~[28]. This is the casefor
the model (1) with the group of permutationsof 3. Infinite discretesymmetrygroup for the star—
threeelements.9~.It is easyto seethat the number triangle relation
of equationsfor one star—trianglerelation is notN

3
but at mostN2. 3. 1. The inversionrelation

2.3. First necessaryconditions Two distinct inversesact on the matrix of Boltz-
mannweights: the matrix inverseI andthe dyadic

Theinterestof the star—trianglerelationsis that it (elementby element)inverseJ. We write downthe
impliesthe commutationof transfermatricesof ar- inverserelationsbothanalyticallyandpictorially:
bitrary sizeM. This is what makesthe model inte-
grable. It is an extremelyseverecondition on the X w(a,, a)1(w) (a, a

1) 1th~,,,,, (5)Il

Boltzmann weights. It is an overdeterminedset of
equations. w(a,,a1)J(w)(a1,a~)_—l , (6)

Thisstartswith size M= 1, i.e., a two-sitetransfer whereô,~denotesthe usualKroneckerdelta,
matrix, thetwo sitesbeingidentifiedby the periodic
boundaryconditions.Forrelation (stl.l ), thiscorn- w 1(w

)

• . • t • .

mutation means 0’, 0’ 0’, =

~ w2(a’,a)~2(a,a’)w3(a”,a)~3(a’,a”) and
C,

w
= ~ w3(a’, a)~3(a, a’ )w2(a”, a)i~2(a’, a”), (1111:1111) = ~, 0’,

. .(7,

(3)
J(w)

whosepictorial representationis

2 3 3 2________ ________ ________ ________ The two involutions I andJ generatean infinite

~( ~III~=4~ _______) discretegroupT (Coxetergroup) isomorphicto the
2 3 3’ 2 infinitedihedralgroupZ2~Z.TheZpartofFisgen-

Other choicesof arrow arrangementwill lead to eratedby If. In the parameterspaceof the model,
that is to say someprojectivespaceCP~_1(n ho-slightly different relations.

More simpleconstraintson the matrix of Boltz- mogeneousparameters),I andJ are birational in-
volutions. They give a non-linear representationof

mann weights may be obtainedstraightforwardly
this Coxetergroup by an infinite set of birationalfrom the star—trianglerelation. For exampleif we
transformations[29]. It mayhappenthatthe actionpinchspin (2) and (3) ~fl (St1.1), we get
of F on specific points yields a finite orbit. This

3 2 meansthat therepresentationofF identifieswith the

= •—~——-KI-—I-I---—--::~ p-dihedralgroup Z2 ~ 7L1,. Howeverthis is not thege-
2 3 neric situation,and thesepoints often happen,re-

markablyenough,to lie on distinguishedsubvarie-
i.e tiesof the parameterspace[29].

w2(o, a” )i~3(a,a” )ii~(a”, a”)

= ~ w~(a,a’ )w2(a’, a”)w3(a’, a”) . (4)
C’
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3.2. Thesymmetriesofthe star—trianglerelations (2) (2)

82

Thetwo inversionsI andJ acton the star—triangle (1) ~1 = (i) sl

relation. We first give a pictorial representationof
this action,starting from (stl.l) as an example; ~(3) ~3l

Any configurationmay be obtainedby reversing
somearrowsandpermutingsomebonds.With evi-

j I) = I) dentnotations,wewill denoteby R~1,R~2,R~3,R11,R~2,R~3thereversalsofarrows,andby ~ ~ P,1,1~
thepermutationsof bonds.MoreoverI andJact on

the bondsas~ 42~<2 To illustrate this notation,configuration(stl.l) is
obtainedfrom thereferenceconfigurationby theac-

= J(I) (tst) lion of R~2R~3R12,andwe may write

- (stl.1) =R~2R~3R~2’(~). (9)

Theaction of I andJ describedabove (where(1)
Thetransformedequationreaas was playinga specialrole) identifieswith theaction

2~I(w1)(t,a1)W1(a2,a3) of
Cl

~ =R~2R~4,J11~ . (10)
xh’2(a1, a3)P3(a~,a2)J(~~)(a2,a3)

This actiongives indeed(tst), that is to say
= ~ ~I(w,)(’r,a1)w1(a1,a)

Cl C (tst) =R~2R~3R12I~1J1,P~2t3ps3 ~‘ (.9Y) . (11)

xw2(a,a2)w3(a,a3)J(i~7~)(a2,a3) , (7) It is easyto checkthat .~7 is an involution.
We mayconstructtwo similar involutions ~ and

or equivalently,usingthe definition of the inverses
I andJ (5), (6): .t~,obtainedby cyclic permutationof the indices 1,2, 3. We consequentlyhave
A ~ I(w1)(r, a~)~2(a1,a3)~3(a’,a2)

Cl ~ =R~2R1~4,J,~~ .*“~ = 1 , (12)

=w2(r, a2)w3(r, a3)J(~P1 ) (a2, a3) . (8) $~=R~3R11I~2J12P~311P~,13,.if~= 1 , (13)

We get an actionon the spaceof solutionsof the .)f~=R~,R1243J13P~112P~i11,.)V~=1. (14)
star—triangle relation. If a is the cyclic permutation a’=a’sa’t with

If (w,, w2, w3, ~ ~, w3) is a solution of eq. (2)
aS=PS2,S3PSI,S2 anda~=P~2,13P11,12,the involutions ~

(seepicture (St 1.1) for the specific arrangementof are relatedby
arrows), then (1(w1), w3, w2, J(~P,),w3, w2) is also
a solutionofeq. (2), at thepriceofa permittedre- -~=a

2~a,,~*~=a2~a. (15)
definitionofA. In thistransformation,theweightsw

1 The involutions .~ (i= 1, 2, 3) verify thedefining
andW~play a slecial role, relationsofthe Weylgroupofanaffinealgebraoftype

At thispoint, it is betterto formalize this action A ~ [30]:
by introducingsomenotations.We maychooseasa
referencerelation .9~thesymmetricconfiguration ~ . (16)

We will denoteby Aut thegroupgeneratedby the

three involutions i~’ (i= 1, 2, 3). We have con-
structeda non-linearrepresentationof Aut.
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Thissymmetry group containsan actionof IJ. It
may be obtained by successively operating with the
previousinvolutions: first act with ~ thenwith .~, 2
thenoperatewith i,~andfinally with ~ This se-
quenceof operations,whenusedon relations(st1.1),
yields first (tst), and then a sequence of relations 6

ending with

/ 3

I IJ(2% _____________________________

<‘c” IJ(4 = (IJstl.l) 2 A 1

3\ 1

4

This sequence of transformations amounts to acting
with the product

G3 = ai~~

~ (17) 4. A strategy for the resolution of the star—triangle
equation

We may definesimilarly

~ It would be of interestto detail the actionof Aut
on the star—trianglerelationsfor a generalmatrix of

(18) weights,but we will not do it here.We wantto use

G1 = aG2 a
2= R~

3R~2R,3R42(IJ)~3(J~)~2(JI) (IJ) the symmetryAut bothto furnishreasonableansätze
for the form of the matrix of Boltzmannweights,

(19) havingin minda reductionof thenumberof param-
eters,andto achievethe resolutionof theequations.

We havethe relations .To do so we will choosespecificforms for this ma-

G1 G2G3= 1 , (20) tnix, preservedby the two basic inversionsI andJ.

G G — G G V i — 1 2 3 (21) This permitsthereductionof the numberof param-— i I I — eters,without trivializing the actionof Aut. Wehave

The symmetrygroup Aut is the semi-directprod- at ourdisposalthe“admissible”patternsintroduced
uct of the Weyl groupof an A2 (finite dimensional in refs. [29,32]. We will use two specific examples:
simpleof rank2) Lie algebraby a bidimensionallat- the five-state chiral Potts model, andthe six-state
tice translationgroupZXZ. model introducedabove(seeeq. (1)).

Note that we haveconstructeda non-linear rep- Moreoverwe know that the solutionsof the star—
resentationof Aut by birational transformationson triangle relation (andmoregenerally Yang—Baxter
the parameterspaceCPN (seerefs. [29,311). or (hyper)simplicialequations)lie on algebraicva-

The following figure showsthe usual representa- nieties in the spaceof parameters(homogeneous
tion of Aut with reflections,in the root spaceof space) [33,34].
A~.Theinvolutions .~ (i = 1, 2, 3) are reflections The symmetrygroupAut actson thesevarietiesas
aroundthe straight lines 1, 2, 3. The fundamental agroup of automorphisms.SinceAut is infinite, this
alcove is thetriangledenotedA. The numbers1, ..., constrainsvery stronglythesealgebraicvarieties.A
6 appearingin othertrianglesare the successiveim- largeproportionof the analysisof the star—triangle
agesof A underthe successiveactionof ~, .~, .~, relationsrelieson theuseof the symmetryAut, and
1~,~, .~. We seethat the product~ more preciselyon the studyof the orbits of Aut, or
is a translationofthelatticealongaxis2, picturedby evenof IJ.
the arrow. In the two exampleswe shallconsider,genericor-
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bitsof IJ lie on algebraiccurveswhoseequationsare amount.Moreoveranystar—trianglerelationand its
known.

twin, obtainedby reversingall arrows, leadsto the
same set of equations.

4.1. First solutions
4.2.1. Thesymmetricfive-statemodel

There are always solutions of the star—triangle We considerfirst the non-chiral model obtained
equations.We haveone for exampleif we take by settingw(l)=w(4), andw(2)=w(3).Theweight

w1 (a,, a~)=ô1J1Cj~ ~ (a,, ~) = 1 matrix (23) isthensymmetric,andthepreviousdis-
tinctionsbetweendifferent star—trianglerelationsdue

w2 = W3~ W3 = W2. (22) to thepresenceof arrowsdisappears.The numberof

Theyareunfortunatelya trivialization of someof the equationsdropsto 13.
six weightsenteringthe equations,andare singular In this model a linear,pencil of algebraiccurves
points for the actionof Aut. Thesesolutions(which (elliptic curves)emergesin the studyof the orbits
singleout 1) are not a very good startingpoint for of thegroupFgeneratedbylandJ [291.Thefraction
a perturbation,sincewe may not move the weights (u

2+v2+3uv)(u—l)(v—l)
w

1 or i~. They havehoweverbeen used for IRF 2u
2v2+2uv—(u3+v3)—uv(u+v)’ (24)

modelsto constructa perturbativerelation: the so-
calleddifferential star—trianglerelation [35]. whereu=w(l )/w(0) and v=w(2)/w(0), is invar-

Other solutions named disorder solutions, for iant by I andJ. The curves in the pencil haveas
which a dimensionalreductionof the model hap- equation4 = const.
pens,are known [36,37]. The symmetrygroup Aut It is known that the pairs (1, 1) (respectively(2,
acts on thesesolutions,andgeneratesan infinity of 2) and(3, ~)) play a symmetricrole andhaveto lie
image varieties.The partition function is an auto- on the samealgebraicvarietyin CP

2xCP2[40]. We
morphicfunction for the actionofF, andis known will assumethat w~andW~(respectively 2, 3) lie on
exactlyon thedisordervarieties.Theoutcomeis the the samealgebraiccurve.Thisfinds its justification
very rich structureof the (multivalued) partition in our studyoftheorbitsofthegroupF in CP2X CP2:
function on the image varieties,and the singulari- the orbitsof (w1, W~)underIJx.11lie on curvesonly
zation of critical and integrable varieties (see the if A is thesamefor w1 and ~ [29,41]. We choose
study of the standardscalar checkerboardPotts sucha curve,that is to say a definite valueof 4.
model [38]). If thisis agenericcurve,i.e. if IJhasinfinite order,

we may essentiallybring (w1, w2, w~,W~,~P2,w3) to
4.2. Thestar—trianglerelationfor thefive-state an “isotropic” point where w1= w2= w3. Strictly
chiralPottsmodel speakingonewould haveto consideran infinite se-

quencewhichof courseconverges.
The matrixof Boltzmannweightsfor thefive-state From sucha definite solution (onepoint (wi, w2,

chiral Pottsmodel is the cyclic matrix w3, W~,w2, w3)), the action of Aut yields more
solutions.( w(0) w(l) w(2) w(3) w(4)\ Theisotropic point verifies w1—w2=w3. Why go

w(4) w(0) w(l) w(2) w(3) to this isotropic point? Simply becausein this iso-

w(2) w(3) w(4) w(0) w(l) knowns) reducesconsiderably(five equations),1,w(3) w(4) w(0) w(l) w(2)). (23) tropic limit, the numberof equations(and of un-
w( 1) w(2) w(3) w(4) w(0) 2, and 3 being on the samefooting in the star—tri-

anglerelations.The point is that we can solve this
The original detailedproofof the star—trianglere- systemexplicitly.
lationfor thechiralPottsmodelcanbe foundin ref. We use the variables u=w(l)/w(0), v=w(2)/
[39]. The cyclicity of this matrix immediately re- w(0), u=W(l)/ti3(0), V=s~3(2)/~P(0).By elimina-
ducesthe numberof equations,sinceonemay shift tion of ü andt~we find that u andv haveto bea so-
all spins in the star—trianglerelation by the same lution of
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(1 —4y.—4y2+y3+y4)(l +y+y2+y3+y4) under the action ofF, sinceIJ is of order five.
Remark.This result eliminates the possibility of

x(y4+ l6y3— 19y2_4y+ l)(— 1 +4y—2y2
integrability for generic elliptic curves in the pencil,

—14y3+12y4+4y5—16y6+8y7) whereIJhasinfinite order.
The elliptic parametrization,andtheadditionlaw

x (4y2+2y—1 )9(y~1)13
on the curvesof this pencil will begiven elsewhere

X(4y7+4y6+2y5+6y4—y3+5y2—y+l)y’3 [42]. The parametrizationof the curves

x(lly3+ 12y2+3y—1) ,,,/~) reducesto a rational one. On the hyperbola(30) it reads

x(4y4+24y3+l4y2—16y—l)=0, (25) t+w2 u t+w
u= —= (32)

andwe calculatedirectly it and ill from the star—tn- I +w2t’ u 1 +wt’
angle‘relations.

The factor —1 —2y2—l4y3+4y+ l2y4+4y5 The hyperbola(31) is obtainedby thereplacement
— 163)6+8y7 correspondsto an illicit elimination. w—~w’in (32). Weshall usein the sequeloneofthe four “isotropic” points,correspondingto
Among the other factors,a numbercorrespondto
varioustrivializations.Theonly relevantconditions i~=exp(16i0) , (33)
are -

t,~
0=exp(38iO), (34)

1 —4u+u
4—4u2+u3=0, (26)

with
v4+l6v3—l9v2—4v+l=0. (27)

(35)
Eq. (26) (respectively(27)) hasfour realsolutions

that is
UI, u

2 v4:
c(4) —1827090...,

u1 ~—l.82709..., u2~0.20905..., 1~(7= c(20) =

u3~—l.33826...,u4~l.95629..., (28)
c(4) c(2)

v1~—l7.09739..., u2~0.l53l2..., Viso=c(20)c(l4) =—17.097396...,

v3~l.24987..., v4~—0.30560.... (29) ——0.74723827...,
uiso = —

Thepointswe arelookingat haveascoordinates(u1, c( 1) —

v,), i= 1, ..., 4, with this definite correspondencebe- ~ ~(13)
=0.17939378...,

tweentheroots.Wealsohavethe pointsobtainedby ~ = — ~(1) c (25)
the exchangeu~—~v.Wecancheckthat thepoints (u,
v), and (it, ti) are on the same curves4= ~(3+ ifwe set c(p)=cos(pO).We usetheparametrization
,,,/~) for i= 1, 2 or 4=~(3_~J~)for i=3, 4. These (32), wherea specialrole is givento u, andtheob-
orbits have two characteristicfeatures: viousnotationt,, i. With thisparametrizationof (1,

(i) They decomposeinto hyperbolae.If we set 2, 3, 1, 2, ~) we haveverified that the star—triangle
w=exp(2i7t/5) thesehyperbolaeare equationsbecome

(u
2—v)(a2+w3)—u(l—v)=0 (30) t

1t~ W
2 , (36)

andits symmetricwith respectto the line u=v, for t
1t2t3 z~rrW

4. (37)
4= ~(3+~/~)~and Theone-parameterfamily of solutionswe find here

(u2—v)(w+w4) —u(1 —v)=0 (31) is the one of ref. [43]. It is interestingto recall that
we havenot presupposedanyself-dualityproperty.

and its symmetricwith respectto the line u = v, for Theactionof thegroup Aut reads
A = ~ (3— ~

(ii) All points on thesecurveshavea finite orbit I:t,—*w4/t,, J:t,—~l/t
1, (38)
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.~t~:(t,,t2,t3,i1,i~,i~) with

-4(a
4/t~,i~,i~,l/1, t

3, t~), (39) s= [2—4c(2)—c(4)+c(6)

G~:(t~,t2,t3,i,T~,i~) +7c(8)—7c(l0)—c(12)—3c(l4)]

—~(t1,wt2,w
4t

3, i~,w
4T~,wi~). (40) x [—2—4c(2)+8c(4)—c(6)

This form makestransparentthe presenceof a dis- +2c(8) — 4c(10)+ c (12)— 2c( 14)]—‘

cretebidimensionaltranslationgroup 7/X 7/ inside a=[—2+4c(2)+c(4)—c(6)
Aut, in a multiplicative form.

—9c(8)+9c(l0)+c(l2)—c(l4)]
4.2.2. Infinitesimalresolutionaroundtheisotropic x[—6+2c(2)+8c(4)+l7c(6)
point

We comebackto the chiral model, with five ho- —42c(8)+2c(lO)+23c(12)+22c(l4)]’
mogeneousparametersw(k), k=0, 1, 2, 3, 4 and s= [—2+ l0c(2)— l2c(4)+7c(6)
weight matrix (23).

Theabove (symmetric)isotropic point is a par- —7c(8)+3c(l0)+4c(l2)—2c(l4)]
ticular solution of the star—trianglerelation for this x [lO—l5c(2)+llc(4)—9c(6)
model.We shalluse the non-homogeneousvariables
x(k)=w(k)/w(0),k=l,...,4.Weintroducethein- +2c(l0)+c(12)+4c(14)]’,
finitesimal perturbationX,(k) of x.(k), and .~(k)

a= [lO—4c(2) — 12c(4)+ 18c(6)
of ~ (k), with obviousnotations.

The linearizedstar—trianglerelationsyield a ho- —26c(8)+ l4c(10) +8c(12)— 8c(14)]
mogeneouslinear systemfor X~(k),~k). Thissys- ,x [ll+20c(2)—60c(4)+68c(6)
tern is not only compatible,but it hasafour-dimen-
sionalspaceofsolutions. —90c(8)+50c(lO)+32c(12)—50c(l4)]’

The solutionsverify
with c(p) =cos(pO), i.e., numerically:

X~(k)+X
2(k)+X3(k)

s~—58.28463...,a~—l.0308l89...,
=X~(k)+X2(k)+X3(k)=0,

f~—l.834537...,d~4.543390...,
k=l,...,4. (41)

andset
If we introducethe symmetricand antisymmetric X1=seXs+a,Xo, (43)
vectorsXS andxa (respectivelyXs andXa)

x,=t~xs+a1xa i=1,2,3, (44)
Il\ I l\

xs= (~~I,xa= ( a weget
s,+s2+s3—_a~+a2+a3=0,

t,=—cvs4, a~=fl(a2—a3),
fl\ I l\

a2=fl(a3—a~),d3=/3(a,—a2) , (45)~~=(4~a=( lI~ (42)
‘II ~—a,I with
\lJ

—0.2527617250..., (46)
4cos

2(O)

fi=~—~c(l)+~c(3)+~c(7)

~0.0l08l58287... (47)
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This proves~ the existenceof a four-parameter tamed by imposingrelations (45). We first need
familyofsolutionsofthe stan—triangleequationscon- .~= — as1 which allows threeparametersfor T1. At
tamingthe isotropic point. This family containsin this point (45) fixes a2 and it2 and theonly freepa-
particulartheFateev—Zamolodchikovsolutionwhere rameterfor T2 is s2, giving a one-parameterfamily
all weightsw, (respectivelyi~~)belongto the hyper- of commutingtransfermatrices.
bola (30) ofthe curve 4= ~(3+~/~).The vectors
XS and ~S are tangentto that hyperbola.We know 4.3. Analysisofa non-cyclicmodel
that IJ is of finite orderon this curve (the order is
five). We havethe prejudicethat the integrability We considerthe model introduced abovewith
surfaceis of thesamenature,i.e. is a locusof points weightmatrix givenby (1). Theinterestofthis model
where (1,1)~=1. Notice that such a locus is auto- is that thereexistsan algebraicinvariant for the ac-
matically invariant by both I andJ. Sucha surface tion of I and J, and consequentlyof the group F
is given by the two equations [29,44]. Theorbitslie in elliptic curves[29,44]. The

2 existenceofthis algebraicinvariantmakesthemodelA[w(l)w(3)w(4)
2—3w(2) w(4)2 . . . .a goodcandidatefor integrabihty.Theweightmatrix

+2w(l)w(2)w(4)w(0)+w(3)w(2)2w(O) being non-symmetric,we have to specify the ar-

2 2 rangementof arrowsin the star—trianglerelations.—3w(l)w(3) w(0)+2w(4)w(2)w(3) ] .The presenceof this truechirality (asopposedto
—4w(2)2w(4)2—4w(l)w(3)2w(0) what happensfor the model (23) wherea reversal

2 2 of arrowsamountsto a spin relabelling) breaksthe+3w(3)w(2) w(0)+3w(l)w(3)w(4) symmetrybetween1, 2, and3. Eqs. (stl.1), (st2.1),
+w(4)w(2)w(3)2+w(l)w(2)w(4)w(0)=0 and (st3.l) arethreedifferentsystemsof equations.

By a direct investigationoneseesthat the only so-
lutions,up totrivial ones,areobtainedfory= z, that

and is to saywhenthemodelreducesto thestandardsca-

2 2 2 lan six-state Potts model.
A[—2w(3) w(0) —2w(1)w(2)w(4)

—w(4)w(3)2w( 1 )+3w(0)w(3)w(4)2

2 5. Conclusion+3w(2)w(l)w(3)w(0)—w(2)w(0) w(4)]

— w( 1 )w(2)w(4)2+2w(2)w(0)2w(4) We havedescribedandusedtheinfinite symmetry

2 2 groupof theYang—Baxterrelationsfornearestneigh-—w(0)w(3)w(4)+2w(4)w(3) w(l) . .
bour spin models. It is importantto stresstwo im-

—w(3)2w(0)2—w(2)w(1)w(3)w(0)=0, portantfacts aboutthis symmetry.
(491 The first is that it also exists for vertex models as

‘ well asfor thehigherdimensionalgeneralizationsof
with A = ~ ( — 1 ±,/~).Thesesurfacescut the sym- the Yang—Baxterequationsasthe tetrahedronequa-
metric subsetw( 1)=w(4), w(2) =w(3), along the tions [16].
two hyperbolae (30) and (31) for A = ~ ( — 1 + The secondone is that, as alwaysin this field of
~J)andA = — ~(1 + ~/~)respectively.Thevectors integrability in statisticalmechanics,oneseesthree
xs, Xs, Xa, ~a are tangentto this surfacefor A = facesof the subject.
~( — 1 + ,J~), Thereis a topologicalaspect,relatedfor example

The consequencesof eq. (45) on the commuta- toknottheory,for theYang—Baxterrelationshaveto
lion of transfermatricesT,= TM( a’,, w.) are the fol- do with deformationsof knots [45].
lowing: locally neartheisotropicpoint T

1 dependson Thereis also a purely algebraicaspect,alreadyin
(s1, a, .~,a,). The commutationof T~and I’2 is ob- thewriting of the equations,butalso in the finerde-

scription of their content (quantuminversescatter-
~ As a consequenceof the implicit function theoremandthe ing, algebraicBetheansatz,quantumgroupsandall

algebraicityof thesolutionsofthestar—triangleequations. that [46]).
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Finally thereis an analyticalaspect,assoonasfor [211V.V. Bazhanovand Yu.G. Stroganoff,J. Stat. Phys. 59

exampleelliptic curves and functions defined on (1990)799.
[22] V.V. Bazhanov and R.M. Kashaev,Cyclic L-operatorsthem pop out. relatedwith a3-stateRmatrix,preprintRIMS-702,Kyoto,

All thesethreeaspectswerepresentfrom theearly to bepublishedin Commun.Math.Phys. (1990).

yearsof existenceof the field, but their fascinating [231V.V. Bazhanov,R.M. Kashaev,V.V. MangazeevandYu.G.

interrelationshavebeenemergingonly stepby step. Stroganoff,Z~’ generalizationofthechiral Pottsmodel,

The symmetrywe havedescribedpermitssuch a preprint IHEP-90-l37, Pootvino, to be published in
Commun.Math.Phys.(1990).progress.Indeedit has a very simple graphical rep-

[24] E. Date, M. Jimbo,K. Miki andT. Miwa, NewRmatricesresentationandit bridgesdirectlyan algebraicsym- associatedwith cyclic representationsof Uq(A1
24),preprint

metryandtheanalyticalaspect,via the construction RIMS-706(1990).

of the algebraicvarietiesof parameters [251E.Date,M. Jimbo,K. Mild and T. Miwa, Generalizedchiral
Potts model and minimal cyclic representationsof

U
4*(gl(n, C)), preprintRlMS-7l5 (1990).
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