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Abstract

We describe birational representations of discrete groups generated by involutions,
having their origin in the theory of exactly solvable vertex-models in lattice statistical
mechanics. These involutions correspond respectively to two kinds of transformations
on g x g matrices: the inversion of the ¢ x ¢ matrix and an (involutive) permutation
of the entries of the matrix. We concentrate on the case where these permutations are
elementary transpositions of two entries. In this case the birational transformations
fall into six different classes. For each class we analyze the factorization properties of
the iteration of these transformations. These factorization properties enable to define
some canonical homogeneous polynomials associated with these factorization properties.
Some mappings yield a polynomial growth of the complexity of the iterations. For three
classes the successive iterates, for ¢ = 4, actually lie on elliptic curves. This analysis
also provides examples of integrable mappings in arbitrary dimension, even infinite.
Moreover, for two classes, the homogeneous polynomials are shown to satisfy non
trivial non-linear recurrences. The relations between factorizations of the iterations, the
existence of recurrences on one or several variables, as well as the integrability of the
mappings are analyzed.

1. Introduction

In previous papers, we have analyzed birational representations of discrete
groups generated by involutions, having their origin in the theory of exactly
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solvable models in lattice statistical mechanics [1-6].

The group of birational transformations first studied in [7-10] is generated
by the so-called inversion relations [11,12] which amount to combine two very
simple algebraic transformations: the matrix inversion and permutations ! of
the entries of a matrix [1]. In such a general framework, the dimension of the
lattice and the lattice itself, only occur through the number of inversion rela-
tions and the permutations of the entries introduced to generate the birational
transformations [4,5,13].

This justifies considering the following problem: to generalize to ¢q x g
matrices and analyze birational transformations generated by the matrix inverse
and a permutation of the entries of the matrix, and finally find the permutations
of the matrix for which the corresponding birational transformations yield
integrable mappings 2. This analysis is interesting for itself for the theory of
mappings of several variables and the theory of discrete dynamical systems,
disregarding the relation with integrable lattice models. Such an analysis is
performed in a series of parallel publications [14-16].

In [14], a particular transposition of the entries was analyzed. For this very
transposition, it has been shown that the iteration of the associated birational
transformations present some remarkable factorization properties. Actually the
entries of the successive q x q matrices corresponding to the iteration of our
transformation, as well as the determinants of these matrices, do factorize
into homogeneous polynomials of all the entries of the initial g x q matrix.
These factorization properties explain [17] why the “complexity” of these
iterations (degree of the successive iterates), instead of having the exponential
growth one expects at first sight, actually has a polynomial growth [18,19].
It has also been shown that the homogeneous polynomial factors occurring
in these factorizations do satisfy remarkable non-linear recurrences and that
these recurrences were actually integrable recurrences yielding algebraic elliptic
curves [14].

We will concentrate here on simple heuristic examples of permutations: in
fact all the transpositions of two entries of a ¢ x ¢ matrix. In [16] it has been
shown that the analysis of the birational transformations corresponding to a//
the transpositions of two entries, actually reduces to the study of six classes of
such mappings.

The transposition analyzed in [14] corresponds to the first class with re-
spect to this classification. We will revisit here the analysis performed in [14]
(occurrence of factorizations, recurrences, ... ) for the five remaining classes.
The mappings associated with three of these five classes are not integrable,

! In the framework of vertex lattice models. For spin models, the groups of birational transfor-
mations are also generated by similar simple involutions but slightly different [1,2,10].

2 There are many definitions of the key word “integrability” in the literature (integrability a
la Liouville, integrability in the sense of commuting discrete flows...). Here a mapping is called
integrable if the successive iteration points belong to algebraic elliptic (or rational) curves.
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even for ¢ = 4 [16]. This will clarify the relations between all these struc-
tures and the integrability. In particular, it will help to understand ro what
extend factorizations yield integrability. In fact, it will be shown that the oc-
currence of factorizations is a quite general phenomenon: it does occur even
outside the framework of integrability. The existence of factorization of our
transformations yields a growth of the complexity of the iterations, even when
exponential, smaller than the generic (¢ — 1)" growth. On the other hand,
integrable mappings only occur with a polynomial growth of the complexity of
the iteration. The relation between integrability and polynomial growth has
already been discussed by several authors [18,20,21] with some emphasis on
the Cremona transformations [19]. Let us note that the framework of the
analysis performed here is slightly different, in particular we deal with bira-
tional transformations acting in projective spaces of arbitrary dimension (odd
or even: no simplectic structure is needed). As far as recurrences are concerned,
it is tempting, at first sight, to see a close connection between the occurrence
of recurrences and the integrability of the birational transformations, since this
integrability yields curves. The detailed analysis of the five remaining classes
rules out such naive connections, and will make clear the actual relations be-
tween these various structures. As a byproduct it will provide, with the integrable
subcase of one of these classes (class IV), an example of integrable mapping in
arbitrary dimension, even infinite.

2. Notations

Let us consider the following g x ¢ matrix:

hiyy, mp; my3 Mg
my My Mz Mg

R, = | Ma m3p M3 M3 - (2.1)
a1 May Ma3z Magy

Let us introduce the following transformations, the matrix inverse I , the
homogeneous matrix inverse I:

I:R, — R;' (2.2)

I:R, — R;'-det(R,) (2.3)

The homogeneous inverse I is a polynomial transformation on each of the
entries m;; which associates to each m;; its corresponding cofactor.

In the following, ¢ will denote an arbitrary transposition of two entries of
the ¢ x g matrix, and ¢;;_,; will denote the transposition exchanging m;; and
M.
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The two transformations ¢ and I are involutions whereas the homogeneous
inverse verifies

I? = (det(R;))?2-Id, where Id denotes the identity transformation.

We also introduce the (generically infinite order) transformations K = ¢- 1
and K =¢-T.

K is a (homogeneous) polynomial transformation on the entries m;;, while
transformation K is clearly a rational transformation on the entries m,;. In
fact K is a birational transformation since its inverse transformation is 7 - ¢.

3. Recalls
3.1. Six equivalence classes

Let us first recall that, as far as the analysis of transformation X is concerned,
all the transpositions can actually be reduced to six different classes [16] of
transpositions 3. One can thus study a single mapping in each class and directly
deduce the results concerning all the other transformations of the same class.
A first step to prove it amounts to giving an equivalence relation on these
120 transpositions, which does not modify the structure of the corresponding
transformations [16]. This equivalence up to relabelling conjugations, does
not modify the properties of the mappings and yields seven equivalence classes
(with the notation [m;; — my;] denoting the transposition exchanging the two
entries m;; and my; of matrix (2.1)):

- Class C; corresponds to all the 6 transpositions of the form [m;; — m};]

- Class C, corresponds to all the 6 transpositions of the form [my; — mj;]

- Class C3 corresponds to all the 12 transpositions of the form [m;; — my,]

- Class C4 corresponds to all the 24 transpositions of the form [m;; — mj ]
or [mj; — my;]

- Class Cs corresponds to all the 24 transpositions of the form [m;; — m;; ]
or [mj; — my;]

-Class C¢ corresponds to all the 24 transpositions of the form [m;; — m ]

- Class C7 corresponds to all the 24 transpositions of the form [m;; — m;;]
or [mi; — m;i]

where the various indices i, j,k and / are all different.

Moreover, one can actually show [16] that classes C; and C, yield the same
behavior as far as the iterations of their associated birational mappings are
concerned: the transformations K2 respectively associated to classes C; and C,
are conjugated. Therefore classes C; and C, can be brought together in the same
class, we will denote class I, as far as the analysis of the birational transforma-

3 At first sight, one has to study as many mappings as there are transpositions ¢, of two elements
among the sixteen entries of the matrix, that is (%6) = 120.
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tion is concerned. The five other classes (C3,...,C7) will be relabelled classes
(II,..., VI) in the same order.

It is important to note that this classification in six classes holds for g x q
matrices, for any value of ¢ > 4. For ¢ = 3 one remarks that class II no longer
exists and similarly, for ¢ = 2, classes III, IV, V do not exist anymore.

Let us also remark that any transposition of two entries m; j, and m;,j, of a
¢ x ¢ matrix can be associated with a transposition exchanging m,;,)s(;,) and
Ma(iy)e(j,)» Where a(iy),0(ji),a(i2) and o (j) run into {1,2,3,4}. One can
thus restrict the transposition to one in the 4 x 4 block-matrix corresponding
to the first four rows and columns.

3.2. Class I

Let us recall the factorization properties and the recurrences obtained for
transposition f;;_»; [14] which represents one transposition among a set of
transpositions which has been denoted class I in the exhaustive classification
given in the previous section. Let us also recall that this transformation cor-
responds, for ¢ = 4, to integrable mappings and yields a foliation of CPs in
algebraic elliptic curves given as intersections of quadrics [16].

Let us first consider the successive matrices obtained by iteration of the
homogeneous transformation K, associated with ¢;,_;, on generic g x ¢ matrix
R, and their determinants:

My =Ry, M, =K(My), fi=det(Mp)
The determinant of matrix M, remarkably factorizes enabling to introduce
a homogeneous polynomial f;:
det(M,)
fh=—
flq

Moreover, fl‘"4 also factorizes in all the entries of matrix K (M), leading
to introduce a “reduced” matrix M>:

_ K(My)

(3.1)

My = I 7 (3.2)
Again, det(M,) factorizes enabling to define a new polynomial f;:
det(Mz)
=575 (3.3)
1A

Calculating K (M, ), one can see that fl2 . fz"'4 factorizes in all the entries of
this matrix K (M,), leading to a new matrix:

My = KWL) (3.4)

s



S. Boukraa et al. | Physica A 209 (1994) 162-222 167
Again, its determinant factorizes f? -1 5 3"‘3, yielding the homogeneous
polynomial f3:
det(M3)
—1 3
flq . f23 . fsq

Calculating K (M3), one sees that fl""2 A ~4 factorizes in all the entries
of this matrix K (M3), leading to introduce a new matrix:

K (M3)
FAREES SR M

The factorization properties are now stabilized and they reproduce similarly
at any order n. Generally, for n > 1 and g > 4, one has the factorizations:

fa = (3.5)

4= (3.6)

K(Mn+2)
Myi3 = ————— (3.7)
" f”q 2 n2+1 fnq+24
det(Mn+2)
w3y = 3 (3.8)
f”q : n3+1f;1q+23
giving the following relation independent of q:
K(Mn+2) _ Mn+3 (3'9)

det(My,2) ~ fafostSns2Snss

Note that K (M,,,)/ det(M,,,) is nothing but K (M, ,).

This defines the (left) action of the homogeneous transformation K on
matrices M, and on the set of polynomials f,. These polynomials are closely
related to determinants of these matrices, and are actually the (generically)
“optimal” factorizations corresponding to the iterations of the (left) action of
K [14].

One can also introduce a right-action of K on the matrices M,: the entries
m;; of My are replaced by the corresponding entries of K (M), i.e. (K (My))j
(and similarly for any algebraic expression of these entries such as the f,’s for
instance). Amazingly, the right-action of K on the f,’s and the matrices M,’s
yields a remarkable factorization of f; (and only f}):

(f)k = fagr- f (3.10)
and
(Mn)K =Mn+l'f1y" (311)

In ordeg\to relate the right and left action of K, one can also introduce the
matrices M, which corresponds to n-times the left (or right) action of K on
MQZ
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= 3
M, = K"(M) = (MO)Kn (3.12)
One has the following relations:

M, = K(My), M, = K(M)) =f1(q—4)'M2,"'

M, = K(M,)
- (fl(q—l)“.fz(q—n"-s plaTt e g 3)<q—z)3
e _
AT Ay (3.13)

Denoting o, the degree of the determinant of matrix M, and S, the degree
of the polynomial f,, one immediately gets from Egs. (3.7), (3.8), (3.10) and
(3.11) the following linear relations (with integer coefficients):

tny2 = (@ =1) B+ 3 Busr + (@ —3) Brs2+ Bnsss
(CI- 1)an+2 = Qpy3 +Q(q_2) ﬂn +2q Bn+l +Q(q—4) ﬁn+2’

(g—1) By = ﬂn+1+q,urn7
(@=1) an = any1 + ¢ vy (3.14)
Let us introduce a(x), f(x), u(x) and v(x) the generating functions of

the ay,’s, B,’s, un’s and vy,’s:

alx) =Y an-x", Bx) = Ba-x",
n=0 n=1

px) = pn-x" v(x) =Y vy X" (3.15)
n=1 n=1

From the right-action of K (see factorizations (3.10) and (3.11)) one also
gets linear relations on the a,’s, f.’s, i,’s and v,’s:

(@~1)Bn = Bus1+qln, (@—1)an = any1+qvy (3.16)
as well as the corresponding linear relations on the generating functions:

((g-Dx—-1) Bx) = gxulx)—gx,

((g-Dx-1)-alx) = ¢*xvix)—g¢ (3.17)
The explicit expressions of these generating functions read respectively:

g (14 (@-3)x+3x2+ (g - 1)x3)
1+ x)(1-x)3 ’

a(x) =
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— qx
B = =
_(g-3)+2x2-x%)
e (N Ty
_x((g=4) +2x+ (g —2)x?)
vix) = TFEIEIE (3.18)
giving on the a,’s, Ba’s, Un’s and v,’s:
2 _13\n
Bo=g(2n(n+2) + 1= (-1)"),
(n+1)(n+2)
.un=ﬁn_ 2 3
u,,:ﬂ‘qﬁ_(1+n+n2) (3.19)

On the explicit expressions (3.19) of these degrees and exponents, one
sees that the iteration of the homogeneous transformation K yields, as a conse-
quence of factorizations (3.7), (3.11), ... a polynomial growth of the complexity
of the calculations: the degree of all the homogeneous expressions appearing
in the iterations (the entries of successive matrices M,, their determinants,
...) grows like n2. On the generating functions a(x), f(x), u#(x) and v(x)
(relations (3.18)) this corresponds to the fact that one only has x = *1
singularities.

Another important consequence of these factorizations is to introduce the
(optimal) homogeneous polynomials f,. Remarkably, these polynomials do
verify, independently of q, a whole hierarchy of non-linear recurrences [14]
such as:

f;lf;l2+3 - f;l+4>f;12+l — f;!—lf;l2+2 - f;l+3~f;12 (3 20)
fn—lfn+3fn+4—fnfn+lfn+5 fn—2fn+2fn+3—fn—1fnfn+4 )
or for instance, among many other recurrences:
fn+lf,,2+4fn+5 - fn+2f,,2+3fn+6 _ fn+2f,,2+5fn+6 - fn+3f;,2+4fn+7 (3 21)

f,,2+2fn+3fn+7 - fnfn+4f;,2+5 B f;,2+3fn+4fn+8 - fn+lfn+5f,,2+6

These recurrences are of course compatible with the linear recurrences on
the 8,’s (Egs. (3.14)) and also with the right-action of K on the f,’s (see
factorization (3.10)). Moreover these recurrences do have a three parameter
symmetry group. Introducing the variables g, which are the product of two
consecutive polynomials f,, g, = fn- fuy1, One can simply verify that all
these recurrences are actually invariant under the three-parameter symmetry
group:
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2
g — a” b c- g (3.22)

It is therefore tempting to introduce new variables taking these symmetries
into account (more precisely, variables invariant under this three-parameter
group):

_ T2y fax2
fnz+1 Jn-2

In fact, these variables can directly be obtained from the inhomogeneous
transformation K (see Section 5) and read:

Xn (3.23)

Xn = det(l?"(Rq) R+t (R,,)) (3.24)

The equivalence of these two definitions for x,, (3.23) and (3.24), has already
been explained in [14] and will not be recalled here.
With these new variables, recurrence (3.20) becomes:

-1 _
Xn+2 =izl (3.25)

Xnt1Xnt2Xn43— 1 XnXpg1Xnp2—1

Similarly to the f,’s, one has a whole hierarchy of recurrences on the x,’s.
The analysis of this hierarchy of compatible non-linear recurrences has been
performed in [14] and will not be detailed here.

It is important to note that these recurrences can be extended to any relative
integer n. Even more, these recurrences are invariant under the ‘‘time-reversal”
transformation:

1
X—n

(3.26)

xn—q

This is a consequence of the fact that the transformations one considers, are
birational (hence reversible) transformations.

All these factorizations and recurrences have been proved in [14], even for
arbitrary q.

Moreover, it has been shown that these recurrences yield algebraic ellip-
tic curves [16]. This can be shown relating them to biguadratic relations,
introducing the (homogeneous) variables ¢,:

_ JnSass 3.27
n = Jns1 fny2 (3.27)

Eq. (3.25) becomes the biquadratic relation:
(P—n —Gns1)Gn Gny1 + 1) = 1 (3.28)
where 4, p and u are constants of integrations 4.

4 Many examples of integrable mappings related to biquadratic elliptic curves have recently been
obtained by several authors [22-25].
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Let us also recall the finite order conditions for recurrence (3.25). Recalling
the biquadratic relation (3.28) and in particular the three parameters A, 4 and
p, recurrence (3.25) can be seen to yield finite order orbits, which can be
written as algebraic conditions bearing alternatively on the x,’s, or the g,’s, or
even on the three parameters 4, 4 and p. These algebraic conditions are given
in [14] for order four, five, six and seven. Let us, for instance, just recall here
the conditions of order six respectively in the variables g,, x, or 4, u and p:

2 2,2
~Xn Xn41 Xng2 = Xn Xng1 Xpyp2 + XnXp2Xnge1 — 1 + X2 + XnXpy2 = 0

(3.29)
or
By pR-3up+2u2 =0 (3.30)
or
—~GnGn+29n+3 — Gndres + Gnr1 9503 — da ns2 + G5 dnss
+qndns19n+3 =0 (3.31)

The relations between these various properties and structures (factoriza-
tion properties, existence of recurrences, integrability, ...) have been sketched
in [14]. The fact that products of a fixed number of f,’s occur in relation
(3.20) is related to the fact that products of a fixed number of f,’s also occur
in the factorizations (3.7), (3.8). The polynomial growth of these iterations
is, at first sight, in good agreement with a framework of products of fixed
number of polynomials 3. To some extend the integrability of the mappings,
or more precisely the occurrence of (algebraic) elliptic curves, for arbitrary g,
yield such polynomial growth of the iterations (see [17,26]).

Transformation K can be seen as a homogeneous transformation bearing on
q? entries of the ¢ x ¢ matrix. For small valuesof ¢ (¢ = 3,9 =4,9 =35, ...),
one can actually look at the images of the iteration of K and see that these
orbits yield curves [16]. For ¢ = 4 it is possible to show that these curves are
elliptic curves given as the intersections of fourteen quadrics in CP;5 [16]. These
quadrics can be obtained as “Pliicker-like” well-suited sums and differences of
2 x 2 minors of the 4 x 4 matrix [16], in a very similar way as it occurs in the
sixteen vertex model [6]. These elliptic curves have been seen to be closely
related to biquadratic relations [16] which is not surprising recalling [22-25].
This situation can probably be generalized to q x q matrices, the elliptic curve
in CPp_, being now the intersection of g2 — 2 algebraic expressions of higher
degree [16] ¢. The relation between these elliptic curves and the elliptic curves

5 However it will be shown in forthcoming publications that polynomial growth may occur even
with more involved factorizations [15].
§ Our proof of this statement for arbitrary ¢ is not complete at the present moment.
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associated with the recurrence on the f,’s or x,’s (see (3.20) and (3.25)) has
been analyzed in detail in [14].

Let us finally mention that, for a given initial matrix M, the successive
iterates of My under transformation K? move in a five-dimensional affine
projective space.

K*"(My) =al -My+al-P+a My+a} My+al Mg+ al M
(3.32)

K"+ (My) = b - My + b - P + b} - My + b} - Ms + b} - My + b - My
(3.33)

where matrix P is a fixed matrix, independent of the initial matrix My, of
entries P;; = ;1-d;2—Jdi»-J;,;. Considering the points in CP;_, associated to
the successive ¢ x ¢ matrices corresponding to the iteration of M, under trans-
formation K (instead of K2), one thus gets sets of points which belong to two
five dimensional affine subspace of CP,:_;, which depend on the initial matrix
M. Fig. 1 gives one orbit corresponding to the iteration of transformation K
for a 5 x 5 matrices, that is in a 24-dimensional space. One has apparently a
foliation of this 24-dimensional space in terms of elliptic curves.

4. The results for the five other classes

The analysis performed in Section 3.2 of the iteration of transformation K
for the transposition f;;_; representing class I can similarly be performed for
the five other classes.

4.1. Classes 11

For g = 4, the analysis of the iteration of the homogeneous transformation
K for the transpositions of class II yield exactly the same factorizations (and
therefore the same generating functions a(x), B(x), u(x) and v(x)) as for
class 1. However, the homogeneous polynomials f, (see Eqs. (3.7) and (3.8))
do not satisfy any simple recurrence like (3.20). In fact, it will be shown
in Section 5.2 that there actually exist recurrences on a finite set of variables
which enable, after elimination, to get algebraic relations between two variables
(namely x, and another one). One does not have simple recurrences like (3.25)
but still a quite (involved) algebraic relation on these variables. The orbits of
K yield, for g = 4, algebraic elliptic curves which can be seen as intersections
of fourteen “Pliicker-like quadrics” in CPy5 [16].
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138348

1383

-1.48199 036850
21= 0.1000 x2= 1.2000 x3= 0.3000 x4= 0.4000 x5= 0.5000 x6= 0.6000 x7= 0.7000 x8= 0,000 x9= 0.9000 x10= 0./000 /1= 0.2000 /2= 1.3000

Fig. 1. Projection of the iteration of K , for class I, in a 24-dimensional space associated to 5 x §
matrices.

For class 11, the factorizations corresponding to the iterations of transforma-
tion K detailed in Section 3.2 (see Egs. (3.1), (3.2), (3.3), (3.4), (3.5), ...)
for class I, are drastically different, when ¢ > 5, already after two iterations:

{fl = det(My) fo = det(My)/ £
M, = K(M)) M, = K(My)/f7*
fy = det(My)/(f2- £573) fa=det(M3)/ (7% 2 f777)

M; = K(M)/(fi- ;77%) My= KM/ (77 f- 779
fi= det(My) s = K(My)
f13 'fzq_z 'f32’ 4q—3’ f12'f24_3 - f - 4¢1—4’
£ det(AMs) M = K (Ms)

= fiq_S‘J{z3']r34_2'f;2‘qu_3’ flq_4'fzz'f3q_3'ﬁ1 ,fsq—4’
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£ = det (M)
flz,fzq—3 . f33 . Aq—Z‘fsz,j:Sq—T
M, K (M) 4.1)

A 2@—4.f32.ﬁ‘4—3.f5.f6f1—4
yielding the following factorizations for arbitrary »:
det(Mpn) = fog1- (ST KL S35 FLs)
s S S S (4.2)
where d, depends on the truncation, and
K(Mn) = Mn+1 ) (f;,q_4 ‘f;l—l . nq__z ' n2—3)

SUAIARY ST Al S RN (4.3)
where {(, =qg—-4 forn=1 (mod 4),{,=1forn =2 (mod4),{,=9-3
for n = 3 (mod 4) and {, = 2 for n = 0 (mod 4).

For factorization (4.3), one has periodically (with period four) the sequence
[(a-4)(1)(q-3)(2)] for the exponents of the f,’s of the “string-like” factor in
the right-hand side of (4.3), while for factorization (4.2), one has periodically
(again with period four) the sequence [(q-3)(2)(g-2)(3)] for the exponents
of the f,’s of the “string-like” factor in the right-hand side of relation (4.2).

One notes that the following factorization independent of q occurs, which is
actually different from relation (3.9):

K(Mn) _ Mn+l
det(M,) ~— ffr - fafosr
These factorizations (4.2) and (4.4) yield linear recurrences on the a;,’s and
Br’s:
an=Pns1 +(@=3)Bn+ 2B 1+ (@-2)Bn243Bn3+(q—-3)Bns
+2ﬂn—5+ (q_z)ﬂn—é'l' 3ﬁn—7+ +5nﬂ1 (45)

(4.4)

and

q (ﬂl + ﬁ2+ e 4 Bn+1) = ap+ Apqi (4.6)

From relation (4.5), one gets on the generating functions a(x) and f(x):

_ 2 _ 3 4
xa(x):ﬂ(x)-(1+(q 3)x+2x1+(21 2)x +3x) 4.7)
—X
and from relation (4.6):
22— (143 a0 - g (4.8)

The generating functions «a(x) and #(x) read:
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g(1+2x*+xg—3x +2x2+ x3g—2x3)

a(x) = -0 +x)-2x-2x7) ’
_gx(1+x?)
P = 15952 (4.9)

Again (see Egs. (3.10) ...) the right action of K on the f,’s and on matrices
M,’s factorizes fi and only fi:

Wk = fasr S and (M) = My - £ (4.10)

One deduces again, from factorizations (4.10), the linear recurrences (3.16)
and relations (3.17) on the generating functions. The generating functions
u(x) and v(x) read respectively:

x ((g—3)—x + (g—3) x?)
1-2x—-2x3 ’

x(q-4+x+(g-3)x*+2x3)

(I-x)(1+x)(1-2x-2x3)

ulx)

vix) = (4.11)
From Eqgs. (4.9) and (4.11), it is clear that one has an exponential growth
of exponents ay,, S, U, and v,. They grow like A" where A = 2.359304086 ...
is the largest root of 2 + 2z% — z3.
Let us underline that, for a given initial matrix M, the successive iterates of
M, under transformation K2 move, in a three-dimensional affine matrix space:

K" (My) = all My + a? P + af My + a}- M, (4.12)

K2 (My) = b8 -My + bl -P 4+ by -M;y + b} - M;s (4.13)
0 1 3

where matrix P is a fixed matrix representing the transposition of class II one
considers (here m,, — ms4), independent of the initial matrix My, of entries
Pij =0i1-0;2— i3 4.

Figs. 2a and 2b show (the projection of) two orbits corresponding to the
iteration of a transformation of class II for 5 x 5 matrices. For class II, though
one often gets curves (similar to Fig. 1), one sees, with Fig. 2b for instance,
that some orbits may lie on higher dimensional varieties 7.

Moreover, a careful look at Fig. 2b, shows the occurrence of a “small island”
in a quite uniform density of points. This situation is reminiscent of the
one encountered with the Henon-Heiles mappings or the “almost” integrable
mappings [16,27].

The drastically different behavior, one encounters, for ¢ = 4 and for ¢ > 4,
shows that the g-generalization of transformation K (we introduce in Sec-
tion 3.2) is certainly non-trivial.

7 This gives a strong indication that, when one gets curves, these curves are not algebraic.
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Fig. 2. (a) Projection of the iteration of K , for class I, in a 24-dimensional space associated to 5x 5
matrices. (b) Another orbit corresponding to the iteration of K, for class II, in a 24-dimensional
space.

4.2. Class 111

Remarkably, the analysis of the iteration of the homogeneous transformation
K for the transpositions of class III yield exactly the same factorizations for
arbitrary q (and therefore the same generating functions a(x), f(x), #(x) and
v(x)) as for class 1 (see Section 3.2). However, the homogeneous polynomials
fn (see Eqgs. (3.7) and (3.8)) do not satisfy any simple recurrence like (3.20).
In fact, it will be shown in Section 5.2 that there actually exist recurrences
on a finite set of variables which enable, after elimination, to get algebraic
relations between two variables (namely x, and another one), and finally on
a single variable. The elimination happens to be less involved than for class II.
Nevertheless one does not have simple recurrences like (3.25) but still a quite
(involved) algebraic relation on these variables.

Again, the orbits of K yield, for ¢ = 4, algebraic elliptic curves which can be
seen as intersections of fourteen “Pliicker-like quadrics” in CPys [16].

As for class I, the successive iterates of a given initial matrix Mj, under
transformation K2, move in a five-dimensional affine projective space:

K*™(My)=al -My + a}-P + a}- M, + a}- M,
+af - Mg+ al - My (4.14)
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Fig. 3. (a) Iteration of K , for class 11, for 5 x 5 matrices. (b) Another orbit corresponding to the
iteration of K, for class III, for 5 x 5 matrices.

K2" Y (Mp) = b - My + b} -P + by -M; + b} Ms
+b} - M7 + b§ - My (4.15)

where matrix P is a fixed matrix representing the transposition of class III one
considers.

Figs. 3a and 3b show (the projection of) two orbits corresponding to the
iteration of a transformation of class III for 5 x 5 matrices.

Very often the iteration of a transformation of class Il for 5 x 5 matrices
yields curves similar to Fig. 1. Fig. 3b however looks like a set of curves lying on
a surface. This seems to rule out, for class III, a foliation of the 24-dimensional
parameter space in curves, but it does not rule out the fact that these orbits
could be algebraic surfaces or “nice” higher dimensional algebraic varieties,
like abelian varieties (which is suggested by the polynomial growth).

The occurrence of integrable recurrences, independent of ¢, on the f,’s
associated with algebraic elliptic curves probably explains the better regularity
of mappings of class I, compared to mappings of class III.

4.3. Class IV
The factorizations corresponding to the iterations of transformation K de-

tailed in Section 3.2 (see Eqgs. (3.1), (3.2), (3.3), (3.4), (3.5), ...) for class I
(and also, for classes II and III), now read for class IV:



178 S. Boukraa et al. | Physica A 209 (1994) 162-222
fi = det(My) [ fo = det(M;)/ £
{Ml = K (Mp) M, = K(My)/ 573
fi=detM) /(i £ fa= detM3)/(f570 - f570)

M; = K(My)/f7~ My = K(M3)/(fF72 f172)
fi = det(My) s = _K%,
flz,fzq—l fy- 4q—2’ fi _f2¢1—2,f;‘q—3
fi = det (Ms) M- K (Ms)
flq—Z_fZZ.f;l—l -f4-f54_2 flq—3 - h ,f311—2 _f511—3’
/ det (Mp) _ K (Ms)

fzq_3 . f3 . j;q—2_ 6q—3
(4.16)

T a2 2 el T

yielding the following factorizations for arbitrary n:

det(My) = fusr - (fI72 fuoi - S5 f23)
'(f;zq——42'ﬁl—5'fnq—_61'f;12—7)"'f16n (4.17)

where J, depends on the truncation, and

K(My) = Myyy- (£33 £9F7 fus) - (£ £32 fuot)
LI fen) e S (4.18)

where {, =¢—-3 forn=1(mod4),{,=0forn =2 (mod 4),{,=qg-2
forn = 3 (mod 4) and {,, = 1 for n = 0 (mod 4).

For factorization (4.18), one has periodically (with period four) the sequence
[(g —3)(0)(g — 2)(1)] for the exponents of the f,’s of the “string-like”
factor in the right-hand side of (4.18), while for factorization (4.17), one has
periodically (again with period four) the sequence [(g —2)(1)(g—1)(2)] for
the exponents of the f;,’s of the “string-like” factor in the right-hand side of
(4.17). ‘

One notes that the following factorization independent of q occurs, which is
different from relation (3.9), but actually identifies with relation (4.4):

K(M,) M1
det(M,) ~— fifr - fufus

These factorizations (4.17) and (4.19) yield linear recurrences on the «,’s
and B,’s:

(4.19)
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an=Pus1+(@=2)Bn+ Bn1+(@—-1) Br2+2Bn3+(q@—-2) Bns
+Bn-s+(q—1)Bns+2fn7+ -+, P1 (4.20)

and

qBr+ B2+ + Bns) = an+ apy (4.21)

From relation (4.20), one gets on the generating functions a(x) and f(x):

_ @-2)x+x2+(g—1)x3+2x*
xalx) = B(x)- (1 + — ) (4.22)
and from relation (4.21) one recovers relation (4.8):
9B) _ (14 x)ax)—q (4.23)
(1-x)
The generating functions «(x) and £(x) read:
g1+ x* 4+ xg-2x + x* + xX3q -~ x?) _gx (14 x%)
a(x) = o0+ nd-x-0) = PW=T9-5=%
(4.24)

Again (see Egs. (3.10), (4.10) ...) the right action of K on the f,’s and on
matrices M,’s factorizes f| and only f:

(k= fopr - ff"  and  (Mp)gk = Myyy- f" (4.25)

One deduces again, from factorizations (4.25), the linear recurrences (3.16)
and the relations (3.17) on the generating functions. The generating functions
u(x) and v (x) read respectively:

x((@-2) (1 +x%) - x)
1l —x—-x3
x(q—3+ (q—2)x2+x3)
(1-x) (1 +x)(1—-x-x3)

u(x)

2

v(x)

Il

(4.26)

From Eqs. (4.24) and (4.26), it is clear that one has an exponential growth
of exponents «,, B, i, and v,. They grow like A" where 4 = 1.465571226 ...
is the largest root of z3 — z2 — 1. One remarks that some homogeneous poly-
nomials, similar to the numerators, or denominators appearing in recurrences
like (3.20), do satisfy some additional factorization properties:

(fa—hh), (s—1fs), (fs—ff), (= fafs), (fs—f5/7)
Nfs=fafs), (Lfs—f5fs), (Lfi—ffsh), (Lafs— fifef2), -
(Hafshofia — fafsiafiz), - (4.27)
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The polynomials f, for class IV not only satisfy this additional factorization
but actually satisfy, for arbitrary q, exact relations where the new polynomials
(4.27) play a key role:

(—fs+66)H+A )+ UN-fh)(fa+ i) =0,
£ (=fis+ fiz i) (Vfa S fiz + £ J6 fro fi1)
+ N1 fs fo (f2 Js fro ia = fa S fi3 f12) (=fiz + fio fiz) = O

In fact, the f,’s do not satisfy simple recurrences like (3.20), but “pseudo-
recurrences”, where products from f, to f, occur. One of these “pseudo-
recurrences” can be written as follows:

(Jn+2 = Joo1Sas1)  Ja—6 Jno10 Su—14 -
(fn ~ fa=3Sa1) Jn—a foeg Jr-12 -+
_ i faos faog o) = Unit o3 Soo1 --2) (4.28)
a2 (a3 fomr foet1 7)) = (ot Jaes fa—g --2) |

The polynomials occurring in the numerator and the denominator of the
“pseudo-recurrence” (4.28) suggests the following recurrence on the f,’s:

Briz—Bn—Bni2=0 (4.29)

This recurrence would have suggested, since the beginning, a 1 —x —x3 =0
singularity (see relations (4.24) and (4.26)).

Though, one does not have recurrences on the f,’s but pseudo-recurrences
such as (4.28), the previous variables x, (see (3.24)), which can always be
defined, remarkably satisfy very simple recurrences (see the demonstration in
Section 5.2). As for class I, the recurrences on the x,’s are independent of q:
this independence will be understood in Section 5.2. One of these recurrences
reads:

X -1 X -1
n+3 = —ntl Xn Xn43 (4.30)
Xn42 Xnga— 1 Xn Xp42 — 1

Studying the iteration of K in the g2 — 1-dimensional space CPp_,, one
can show that these orbits actually belong to remarkable two dimensional
subvarieties (given by intersection of quadrics in CP;s [16]), namely planes
(see Section 5.2.3 in the following and see also [16]). Inside these planes,
which depend on the initial point in the g2 — 1-dimensional space (that is
the initial matrix), the orbits look like curves for many of the trajectories
(see [161).
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4.4. Class V

The factorizations corresponding to the iterations of transformation K read
for class V:

{fl = det(Mp) fo = det(My)/f23
M, = K(My) My = K(M)/ 7
fi=detM)/(fi- f772) fa = det(Ms)/(f371 fo- 1373

My = K(My)/(ff~%) My = K(M3)/(fF2 f779)
The factorizations are now stabilized, yielding for arbitrary #n:
det(My,2) = nq~1 o f;,q_,,—; “Snss (4.31)
K(Myyy) = f572 05 Myys (4.32)

One notes that again, as well as for classes 1 and III (see Eq. (3.9)), the
following factorizations, independent of q, occur:

K(M,,2) M, 3
— 4.33
det(M, ,») InfosiSns2fnss ( )

Factorizations (4.31) and (4.32) yield linear recurrences on the a,’s and

Br’s:
ant2 = (@=1) B+ Bny1+ (@ =3) Buy2+ Brys (4.34)

(@—1Doaniy = any3+9(@q—-2) B+ q(q—4) Bay2 (4.35)

The two generating functions a(x) and S(x) read:

g1+ @-Nx+x2+(@-1x3)
(I 4+ x)(1 -3x + x2-x3)

_ ax
Blx) = 1+ x)(1-3x+x2—x3) (4.36)

a(x) =

b

Remarkably, similarly to what happened for classes I, II, III and IV , the
right-action of K on the f;’s, or the M,’s, factorizes f; and only fi: the
factorizations (3.10), (3.11), the linear relations (3.16) on the exponents o,
B, ttn and v, as well as the linear relations (3.17) on the generating functions,
are still valid for class V. The two generating functions ux(x) and v (x) read:

x ((g-3)—-2x-x3)
(I +x)(1-3x+x2—x3)

ulx) =
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x(g—-4+ (g-2)x%)
(1 4+x)(1=3x +x2-x3)

vix) = (4.37)
One notes that the roots of the denominator of a(x), B(x), u(x) and v(x)
are not on the unit circle. Thus one has an exponential growth of the complexity
of the calculation since the degree of all the polynomials one deals with (that
is the exponents ay, Bn, iy and v,) grow exponentially with n, like A" with
A = 2.769292354 ... 8. For instance, expanding B (x), one gets:

B(x)=gx +2gx%+6qgx3+ 16gx* + 45gx° + 124qx® + 344 gx’
+952gx% +2637gx° + - -

On this example, one sees that it is possible to have factorizations involving
products of a fixed number of polynomials f, and, in the same time, an
exponential growth of the calculations of the iterations.

Again, one can study the iteration of K seen as a birational transformation
in CPp_;. These orbits look like curves in some domain of CPp_; [16]. For
q = 4, these orbits can be seen to lic on a subvariety which is the intersection
of twelve Pliicker-like quadrics in CP;s and, more generally, at most, g2 — 4
algebraic expressions for ¢ x ¢ matrices [16].

4.5. Class VI

For class VI, the factorizations corresponding to the iterations of the homo-
geneous transformation K read as follows:

{fl = det(My) [y = det(M,) /£
M, = K(My) M, = K(ful)/flq~3
fr=detM) /(i £ fa= det)/ (772 f 572

My = K(My)/ (%) M, = K(M3)/(f; f3)973
_ det(My) _ K(M,)
N R VW AT,
fi= det(Ms) K (Ms)

ﬁq—Z.sz.jf}q—Z.ﬁ.fsq—Z’ Ms = A fs f5)e-3 7

yielding the following “string-like” factorizations for arbitrary n:

8 This value of A is the largest root of P(z) = —1 + z — 3z% + z3 (let us note the change
x—1/z).
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K(My) = Muyy- (fu- facz fama- facs S5, ) (4.38)
where &, = 1 for n odd and &, = 2 for n even.
det(My) = fog1 - SE72 oot S5 foos S350 S (4.39)

where {, = 1 for n even and ¢, = g — 2 for n odd °.

Egs. (4.38) and (4.39) yield the following simple “string-like” relation
independent of g, which amazingly happens to be the same relation as for
class IV (see Eq. (4.19)) and the same relation as for class II for ¢ > 5 (see
factorization (4.4)):

K (Mn) M, n+1l

dt M) = b JaFor (4.40)
In fact, one notices the occurrence of “string-like” factorization relations (like
(4.39) or (4.40)), instead of factorizations with a fixed number of polynomials
( see relations (3.10), (3.11), or (3.8)), for the two classes IV and VI, for
which the transposition permutes entries belonging to the same column or to
the same row, but also for class II (for ¢ > §), the transposition of which
involving two rows and two columns.

Egs. (4.39) and (4.40) also yield the following linear recurrences on the
ay’s and B,’s:

an = PBay1+ (@ —2) Bn+ Bnoi
+(q_2)ﬂn—2+ﬁn—3+(q_z)ﬂn——4+"'+Cnﬂl (441)

and
gBi+ B2+ -+ Brns1) = ant anyl (4.42)

Introducing the “odd” and “even” generating functions a,gq(X), even(X)
and Bogq(x), Beven(x):

Qodd(X) = oy x +asx3+asx®+ .-,

Qeven(X) = a0+a2x2+a4x4+...

and similarly:

Bodd(x) = B1X+ﬁ3x3+ﬂ5_x5+...’
Beven(x) = ﬂo+ﬂ2x2+ﬂ4x4+...

One deduces from (4.41) the following relations on the partial generating
functions Qeven (X) and Qodd (X), ﬂeven (x) and ﬂodd(x):

9 Note that one has no factorization for ¢ = 3 for K (Mp).
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Qeven (X) =

1
e (@=2) eren() + Pt ) (4.43)

(€= Boaatx) + Loy (4.44)

Qodd (X) = 7—

yielding on the generating functions a(X) = aeyen(X) + @pgqs(x) and f(x) =
ﬂe‘ven (x) + ﬁodd(x):

1 (x)
o) = 12 ((@-2) poo + 22 (4.45)
One also recovers (4.8) or (4.23) from relation (4.42):
gB8(x) _ ' 3
1-x) = (1 +x) alx)—g (4.46)

Then, the generating functions a(x) and f(x) read:

gx (1 —x)
1-2x

= Grnd-zx)y P =

(4.47)

Similarly to what happened for all the other classes, the right-action of K
on the f,’s, or the M,’s, factorizes f; and only fi: the factorizations (3.10),
(3.11), the linear relations on the exponents «y, B,, i, and v, (3.16) as well
as the linear relations on the generating functions (3.17) are still valid for class
VI. In particular one still has the two functional relations:

((g-=1Dx-1)-p(x)
((g—Dx—-1) alx)

gx ul(x)—qx,
@?xvix)—gq (4.48)

yielding the following expressions for ¢#(x) and v (x):

(g-2-(¢g-Dx)x Vix) = (g-3)x

1-2x ’ T (l+x)(1-2x) (4.49)

ulx) =

Since z = 1/x = 2 is the only root of all these generating functions which
is not on the unit circle ay,, B,, u» and v, clearly grow exponentially like 2".
For instance f(x) reads:

B(x) =qx (1 + Z 2”x"+1> (4.50)

n=0

Let us also note, for example, that u,,; = 2 u, (for n > 2). The fact
that “string-like” factorizations occur is, at first sight, not compatible with
the existence of simple recurrences on the f,’s like (3.20) where products
of a fixed number of f,’s occur. Actually, we have not been able to find
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any simple recurrences on the f,’s!0. One should however note the following
point: expressions, similar to the numerators or denominators appearing in
recurrences like (3.20), do satisfy some nice additional factorization properties,
which enable to introduce new polynomials f,,“), f,,m, f,,(”, AN

== = s-Dh Y= - DI A,
V= (-1 AR, Y= k- SER AW,

L2 = (- fufd), L2 = - HIADIN

B =-6DINR), L2 = h-AUE LA,

= -1 £ = -1 R,

L = (=IO R B A,

= h=-1H1Ah, - (4.51)

Moreover, there does exist other additional factorizations. For example the
following polynomials do factorize but their factors are not the polynomials f;,
and not even the new polynomials (4.51):

2 = hafa-f21), P = (Bl - 1205,

O = (fafs — FRALS),

= a-n1hh), O =~ Ak,

L8 = (fe- Liffifafs), - (4.52)

However, though the situation seems very similar to the one encountered for
class IV (see Eqgs. (4.27)), we have not been able to find pseudo recurrences
like (4.28), neither recurrences on the Xx,’s. These factorizations (4.51) and
(4.52) suggest the following linear recurrences on the 8,’s only valid for n > 2:

ﬂn+1“2ﬂn = 0, ﬂn+2—ﬂn+1_2ﬂn= 0 (4-53)

ﬂn+l = ﬂl+ﬂ2+"'+ﬁn (4-54)
For n = 1 one has 8, = f> = ¢ which is not in agreement with (4.53).
From relation (4.54), one gets:

poy = LB gy (4.55)

which is satisfied by the exact expression of f(x), namely Eq. (4.47).

100ne may also think, at first sight, that such unpleasant “string-like” factorizations rule out
any possible polynomial growth and automatically yield exponential growth: in fact this is not
true [15].
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Many more compatibilities between linear recurrences on the exponents
and factorizations (4.38), (4.39), (4.40) or “additional” factorizations (4.51)
and (4.52) can be verified. In particular, despite the fact that the iteration
corresponding to class VI seems to be involved, it is nevertheless possible to
associate to these iterations recurrences bearing on a fixed number of variables
including the variable x, (see Section 5.2 in the following).

Again, one can study the iteration of K seen as a birational transformation in
CPp._;. For g = 4 these orbits look like curves in some domain of CPys [16].
In fact, these orbits can be seen to belong to a three-dimensional subvariety
which is the intersection of only twelve Pliicker-like quadrics in CP;5 and more
generally the intersection of, at most, g — 4 algebraic expressions in CPp_,
for ¢ x g matrices [16].

5. Demonstration

Let us prove here all the results given previously, in particular the factoriza-
tion results and the existence of recurrences on a fixed number of variables and
sometimes, on a single variable.

Let ¢ denote the transposition exchanging m;,;, and m; ;. Let P be a fixed
matrix associated to ¢, for which all entries are equal to zero, except the two
entries which are permuted by ¢:

Py, =1, Py, =-1 (5.1)

2J2
4o will denote the difference between the two entries m;,;, and m;
do = miyj, —mi, (5.2)

4, denotes the difference between the two entries K (Rg);), and K(Ry)ij,»
and generally 4, denotes the difference between the two entries K" (R,),;, and
K"(Ry)i,j,- With these notations transposition ¢ reads on a generic matrix Ry:

{(Ry) = Ry + 4o P (5.3)

Replacing in (5.3) matrix R, by matrix T (R;), the inhomogeneous trans-
formation K, can also be seen as a “deformation” of the matricial inverse
I:

K(R,) = T(R;) —4,-P (5.4)
Noticing that:

A9(I(Ry)) = —4p(K(Ry)) = —4, (5.5)
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Let us introduce matrix U = R, - K (R,), which is, by construction, close from
the identity matrix. We will first assume that j; # j» (and of course i} # i,
Il ):

U=7Td,—4R;-P =

(1 0 ---0 _Almlil o....-- 0 Almliz 0...... 07
01 .0 -4, my;, 0--- - 0 4 myj, 0. - 0
0---01 _Alm(j.—l)il 0....-- 0 Alm(jl—l)iz 0.-- .- 0
0.-.... 0 l_Almjlil ... .- 0 Almjliz 0-..... 0
... ... O_Alm(j1+1)i| 10 ---0 Alm(j1+1)i2 0... ... 0
0. 0 —dimgiy2);, 0 1 7 0 dymgjypapiy 0o - 0
... ... 0 _Alm(jz—l)il 00 ---1 Alm(jz—l)iz o...... 0
0o... ... 0 __Al My, 0...... 01 + 4 My, 0.-..... 0
0... ... 0 -4 M, + )iy Q... --- 0 Alm(j2+1)i2 10 ---0
0.----- 0 —Al M, +2)i 0----- 0 A1H1(j2+2),'2 01 .0
_() ...... 0 -4, Myi, 0.-...- 0 Almqiz 00 . 1_

(5.6)

This expression of U gives, at once, the determinant:

det(U) = xo = (1 =4y mj,;,) (1 + dymy,i,) + A3mj i, myy,
=1+ (mjziz - mjlil)Al + (mjliz Mij,i, — My rn.fziz)Al2
=1+ Tod; + Ny d? (5.7)

where No = (mj;, mj,i, — mj; mj,;,) (that is the 2 x 2 minor corresponding
to rows j; and j; and columns {; and i, of matrix R;) and Ty = m;,;, — m;,;,
(T, corresponds to the difference of the two entries exchanged by ¢ for the
transposed matrix). One is now able to easily calculate the second step of the
iteration:

K*(R;) = t(I(K(Ry))) = t(I(U).R,) (5.8)

where T(U) also differs from the identity matrix by the two columns j; and
Jj2. Each entry of these columns is the ratio by xy of a polynomial quadratic
in 4;. Let us calculate explicitly T(U) as a polynomial in 4;. From relation
(5.6) one directly gets:

UIf i| = i, one can choose another element of the same class, which satisfies j; = jj.
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1wy =Y 4R, -P)" (5.9)

n=0

Matrix (R, - P) being of a quite simple form, it is easy to calculate its minimal
polynomial which reads:

x - (x2 4+ Tox + Ny) (5.10)

One can thus obtain the expression of the matrices (R4 - P)” in terms of (R, -
P)2, of (R, - P) and of the identity matrix. After straightforward calculations
one gets:

f(U) = TId + ﬂl_';TTo.ﬂ

A2
“(Rg-P) + = (R, - P)? (5.11)
Xg

Let us now revisit these equations when j; = j, = j (or equivalently
I} = Iy), that is for classes IV and VI. In this j, = j, = j case, U reads:

(10 -0 4y (my, —my;,) 0. --. 0]
01 .0 Al (I?’I2,'2—mZil) 0...... 0
0 0 1 4y (Mj_tyiy—MG-1yi,) O - - 0
U=10----... 0 1+Al(mji2“mji1) ... ... 0
0 - 04y (mpny—misni) 1 0 -0
0 04y (mp2yp, —M42;,) 0 1 . 0
LO ...... 0 4y (mgi, — mgi,) 00 ---1]

This expression of U gives at once the determinant:

det(U) = xo =1+ 4; (mji, — mji,)
=14+ ToA4 (5.12)

where Ty = mji;, —mj;, (T still correspond to the difference of the two entries
exchanged by ¢ for the transposed matrix). Eq. (5.11) becomes:

W) = 1d + i—;-(Rq.P) (5.13)

Relation (5.8) is still valid and enables to calculate the second step of the
iteration.

Let us now give a proof of the factorization properties for the various classes
defined in Sections 3.2 and 4.
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5.1. Demonstration of the factorizations

The demonstration of the factorizations has been done for class I in [14]:
we will here just recall (and generalize to all the other classes) the main steps.

Factorization properties are obviously associated with the homogeneous ma-
trices K”(R,) (instead of matrices K "(R,), which do not have polynomial
entries):

K(R;) = det(R;) - K(R,)
K being a homogeneous transformation of degree ¢ — 1, one obtains:
K%(R;) = xp det(R;)?2-K?*(R,) (5.14)

Let us first study classes I, II, IIl and V for which j; # j, and i} # i>.
Egs. (5.8) and (5.11) give the form for xo K2(R,). One remarks that its
entries are polynomials in the entries of the matrix R, and quadratic in 4,.
The definition of 4, straightforwardly shows that its denominator is det(R,).
Thus matrix K2(R,) reads:

M,

Xo - det(R,)? (5.15)

K*(R;) =

where M, is a matrix with polynomial entries. Eq. (5.14) thus proves the first
step of the factorization:

K2(R;) = det(R,)?™*. M, (5.16)
A similar demonstration can be performed on det(K (R;)) and yields:
det(K(Rq)) = Xo-det(R,)?! (5.17)

The expression of xp, namely (5.7), is also quadratic in 4,. One thus has the
following factorization:

det(K (R;)) = det(R,)43 - f, (5.18)

As far as classes IV and VI are concerned, Sor which j, = j, or iy = iy, xg, as
well as the entries of matrix xp KZ(Rq), given by Eqgs. (5.8) and (5.13), are
polynomials in the entries of the matrix R, and linear in A;. Matrix K?(R,)
reads:

M,

., B
K (Ry) = Xo - det(R,)

(5.19)

where M; has polynomial entries. Eq. (5.14) thus proves the first step of the
factorization:
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K*(R;) = det(R,)473 - M, (5.20)
From relation (5.17) one also gets:

det(K(Ry)) = det(R,)¥ 2. f (5.21)

Notice that factorization (5.16) is only valid for ¢ > 3, and (5.18) for g > 2,
while (5.20) is valid for ¢ > 2, and (5.21) for ¢ > 1.

Considering successively the explicit expressions of K"(R,;) and of their
determinants, one notices that there are further factorizations (see for instance
Eq. (3.8)), that could be obtained the same way. However these further
factorizations depend on the class one considers. We will thus just assume
these factorizations (however the first steps of the factorizations have been
strictly obtained by formal computer calculations and their general form has
been proved recursively in [14]). Their generic form reads:

f(K) =/ fae (5.22)

det(M,) = fi" .fz”"vl . 3“"—2... TR AL (5.23)

(Mn), =1 Mo (5.24)

K(My) =My fi S 02 e S (5.25)
with the following relations between the different exponents:

Vpy1 = (g—Duvp + Uny1 — (ulﬂn + usfhy—y + -+ Up Yy) (5.26)

Hntl = Unpi +qun— (Un by + Uyt 2+ - + Ur V1) (5.27)

Moreover, it can be shown that (5.25), the factorization relation on K (M,),
necessarily yields relation (5.23), the factorization of the determinant (and
also the inequalities v, > 1 + u, when u, # 0). The left factorizations, (5.23)

and (5.25), and the right factorizations, (5.22) and (5.24), are equivalent
when assuming (5.26) and (5.27). The proof is given in {14].

5.2. Demonstration of the recurrences

Let us briefly sketch the demonstration of the existence of recurrences
independent of q (like recurrences (3.25) or (4.30)), on a finite set of variables
including variable x, (Eq. (3.25)).

Such a demonstration has already been performed for class I in [14].
Therefore one will not recall this demonstration but one will only sketch
the demonstration for the other classes.

5.2.1. Demonstration of the recurrences for class 1I
In order to represent class II, let us take the transposition ¢ exchanging m;
and m3q4. Definition (5.2) now reads:
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4o = [Rgl34— [Rgl12 = m3q — myy, relation (5.1) becomes:

0100 ...
000 0 ...

P = ggg—ol (5.28)
and 4, reads:

4 = [K(R) 34— [KR) 12 = [T(RY) 112~ [T(Ry) 134 (5.29)
Here matrix U = R, K (R;) reads:

Fl —A1m11 0 A1m13 0 0.
0 l—Alm21 0 Alm23 00.
0 —Al msy 1 Al ms3 00.
U 0 "Al myy 01+ Al Ma3 00.
B : —Al msy Al Ms3 1 0.
: : 01

L -

This transposition involving two columns (and two rows), the determinant
Xxo of matrix U is given by relation (5.7), as a quadratic expression of 4;:

det(U) = x0 = 1 + Tody + No4d? (5.30)

where Ng = (myy mp3 — ma3my) and Ty = mg3 — myy.
Relation (5.11) yields: .

xo-T(U) =
[ X0 41 (4ymyymy3 + my — Ay mgymy3) O
1+ 4ymy3
0 4y (4 m3;my3 + m3 — 4y m3zmy;) Xo
0 4y my
4y ms,
=4y (dymy my3 — A mizmy +my3) 0 0 7
—Alm23 0 0 ...
Al (A1m33m21—m33—A1m23m31) 0 0 ...
I—Al maq 0 0
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Matrix I?Z(Rq) is obtained from relation (5.8). Its explicit form is quite
involved, and will not be given here.

We will just concentrate on a fixed finite number of variables, enabling to
understand the evolution of Ty, Ny and 4, the action of K2 preserving this
set of variables. Namely K2 transforms the following variables as follows:

my — 4y Ny
X0 ’
N3
m23 -
X0
My
my — ——,
Xo

my3 + 4, Ny

}'n43 — '—-‘—xo—— (5.32)

np —

From (5.32) one gets the equations:

7, < Do+ 241Ny
Xo

N, = N0~41N0(m212—m43) + 43 N2 _ Ny (1 +A17;0+A12N0) _ N

X0 Xy Xo

(5.33)

Let us introduce the two variables:

2 2 2 <2>

Fo = my ms3”~ + maz my;~ — mys mgy~ — ma M, (5.34)
2> <2> <2> <2>

Go = my mY” + Mag M33y7 — May MY~ — Moy M5, (5.35)

where mfjb denotes the entries of matrix K2(R,). These two variables happen
to be equal. As a consequence of this remarkable equality, A4, satisfies the
following relation:

Ay + 4o
4,

Fy+ Gy

(5.36)

One thus has to calculate the action of K2 on many new entries m,g
occurring in the right-hand side of (5.34) and (5.35). Remarkably this action
is the same on all these m, g’s, namely:

My, 4, PP
Moy — my = T +x0‘ 0 (5.37)

where the Po(“’ﬂ )>s are 2 x 2 minors, which, remarkably, also transform similarly
under K2
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(a,$)
PO

Po(a,ﬁ) - Pz(a’ﬂ) — (538)
X0
yielding:
4, + 4 4
X2'm:jg> _ m:ff __1_A_1_3 — Map )_Co~%1-1- (5.39)

From relation (5.39) one can get the action of K2 on (Fo + Go)/2:

F+G  HE+G _ 4+d, 4 Fo+Go (5.40)
2 2 T T4 T xoxad, 2 :
where Ey = my My + M33 Myq — My3 Mgy — ms) Maa, the other E,’s being
deduced from E; by the successive right-action of K2.
Recalling Eqgs. (5.36) one gets:
(Ayi2 + dnia) + Api3 dn + 4n42) _ (Eny2(dnpr + 4n43)) -0
An i3 A2\ Xn Xnia Xn42dn41
(5.41)

One also needs the right-action of K2 on Ey. It can be deduced from relation
(5.39):

(An+2 + An+4) (An+1 + An+3)

Xny2Enya— Aot dnes
n n
Any3 4n13 En _ (Apy1 + Api3)(dn + Apys) -0
Ans1 Xn Xngp2 \ dns1 Xn A3+1

(5.42)

Eqgs. (5.41) and (5.42) enable to eliminate the E,’s. Introducing the well-suited
variables J, = 4,,,/4, one gets:

XnyaXnye (1 + Opys) 53.,.5 (Onya + 1)
1+ 5n+5 5n+4 (1 + 5n+5)
_5n+5 (1 +3,43) (Onsa + 1)
5n+4
_ 5n3+35n+5 (1 4+ ,42)
On420n44 Xnt2Xnpa (1 4 0nyy)
B 53+35,,+5 53+1 0y + 1)
On On42 On 44 Xn X,%+2xn+4 (1 4 0p41)
53+36n+5 (1 + 5n+3) 1+ 6n+2)
+ =
5n+2 Ont+4Xni2 Xnia

0 (5.43)
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Finally, coming back to Egs. (5.30) and (5.33), one can eliminate the T,’s
and N,’s, and get, with the same variables d,’s, another relation between the
Xn’s and the §,’s:

((xn+4— 1) (Xng2-— 1)) (1 4+ 0p41) (1 + 0py3)

On+3 Xn+2 Xn+2
g2 = 1) Cea—1)
X ( F x, (5.44)

One can in principle eliminate x, between (5.43) and (5.44): it yields
“huge” calculations. In contrast the elimination of §, seems out of range.

Let us just note that, though such a system of recurrences is quite involved,
one can however get some finite order conditions for these recurrences of class
II, namely the orbits of order three and four:

- order three:

x,,x,,+1x,,+2—1 = 0, or 1 +§n+1 +5n6n+1 =0 (5.45)
- order four:
Xn .Xn+2“ 1 = 0 3 or 5,; 6"-}—2 + 1 = 0 (5.46)

5.2.2. Demonstration of the recurrences for class 111

One will just sketch here briefly the demonstration of the recurrences for
class III. Let us represent class III, with transposition ¢ exchanging m;, and
m3;. Then (5.2) reads: 4y = [Rg]31 — [Ry]12 = m3; — myz, and matrix P
defined by (5.1) becomes:

0100...
0 000...
p=|-1000... (5.47)
0 000...
4; reads:
4 = [K(R) 131 - [K(R) 12 = [T(R) 12— [T(Rg) 131 (5.48)

Here matrix U = R, ‘R (R;) has a simple form similar to (5.30). The
determinant xg of matrix U is again given by Eq. (5.7), namely:

det(U) = xo = 1 + Tydy + Ny 4} (5.49)

with Ny = (my my3 — my3my) and Ty = mll—/\mu.
Thus one can calculate the explicit form of (K (Ry)):
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xo- T(K(Rg)) =

my, myy + 4y (myy myy — mpymyy)

myy — 4 No myy + 4y (my3myy — my; my3)

myy + 4y (m3y my3 — myz3myy) w
my + 4 Ny
mss
ms3 + Ay (m3 nyy — my3myy) ... (5.50)

where
w = myyxg + 41 [ma (my + 4 (m3ymy3 —mazmyy))
—-myz (m33 + 4, (m3; my3 — my3my;)) ]

Matrix K2 (Ry) is obtained permuting entries 71, and m3; in relation (5.50).
This yields the following expression for 4,:

4y = =4y + 41 (myy my — myymyy + mzzmy — m3; ,Mi3) (5.51)
X0
Let us denote P, the expression appearing in the right-hand side of 45:
P() =

myy Moy — My My + M3z My — M3y M3

(5.52)
Similarly Ny, Tp and P, transform, under K2, as follows:
T, - T, = —————T°+2A1N°,
X0
No

NO - N2 = %5

Py
PO - P2 = ———Az T2 (553)

X0

Since these results have been calculated on a generic matrix R,, they can be
applied successively on each matrix K" (R;) and thus all the equations given
above are actually recurrence relations. The expressions of K (Rg) and K? (Ry)
again allow us to prove the recurrence on x,’s and 4,’s

Introducing the well-suited variable J,:

_ An+2
6], - An

(5.54)

and eliminating N,’s, T,,’s and P,’s, one gets the following relations on the x,’s
and J,’s:

XnXn42Xnt+4 + XnXny2Xnyd 6n+1 —Xn42Xn — Xn Xp42 Ony1
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~XnOn43Xn42 = 2Xn0ny3Xn120n41 + XnOny3 + 2X, On+3 Ont1

_53+3§n+1 Xn Xp42 + 53+35n+1 Xn + Ony3 53+1Xn

+07 3004 1Xn = Ons305, —OF 300, = 0 (5.55)
and

5n+1 (5n+1 On + 5n+l + 1)
On (Ont20n41 + 5n+2 +1)

In order to write down this last equation in a more handable way, let us
introduce a new variable R,:

_ I+ 5n+1 + 5n+1

(5.56)

XnXpy2 =

R 5.57
n an ( )
With these new variables R,, Eq. (5.56) read:
R,
XnXpya = 5.58
n +2 Rn+l ( )

From this last equation one can get x,,» in terms of x,, as well as X, 4
in terms of x,,, (and therefore of x,). Let us use, in Eq. (5.55), these
expressions of x, ., and x,,4. Remarkably one obtains x, as a function of the
J,’s. This expression of x, takes a very simple form when introducing some
new variables Q:

— 14 0ps1 + Ony10n43 + OnOnst + 0n0ny10n43 + On0ns164420043

Qn §n5n+1
(5.59)
X, reads:
Rn+3 Qn
X, = —ntdx=n (5.60)
" Ryy1 Qi
One straightforwardly obtains x, ., shifting » by two in Eq. (5.60):
Rn+5 Qn+2
X = e =T 5.61
"2 7 Rur3Onis (3.61)
One can now get the product x, x,,, from (5.60) and (5.61):
Xn Xpp2 = Rn+5 Qn Qn+2 (5.62)

Rn+l Qn+l Qn+3

The two equations (5.58) and (5.62) yield an algebraic relation between the
d,’s, namely between J,, dy 41, --.,0n16:

Qn+1 Qn+3 Rn - Qn Qn+2 Rn+5 =0 (5~63)

This relation can be written in terms of an invariant expression, yielding a
first integration:
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Onii Ons3 — On Qn+2 = A
Rn+1Rn+2Rn+3Rn+4Rn+5 Ran+1Rn+2Rn+3Rn+4

Similarly to what has been recalled in Section 3.2, the first finite order
conditions for the recurrences of class III happen to be simple relations when
written in terms of these new variables R, and Q,. These finite order conditions
read respectively for order three, four, five, six and eight:

(5.64)

Ryn=0, Rp=1 0On=1 Qn=Ry; and Q=0 (5.65)

5.2.3. Demonstration of the recurrences for class IV

Transposition ¢ for class IV permutes two entries of the same column (or
of the same row). Let us, for instance, represent class IV by transposition ¢
which exchanges m;, and n3;.

One has 4y = [R;]32 — [R4]12 = m3; — my,, and matrix P reads:

0100...
0000...

p=|0-100... (5.66)
000O00...
4y (Ry) still denotes 4y(K (Ry)):
4 = [K(R)132- [K(R) 12 = [T(R) 12— [T(Ry) 32 (5.67)
Recalling relation (5.12), the determinant of matrix U reads:
det(U) = xg = 1 + 4, Ty (5.68)

where Ty = my3—m;,. One has the following explicit form for K2 (Rg) yielding
4, and T5:

K%(Ry) =
myy — 4y (myy ma3 — myy my3) xom3y — 4y may (m3g — Mms3)
my mya
1 m3y — 4y {m3) my3 — my maz) xomyy — 4y may (myy — my3)

X0 may — 4y (mqy Ma3 — My my3) XoMyy — 4y may (Mg — My3)

my3 — 4y (myy my3 — maymy3) xgmyg — 4y myg (myy —my3) ...

ma3 mag
m33 — 4y (m3; mp3 — myy M33) XgMas — Ay Mog (M3 —m33) ...
my3 — 4y (myy my3 — My My3) Xg Mg — 4y Moy (Mg — My3) ...

(5.69)
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_ dimy (m33 —m3 + my — my3)

A _
2 X + m3; — My
_ Aumy (my3 —m3 + my —mi3)
Xo 0>
Ty
Ty =20
2 %o (5.70)

Similarly, one can write how various quantities such as (m,; — my3), ms,,
(my; —my3) and (m33 — m3;) transform under K2

mj;
iz - —,
X0
ns3 — Mjy
msy3 —mzy - —————,
X0
mpy —m
mls—mll—'—-——-]3 ! (5.71)
X0

These various quantities can easily be eliminated, yielding:
(da + 4) x2 _ (4 + 4o)

7 = xod, (5.72)
and
_ 43 (xo—1)
=14+ dix (5.73)
Let us now introduce a new variable J,:
_ An+2
On = a1, (5.74)
Egs. (5.72) and (5.73) respectively read:
Xn (X - 1)
Snyt = "xn+21 (5.75)
5n+2 + 1 — 1 + 5n (576)
6n+] Xn Xn42 5n

Eliminating the variable J, in relations (5.75) and (5.76), one recovers
recurrence (4.30) bearing on a single variable x,:

X -1 X -1
n+3 = ntl < Xn Xn43 (5.77)
Xnt2 Xnpa— 1 Xn Xpy2 — 1

Eliminating the variable x, in Egs. (5.75) and (5.76), one also gets a
recurrence bearing on another single variable:

(611 + 1) (5n+l + 1) (5n+3 + 1) (5n+4 + 1)5n+2
= 5n+3 (6n 5n+2 + 25n + 1) (5n+4 5n+2 + 26n+2 + 1) (578)
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One can now study finite order orbits. They read respectively for order four
and order six:
- orbit of order four:

XnXns2—1 =10 (5.79)
and

14+ Xn + Xn41 = XnXng1 = 0 (5.80)
that is:

OnOnt1 +0n—0np1 +1 =0 (5.81)

- orbit of order six:

Ont10n44 —0nbpy3 = 0, OF XpXpy2 —Xpy1 =0 (5.82)

5.2.4. Demonstration of the recurrences for class V

Let us represent class V, by transposition ¢ exchanging m,, and mj;. Then
(5.2) reads

4o = [Ryl23— [Ry]11 = my3 — myy, and P given by (5.1) becomes:

1000...
00-10...

p=1{0000... (5.83)
00 00O0...
Moreover 4, reads:
41 = [K(R) 13— KRN = [T(R) 11— [T (Rg) 123 (5.84)

This transposition perturbing two columns (and two rows), xg is a quadratic
expression in terms of 4; and reads:

det(U) = xo = 1 + Tpdy + Ny d? (5.85)

with Ny = (m3; m, — myym3y) and Ty = mszx — my;.
Relation (5.11) yields:



200 S. Boukraa et al. | Physica A 209 (1994) 162-222

x0- T(U) =
Al ms; + 1 0
4y (dy myy myy + my — Ay myymp) xo
4y m3)

—dy (4ym3ymyy — Aymgymzy —myy) 0

—Al mija 0 ...
4y (dymyymyy —myy — A myy myp) 0 ...
1~A1 mip 0 ... (5.86)

4y dymggmyy — myg — A Mg my) Xg -

Matrix I?z(Rq) is obtained from relation (5.8). Its explicit form is quite
involved, and will not be given here.

We will just concentrate on a fixed number of variables, enabling to under-
stand the evolution of Ty, Ny and 4o, the action of K? preserving this set of
variables:

my — 4 No

myy — 4,
X0

mi
mp; — —,

X0

masy
ms = —,

X0

ms; + 4; N

My = mig = S (5.87)

From (5.87) one gets the following equations:

To + 24, N,
o+ <hNo

i)
X0

47 (5.88)
Finally, coming back to Egs. (5.85) and (5.88), one can eliminate the Ty’s
and get the following equation:

1 — X442 1 —xn Any1 N

- + 4 | N, - —— =0 5.89)
Tnes X Aot n+2 n+3 Nny2 x, (

On the other hand N, transforms as follows:

No (1 + 4, Ty + 4} No)

p)
X0

N,
Ny = + Hhm> = x—g+A2m§22> (5.90)

From (5.87) and relation (5.90) one can eliminate the m5;”’s and get:

Nn+4 ( 1 1 > -1
—— — N, 1+ + X
An+3An+4 n+2 An+3An+4 An+ZAn+3 n+2
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Ny
XnXn424n434dn42

=0 (5.91)

Moreover 4, satisfies the following relation:

XnAn+2 + An _ Nn_Pn _ Qn + An+l-Rn = O (5.92)
An+1
where:
Py = det(M;), Qo = det(M;), Ro = det(M;) (3.93)
with:

— mo m myy myz M3
M = % 23], My = | B M — |y may may | (5.94)
h3y M3z ny M3 M3y M3y M3

A4 R
Ons2 — g—: + —-——;‘n 2 =0 (5.95)
R A4 N,
Rysr — x_: + _11;2;_" + dyy2Pryy =0 (5.96)
P A4 R N,
Pn+2_x_:+Lxln_n+x_:— n+2=0 (597)

One directly gets from relations (5.95) and (5.97) a covariant expression,
enabling to easily eliminate one variable:

+ N, - P,
Qn+2 + Nn+2 - Pn+2 = QL_XH__H_ (598)
n

The elimination of the variables P,, O, and R, in this set of recurrences
((5.92), (5.95) and (5.96), (5.97)) can be performed and yield a third
equation between the x,’s, 4,’s and N,’s (the two other equations being
(5.89) and (5.91)). The elimination of the N,’s yield two equations, relating
the x,’s and the 4,’s, of the form:
An+ By -xp + Cp-XnXpni2 + Dp - Xp Xp42 Xnsa

+Ep - XnXpi2XniaXnpe = 0 (5.99)

and

Fo+ Gn-xn+Hy - XnXpyo+In-XnXp2Xnsa + In - XnXni2 XnyaXnts

+Kn XpXny2XniaXni6Xnes = 0 (5.100)

where the A,, Bn,---,K, are polynomials in terms of the 4,’s. One can, in
principle, eliminate the x,’s to get an algebraic relation between the 4,’s only.
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The coefficients of these last two equations are too involved expressions to
enable to perform such an elimination.

Let us just note that, though such a system of recurrences (5.99) and (5.100)
is quite involved, one can however get some finite order conditions for these
recurrences of class V, namely the orbits of order four:

An+1An+2 + An+1An + An+2An+3 + An+3An + A,,+1A,,+3AnA,,+2 = 0,
Of Xpi2Xn—1 =0 (5.101)

5.2.5. Demonstration of the recurrences for class VI

Let us now consider a transposition of class VI. It permutes two entries in
the same column, or row. Let us take for example a transposition perturbing
only one row: ¢ denotes the transposition exchanging the entries »1;; and m,

of matrix R,. 4o now reads: 4o = [Rg]21—[Rq]11 = my;—myy, and P denotes
the following matrix:
1-100...
0000...
P = 00 00 (5.102)

000O00...

For this transposition Ty = m;; — my;, and since ¢ perturbes a row (and
not a column as in the previous demonstration) matrix U will denote: U =
K (Ry) - R; which reads (instead of U = R; - K(Ry)):

U= Td, - 4 .(P.R,,) (5.103)
The action of 7 on U reads:
. 4 -(Rq-P)
IU) = Id; + ———+ (5.104)
X0
and Eq. (5.8) becomes:
K2(R,) = t(T(R(R))) = t(R,.I(U)) (5.105)

From relations (5.103), (5.104) and (5.105) one gets the explicit form of
KZ(Rq), namely:

xok\z(Rq) =
(myy — 4, Fy) my (my3 — 4, Qo)
myy (my — 4, Fy) (my3 — 4, Qo)

ms m3y xg + 4y m3y (myy — My} mazxg + 4y mz (M3 ~my3) ...

(5.106)
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where Py and Qg read:
Py = myymy—myymyy, Qo = My My3 — My3my (5.107)
From definition (5.12), xo, the determinant of matrix U, reads :
xXo=1+4T (5.108)

One thus gets the following action of K? on a finite set of homogeneous
variables:
my; — 4, P
my — M2 4%
X0
my
m .
12 = %o
mn
m o
21 — o
my; — 4y P
My — —=2_1°0 (5.109)
X0

Relation (5.109) yields:

—do + 4, Py
X0

4y = (5.110)

Relation (5.108) yields with a shift of two (that is replacing matrix R; by
K2(Ry)):

X, =1 + 4 M21—m)1C2+A1P0
0
~ 14 4 my; — myy + mxll_m12+AlP0
0
A4 -1
=1ttty BED (5.111)
Similarly Eq. (5.107) gives after a shift of two:
1
P, = 2 ((mu + 4o — 4\ Py) (myp — 4\ Fy) — (mIZ_AO)mZI)
0
1
= = (Po (1= (muy = ma)) + (may + may = 4y Po) (8 ~ 4 Po))
0
1
= x_g : (Poxo — Ay xo (M + my —A1Po))
1
= — - (Po— 4y (maoy + my— 41 ) (5.112)
X0

One immediately gets from Eq. (5.109):
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m Moy — Ay P,
Moy + My — TRLE x202 170 (5.113)

and from Eq. (5.112):

_ 1 _ My + My — 4 Py
1f>4_x_2(102 A4 (( - ) =43 P))
_1 dgy 4By
=5 (Pz(l )+ G (AZ+A4x2)) (5.114)
Eq. (5.110) can be written as follows:
A
Py = "_04%-9 (5.115)

Relation (5.115) shifted by two, or four, respectively gives P, and P, in terms
of x,’s and 4,’s. In fact the 4,’s only appear through their products 4,4, .1,
we will denote p, in the following. Replacing Py, P> and P, in relation (5.114)
one gets for arbitrary »n:

Xn+4Pnts + Pnra~Disa (1 + p"—”) (p,,‘iz +D05+ 1)
Prny3Xny2
+p,2,+4pn+2 (Xn DPnt1 + Pn)

5 =0 (5.116)
DPny3Dp 4 1%n Xny2

Besides, relation (5.111) can also be written in terms of the p,’s and reads:

1—X,,+2 _ l—x,,

= -1 (5.117)
Dny2 XnPnyi

The elimination of the x,’s in Eqs. (5.116) and (5.117) can be performed
but it yields a “huge” algebraic relation between the p,’s. In principle one
should also be able to get another algebraic relation between the x,’s, but the
calculations are too large.

Let us note that these algebraic relations between the p,’s, or x,’s, are not
(at first sight !) recurrences, however for particular conditions on the initial
Dr’S Or Xx,’s one can actually get a (quite involved) recurrence on the x,’s.

Let us now write the finite order orbits in terms of the variables p,’s or x,’s
for order three and four respectively:

- order three:

Pny2PnDPnyt + Pny2Pnst + Dny2Dn +DPnPny1 = 0 (5.118)
and

2XnXn41Xn42 = XnXnp2 = Xnp1 Xng2 + 1 = Xn Xpp1 = 0

OF XpXpy1Xpny2—1 =0 (5.119)
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- order four:

Pnt3Pni2DnPntl + Pna3Pn+2D0n + Pny3PnDn+i
+Pn43Pn+2Pnt1 + Pny2PnDPny1 = 0 (5.120)

or
XnXn41 Xn42Xn43—1 =0 (5.121)

We have given in this last section examples of conditions corresponding to
finite orbits for the iteration of K, for various classes, even when no simple
recurrence on a single variable exists. These expressions and these calculations
very much depend on the specific birational transformations one considers. In
fact it can be shown that finite order conditions can be obtained in a quite
general framework not associated to transpositions of two entries anymore.
In this respect the example of finite order conditions of order four, given in
Appendix A, is quite illuminating.

6. Class IV revisited

Among the classes with exponential growth, class IV is singled out, as far
as two particular properties are concerned. On one hand, the mappings of this
class have g2 — 3 algebraic invariants. More precisely the algebraic varieties,
the equations of which correspond to these invariants, are actually planes
(depending of course of the initial point of CPp_,). On the other hand, simple
recurrences, bearing on the Xx,’s, emerge. These recurrences have been shown
to have an integrable subcase [16].

We will now study in detail this class. In particular, we will show Aow to
associate with these mappings in CPp_,, mappings in CP,, which are closely
related to the recurrences in the x,’s. Finally, we will show how the integrability
modifies the factorization properties and provides an example of integrable
mapping for arbitrary q.

6.1. Class IV as a mapping in two variables

From Eqs. (5.77) and (5.78) or (5.82), one may have the “prejudice” that
the orbits of transformation K in CPis (or CFp_,) should be curves [16]. In
fact it has been shown in [16] that, in some domain of the parameter space
CP;s (or CPp_,), these orbits look like curves which may explode in some
algebraic surface.

These algebraic surfaces are actually planes [16] (depending on the initial
mat/{ix one iterates). This can be shown as follows, coming back to the action
of K2 on a generic matrix R, (see Eq. (5.69)), which can be written in the
following way:
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= 1
K*(R,) = x—-(Rq+A1F+b1P) (6.1)
0

where matrix P still denotes the constant matrix given in (5.66) and b, reading:

X042 — 4o
2
and F denotes a ¢ x ¢ matrix, quadratic in the entries of matrix Rg:

b = (6.2)

m21m13 —mymysz ({myy + map) (Mg — Mmy3) + myp(myz — myy + my3 — my;))/2

mymss — m31m23 ((myy + m3y) (my ~ ma3) + map(mz — myy + ma3 —my;))/2
my Mgy — Mg ma3 may(my) — ma3) + may(myz — my;)

myymyy — my may myg(myy — Myz) + myg(myz —myy) ...

my may — M3 myy Mmaa(my — Maz) + myg(mas —myy) ...
my mgy — Mg Moy Mag(May) — My3) + mpa(maz — myp) ...

One will recursively show that the successive iterates of K2 read:

R™Ry) = —— L (R4 anF + by P) (6.3)
X0 X2...X9p_2
F denotes the same matrix as in relation (6.1): F does depend on R,, but not
on the order n of the iteration. In other words all the iterates of K2 lie in a
plane which depends on the initial matrix R, (or equivalently, on any other
“even” iterates of Ry). This plane is led by two vectors, namely a fixed vector
P and another one F, depending on the initial matrix.
In order to show recursively relation (6.3), let us perform the right-action
of K2 on Eq. (6.3). One gets:

. i ~
2n+2 — 2 - -~ -

R22(Rg) = e - (RP(R) + (@) (F)ga + (B)ga P)

(6.4)
Matrix (K2?) (Ry) is given by Eq. (6.1). Straight calculations show that:

F
= 6.
Flge = (6.5)

The right hand side of (6.4) thus reads:

1
XpX2...X2p

(Rg + (41 + (@) ) F + (b + X0 (ba)ga) P) (6.6)

I?2n+2(Rq) -
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which is of the same form as (6.3) with the following definition of a,, and
bn+13

anpt = A1+ (an) gy, bprr = b1+ (ba) g, - Xo (6.7)
Defining a; = 4,, the successive a,’s read:
an =41 + A3+ ... + Ay (6.8)

With this expression of the a,’s, one notices that 1 + Ty a, is directly related
to the x,’s:

1+ Than = XpX2 ... X242 (6.9)
One can also give the expression of the successive by’s:

_ (A +anTo) 420 — 4o)
2

In order to obtain a,,; and b, in terms of a, and b,, one can consider a

generic matrix:

_ 1

T (1+aTy)

(6.10)

bn

A “(Rg+aF +bP)

and get K2(A). Since it is necessarily of the form:

1
(1 +a'Tp)

one obtains 4’ and b’ in terms of @ and b. In fact, these calculations are quite
heavy (see for instance Appendix B) and it is simpler to use the recurrences
on the x,’s or more precisely the recurrences on the homogeneous variables

s

dn's:

dn+2
Xy, = —] 6.11
n n ( )

From recurrence (4.30) bearing on the x,’s, one recovers the “almost inte-
grable” recurrence studied in Section 8 of [16]:

K%*(4) = “(Rg+dF +bP)

dn+6 —dny2 dn+4 — dn
L - L -0t - 6.12)
(gn+3—dnss) It 1 Gn+3 (gns+1— ne3) (

which can be partially integrated (see Eq. (8.18) in [16]) as follows:

dn+349n+5

A
Ginsr + Gon + —2— = py (6.13)
D n+1
A
@n+3 + 2ny1 + =M (6.14)
d2n42

Let us first give the correspondence between the variables of the mapping in
CP,:_,, and the variables of the recurrences (the g,’s, 1; and 1,).
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From relation (6.9) one directly gets the g,’s, for n even:

Gon = XoX2 ... X2p-2G0 = (1 + Toan) 4o (6.15)

One also has gyn,1 = X1 X3 ... X2,-1 41 , and recalling the definition of the
Xn'S:

xn = det(K"(R,)) - det (K"t (R,))
one can write the g,’s, for n odd, as:

(det(R2"(Rg))

il = X0 X2 ... X202

i Sn2 T det(Ry) i
3 det(K*"(R,))
—(1+Toan)'—MR'q—)'—' (6.16)
Moreover one has the following remarkable relation:
= 1
2n — —
det(R?"(Re)) = oy (det(Rg) + anPy + by Pz) (6.17)

It is not surprising, since the rank of matrix P is one, that Eq. (6.17) is linear
in term of b,. In contrast its expression in term of a, is anything but obvious.
ML o % £ e A A £ 1l enn A
1ne g, s, 10r ©n 00q, iinany réada:

Py P,

1
Dril = T Toan) (1+a Gt (R O det(Rq)) 0 (6.18)
One now has to get explicit exPressions for P, and P;.
Let us first recall 77 = To(K (R,)), one remarks that one has:
P> _

On the other hand, one notices that recurrences (6.13) and (6.14) can also be
written, eliminating p, and p;, as:

(X Xx -1)x
)-2 = @nqd2n+1" 2n 21n+2 2n+l (620)
— X2n+1
(x X —1) x
ll = Qrpp1d2ns2 2n+1A2n+3 2n+2 (6.21)

1 —X2n42

In order to write these expressions only in terms of the entries of the matrix
R,, one has to get rid of these factors g, gn41, which correspond to an artifact
of the homogeneity. In this respect let us remark that T,gn = Thy2dns2:
Wo = Tn Tni1qnqns1 IS thus a constant. Introducing:

Xn_1X, -1
E. = n—14n+l . 6.22
"= D) T Ty (6.22)

one obtains A; = wo E>,4; (and similarly A, = wo E2,42).
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Relation E,,, = E, is always satisfied, and recurrences (6.13) and (6.14)
are finally equivalent to:

ll = Wy Eo, ),2 = Wy El (623)
Notice that:
(4o + 42) xp
Ey = — = "% 6.24
0 4 T2 (6.24)
or, else, written directly in the entries of matrix Ry:
EO — mjz (m33 — ms + my; — m13) (6.25)

(my3 — myy)?

With these expressions, onc first notices the following relation between P; and
Pz:

P At P2 4o
det(Ry) — (1+ Taod 2 det(Rq)) To (6.26)
One also gets from relations (6.23) and (6.24):
(do + 47) A
= 6.27
4 Ty a1 T ( )
Recalling x, = ¢y42/qn = 1 + Ty 4,41, One gets:
a2 — 9o 93— q
4y = , Ay = 6.28
! g0 Ty 2 a1 T ( )
yielding an explicit expression for P, = — T; - det(R,) :
P2 902 (g3 —q1) + 41 (g0 — q2)
= 6.29
det(Ry) 904192 4o (6.29)

Recalling the two relations between the g,’s, namely recurrences (6.13) and
(6.14), and substituting, from (6.15) and (6.18), the g,’s, in terms of the
a,’s and b,’s, one gets a,,1 and b,y in terms of @, and b, (see for instance
Appendix B). One now has a representation of transformation K 2 as a mapping
in CPz.

Let us also note that, as a consequence of the two simple matricial relations:

t(F) = F, t(P) = -P
transposition ¢, can simply be represented as a reflection in the (a,, b, )-plane:
t: (a,b) — (a,49-0b) (6.30)

From these two representations of ¢ and K? in the (ay, b, )-plane, one gets a
representation of /¢ I, which is actually an involution.
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After a change of variables '2:

qo q1
Uy = A1+ Thay},
"Ta@+d0q + A ( 0 ")
_ _dodq1 Py P,
Un =0 (1+ detRy) "t deuRry) br) (6.31)

the involutive transformation ¢ takes the remarkably simple form (indepen-
dent of any parameter! ).

Il o) — (o) = (BE22, 2R e
v u

(6.32)

and transformation ¢ is represented as the following (two parameter) transfor-
mation:

t: (uv) - (U, 1+e—-v+au) (6.33)

where ¢ and « read:
)
€ = L
. @@+ + ) (i@ +g)+h)  pim
= - = — = (6.34)
41 1242 15
Note that one has the following relation:

Un _ P2 Dn+1

e T (6.35)
Let us now recall again that there does exist an integrable subcase of these
mappings associated to class IV. When 4, = 4; = 1 [16], the g,’s actually
satisfy two biquadratic equations F(x,y) = 0 and F(y,x) = 0, depending on
the parity of n, with:

Fx,y) = xy-A)(x-p)(y—p2)—n (6.36)

namely:

U= (p1—@ns1) (P2 —@n) (©2n 2ns1 +4)
=(p2—qan+2) (Pi —@2nt1) (D2ny1 ©2ns2 +4) (6.37)

It is well known that biquadratic equations are associated with elliptic
curves [6] 13.

12We would like to thank M.P. Bellon for many parallel checks on most of the calculations detailed
in this very section.

130ne should mention the work of several authors who have presented a wide class of mappings
of the form x,,, | = f (xn, x,_;) which can be seen as discretizations of a second-order ordinary
differential equations related to elliptic functions and more precisely biquadratic relations [22-
25,28-30].
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With these remarkably simple forms for the two involutions generating
our group of birational transformations, the integrability condition for the
birational mappings of CP, simply reads ¢ = 0 (or equivalently Ey = E/). For
this integrable ¢ = 0 subcase the group generated by transformations (6.32)
and (6.33) yields a foliation of the (u,v)-plane in terms of curves, which form
a linear pencil of elliptic curves. This can be seen noticing that, for ¢ = 0, an
algebraic expression 7 is actually invariant under both transformations I:T
and

(1-u) (1 -v) (v—au)

I (6.38)
U

One should also remark that ¢ = 0 is not the only integrability condition for
these birational mappings. One can actually verify straightforwardly that ¢ =
—1 is also an integrability condition: it corresponds to a (rational) degeneracy
of the mapping. Condition ¢ = —1 drastically simplifies transformation (6.33)
which becomes:

t: (u,v) — (U, —v +au) (6.39)

One immediately gets an algebraic invariant under transformations (6.32) and
(6.33):

v 2
7= (3-3) (6.40)
This € = —1 case, which corresponds to A, = 0, yields a simple rational

parameterization of the iteration.

For heuristic reasons let us consider the @« = 0 case (which happens to
correspond to a rational parameterization, when € = 0). From relation (6.38)
the variable u can be simply written in terms of the variable v and the invariant
7.

v (1 —-v)

and the mappings ¢ and 1T respectively read:
: = (T'v) = _&85 -y 1=
)= (T) = (TU-2)(U-=27), 1-v+e)  (6.42)

i @) - @) = (1, 1—v—f—1) (6.43)
These very simple representations of the birational transformations of class IV
enabled us to perform a large number of numerical calculations which confirm
the analysis performed in [16]. The iterations of these transformations often
yield orbits which look like curves [16]. The situation, as far as the visual-
ization of a single orbit is concerned, is similar to the situation encountered
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-3.00100,

0.40000 0.60000
1= -5.1000 x2= -2.9997 eps= 0.00000010 alp=0.0000

Fig. 4. Hundred orbits corresponding to the iteration of K 2, for class IV, in the (Z,v)-plane.

in the Henon-Heiles mapping [27]. Let us note however, that one does not
consider perturbations near a fixed point anymore, but in the neighborhood of
the whole integrability condition.

Fig. 4 shows a set of one hundred orbits corresponding to the iteration of K?
in the (Z, v )-plane. The orbits are very regular: Fig. 4 gives an illustration of the
“almost integrability” described in [16] and also reminiscent of the situation
one encounters near elliptic points in dynamical systems [31-34]. At this
point it is important to make the following comment: since they are generated
by involutions, all our birational transformations are such that transformation
K and transformation K-! are conjugated ( K = ¢-T = t-K~!-1). When
transformation K (or more precisely K?) can be reduced to a mapping on
only two variables this means that one has some area preserving properties
and one can recover the features of two-dimensional dynamics (elliptic versus
hyperbolic points, Arnold’s diffusion ... [31-34]), and this explains to a great
extend the regularities one encounters here with class IV, even when the
mapping is not integrable. However this conjugation properties does not seem
sufficient to explain the regularities observed for the other (non-integrable)
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classes for which the dynamics cannot be reduced to two-dimension any more:
volume-(or hypervolume) preserving properties are no longer sufficient to
explain our regularities.

6.2. Factorizations for the Integrable subcase of Class IV

The birational transformations for class IV do not generically correspond to
integrable mappings {16]. They have been seen to yield an exponential growth
of the calculations. However, there exists a subvariety of CPp_; on which these
birational transformations become integrable, yielding algebraic elliptic curves
for arbitrary q. Recalling (6.25), this integrability condition E,, = E,;, (or
equivalently £y = F;) can be given, from (6.23), in terms of the entries of
the initial matrix My = Ry:

My (Mz3 — m3; + my; — my3)
(may3 — my;)?

= same expression with m;; — K (Mp); ;
(6.44)

An example of a one parameter dependent 4 x 4 matrix satisfying this integra-
bility condition is given in Appendix C.

In this framework a question naturally pops out: how does the factorizations
(4.16), (4.17) and (4.18) modify when one restricts to this integrability
condition ? In particular, does the exponential growth of the calculations
becomes a polynomial growth when restricted to this integrability condition ?

Restricted to this integrable subcase the factorizations corresponding to the
iterations of K for class IV are such that the first five iterations yield the same
factorizations as for the generic (non-integrable) case:
det QM 1 ) M K (M 1 )

2 2 = ~ H

M, = K(My), fi =det(My), f,=

f h
5 i . ~ ~ —~ B —
ﬁ - &’;)’ M3 - K(]llz)’ f;t _ iet(y312’ M4 _ K;(ZME,),
firky f Bhf 27
f; - _ det(M,) e = K(My) (6.45)

B Y 5 _————= =
fIZ.f23.f3.f:‘2 fl.f22.f4
The difference with the generic factorizations (4.16) comes with the next
iterations:

~ det(Ms) ~ K (Ms)

f& = = = = ==, M = == ==
AS.fZZ.f?.ﬂ.fsz flz'fz'fsz‘fS

7o det(My) i~ K

fzs.f?.ﬁs.j;.ﬁz’ fzz.g.ﬁz.]’r;’
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= det (M;) V7 K (M)

== = ~ = x4 § = =———="=—=,"""
f33'ﬂ2'f53'ﬁs'f72 f32.f4.f52.f7
One remarks that, compared to factorizations (4.16), fl factorizes one more
time in det(Ms) and K (Ms). These additional factorizations propagate and
yield for arbitrary #:

det(M,) = fry1 - f2 for - F20- F25- F2, (6.47)
KMy =My fo-f25 fas - f2a (6.48)
which yield:

(6.46)

KM _ M R (6.49)
det(Mn) fn—4 'f;t—3 'fn—2 '.f;l——l fn '.f;!+l

The correspondence between the f,’s, associated to the generic (non-integrable)
case (see factorizations (4.16)), and these new factorizing polynomials asso-

ciated to the integrable subcase (see factorizations (6.45)), denoted f,, read:

fo=Jto h H=Fh hn fi=h h b SR
From Egs. (6.47), (6.48) and (6.49),~one gets linear recurrences on the
degrees of the polynomials det(A,) and f, (respectively the &,’s and f8,’s):

E)Zn+2 =3 ﬁn—Z + 2571—1 +3 En + 5n+1 + 2 ﬂ~n+2+ ﬂ~n+3 (650)

3apir = any3 +4 (2 Bz + Bno1 + 2 Bn+ /?Hz) (6.51)
and

Gnis + Gniz = 4(Baczt Baot + But Busrt Busat Bass)  (6.52)
giving the following relations on the generating functions:

x-a(x) = B(x)- (1 +2x +x2+3x3+2x%+3x% (6.53)

Bx=1)-a(x) = 4x-B(x)- (1 +2x2+x3+2xH -4 (6.54)
and

(1+x)a0x) =40 +x+x2+ x>+ x4+ %) f(x) + 4 (6.55)
The two generating functions &(x) and E (x) read:

4(1 + x — x2 +3x3) Flx) = 4x
(1+x)(1-x)3 ° T +x)(1-x)3(1 + x + x2)
(6.56)

a(x) =
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The linear relations corresponding to the right action of K, namely factoriza-
tions (3.10) and (3.11), are still valid when one restricts to this integrable
case. Therefore the generating functions z(x) and v (x) still verify relation
(3.17) and u(x) and v (x) read:

_ 2
;(x)=x(1 )§+2x)
(I-x)" (1 +x)
(6.57)

- x(2-x+x3 +x*—x3)
px) = 3
(1 +x)(1+x+x2)(1-x)

These relations clearly show that the additional factorizations occurring for
this integrable subcase remarkably yield factorizations like (6.49), (6.48),
or (6.47) bearing on a fixed number of polynomials f. and even more, to
a polynomial growth of the calculations instead of the exponential growth
previously described (see Section 4.3). One should however note the occurrence
of a third root of unity in the denominator of the generating functions £(x)
and zi(x) (and not for the generating functions &(x) and 7 (x)). Of course
the occurrence of this new root of unity, different from +1, does not rule out
the polynomial growth.

Finally it is important to note that , in this integrable subcase, the new
polynomials f, defined from the factorization relations (6.47) and (6.48)
do satisfy recurrences bearing on products of a fixed number of polynomials
(instead of “pseudo” recurrences like (4.28)):

é+2é+7f1+9—f2+3@+5@+10 - f21+1f21+6@+8_@+2§:+4§r+9
fn+3fn+7fn+8—fn+4fn+5fn+9 fn+2fn+6fn+7-fn+3fn+4fn+8
(6.58)

Such a recurrence is very similar to recurrences (3.20) or (3.21) and can be
written introducing well-suited variables g,’s defined by:

Gups = Jndnes (6.59)
fn+2 fn+3
In terms of these variables ¢,, recurrence (6.58) becomes:
an+2—‘7n+l = §n+3"(7n+2 (6 60)
dn+1 " 9n+3 —4qn - qny2 An+2 n+4 —9n+1 - dn43 ’
which can be integrated as:
&n+2"”"7n+1 '§n+3 = P' (661)
and in a second step:
1 -1 rE
+j~ dn+1 - 1 +i¥ dn+4 (662)
dn+2 dn+3
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L+ A Gne)) A+ A -Gui2) (L + 2 Gnya)
an+2

— (l +)~,'Qn+2)(1 +/V'4n+3)(1 +)~/“7n+4) — #/
&n+3

(6.63)

which finally yields a biquadratic relation:

(1 + j-,‘2]\’n+1)(1 + A"Zin+2)(’qvn+1 + ffn+2—ﬂl) = /u, Zin+l‘7n+2 (664)

Recalling the two biquadratic relations (6.37) given in Section 6.1, one notices
that, taking into account the homogeneity of the ¢,’s, one can barter these
two biquadratics for a single one (changing ¢,, into ¢;,/p> and g2, into
d2n+1/p1). This last biquadratic is apparently different from (6.64): one would
like to see the relation between these two biquadratics bearing respectively on
the g,’s introduced here, and the g,’s introduced in Section 4.3. The relation
between the ¢,’s and the g,’s reads as follows:

‘Z_n — Gn qnyt (6.65)
qo q04
After straightforward calculations (corresponding to introduce the product
dn gn+1 in recurrences (6.13) and (6.14)) one can show in the integrable case,
A1 = A3 = A, that the biquadratic relation (6.37) yields the biquadratic relation
(6.64) with the following correspondence:

1 1 1 }»2+ﬂ—l/71/72 I j24
l—z,p—— p) , W=13 (6.66)
or conversely:
1 ,1/_'_)./2 /+ [ !
h=g ppp= TR u= (6.67)

Since variable g, is a homogeneous variable, it is tempting to write recurrence
(6.60) in terms of the ratio of two successive g,’s. In fact this ratio happens
to coincide exactly with the variable x, defined by (6.11):

x, = Inx! (6.68)
qn

The variable x, can be written either in terms of the f,’s or in terms of the

fn’s:

Xpug = Josg JosaSuSoafug - _ fn+81}~;+4/§+3 (6.69)
i JovrSove fnva o2 fume fia fuve furn

The relations between the initial values of variables g,, gn, f, f~n and of the
variables x,’s are given in Appendix D.
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With these new variables the integrable recurrence (6.60) reads:

Xn41Xng3— 1 Xny1  XnXng2—1

Let us note that, combining (6.70) with itself where # has been shifted by one,
One recovers:

Xne3— 1 X -1
B e PO 7 el (6.71)
Xn42Xnpa— 1 XnXny2 — 1

which coincides with relation (4.30). In fact one can actually show, but this
will not be performed here, that the x,’s corresponding to class IV do satisfy
a whole hierarchy of recurrences in the same way it has been proved for class
Iin [14].

Similarly to [14], one can consider these recurrences for themselves, without
referring to our birational transformations acting on g x ¢ matrices anymore.
Again one can see that some of these recurrences are integrable recurrences
(for instance recurrence (6.70)) and some are (generically) not integrable (for
instance recurrence (6.71)). All the analysis performed in [14] can be applied
to the hierarchy emerging from (6.70)), in particular the fact that recurrences
like (6.70)) are equivalent to another recurrence of the hierarchy, namely:

Xnt2 — 1 Xn4l — 1

= XpXpyo ——FL (6.72)
Xn4l1Xn43 — Xn42 XnXn42 = Xnyi

7. Conclusion

The analysis of the factorizations corresponding to the six previously defined
classes of transpositions has shed some light on the relations between different
properties and structures related to integrable mappings such as the existence of
Jactorizations involving a fixed number of polynomials, the polynomial growth
of the complexity of the iterations of these mappings seen as homogeneous
transformations, the existence of recurrences bearing on the factorized polyno-
mials f,’s or on other variables such as the x,’s and the integrability of the
mappings.

A single factorization relation independent of q (relation (3.9)) has been
shown to be satisfied for classes I, ITI and V. All these classes satisfy factoriza-
tions where products of a fixed number of polynomials f, occur (see (4.31),
(4.32)). The polynomial growth of the complexity of the iterations suites quite
well with factorizations where products of a fixed number of polynomials oc-
cur: this is actually the case for classes I and III which actually verify the same
factorizations on the f,’s. In fact, surprisingly, it will be shown in [15] (on
an example corresponding to the symmetries of a three dimensional vertex
model) that a polynomial growth of the complexity can actually occur even
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with “string-like” factorizations (like (4.40)). On the other hand, one sees
with class V that one can have a factorization of the iteration with a fixed
number of polynomials and, in the same time, an exponential growth of the
complexity of the iterations. Among the two classes satisfying exactly the same
factorizations, that is: I and III, only the first one verifies recurrences on the
polynomials f,’s. For class I, for arbitrary ¢, these recurrences are integrable
recurrences and probably are the birational mappings in CPp._,. For ¢ = 4
the iteration of these transformations associated to classes I, II and III yield
algebraic elliptic curves. For ¢ > 5 class III, yields quite regular orbits which
often look like curves, or like a set of curves which seem to lie on higher
dimensional varieties. However, the actual status of these higher dimensional
varieties is not very clear (abelian varieties ... ). Class III is thus, for ¢ > 3,
an interesting class since it would provide an example of polynomial growth
(and in fact exactly the same factorization as the “nice” class I) with orbits
densifying nice algebraic varieties (abelian surfaces, product of elliptic curves? ...
), but not curves anymore.

A “string-like” factorization relation independent of q (relation (4.39)) is
satisfied by the two classes IV, VI and also for class II but only for g > 5.
These three sets of factorizations with a “growing” number of polynomials (see
relation (4.39)) correspond to an exponential growth of the complexity of the
iterations. However, one remarks that class IV has actually a recurrence on
the variables x, but not of course on the variables f,’s. these variables cannot
satisfy simple recurrences like (3.20), but they satisfy “pseudo-recurrences” like
(4.28). This recurrence, on the x,’s, is not generically an integrable one [16].
It however yields orbits which look like curves for some domain of the initial
conditions [16]. Such a recurrence is an illustration of a transition from
integrability to weak chaos, through situations visually similar to the one
encountered in the Henon-Heiles mapping [27], or to the situation encountered
near elliptic points in the theory of (hamiltonian) dynamical systems of two
variables [31-34]. We hope that class II will help understanding the structures
of elliptic points for three-dimensional mappings (see relation (4.12)).

Note however that we have been able to prove that the integrable subcase
of class IV is actually valid for arbitrary g: it thus provides an example of
integrable mapping in arbitrary dimension even infinite.

For all these six classes, one has recurrences on a fixed number of variables
(see (5.71)). The elimination of these variables may yield quite involved
algebraic relations on the remaining variable x,. The recurrences associated
to classes I and IV are the only one which are recurrences and not involved
algebraic relations between the x,’s. Note that when a recurrence is integrable
the corresponding birational transformations are probably also integrable: in
fact this appears as the only “handable” way to find the integrable subcase of
class IV ...

To sum up the relations between all these various structures and properties
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are subtle: the only systematic relation being that integrability seems to imply
the polynomial growth of the iterations. Let us however recall that one can
have polynomial growth with orbits densifying algebraic surfaces [15].

The analysis of the factorization of the iteration corresponding to birational
transformations such as the one studied here can be seen as a new method to
analyze birational mappings and therefore the symmetries of lattice models,
in particular models in dimension greater than two. In a forthcoming publica-
tion [15] we will consider three-dimensional (and higher dimensional) vertex
models and show that the birational transformations associated with these
models yield algebraic surfaces and polynomial growth.
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Appendix A. A comment on the finite order conditions

In the framework of finite order conditions it is worth mentioning the
following very general result (it works with the six classes defined in Section 3.1,
and can even be generalized to arbitrary permutations of a ¢ x ¢ matrix [15]).

For an arbitrary transposition one imposes the two conditions:

41(Rg) =0 (A.1)
and

4,(t1(Rg)) =0 (A.2)
where ¢ denotes a transposition of two entries. The very definition of 4; yields:

4(Ry) = 0= K(R,) =T(R;) = I(R(R,)) = R, = K*(R,) = t(Ry)

(A.3)

Since one assumes 4,(f(R;)) = 0, one similarly gets:

K2 (1(Rg)) = t(t(Ry)) = Ry (A4)

Hence for every matrix R, satisfying (A.1) and (A.2), transformation Kisa
transformation of order four, that is:
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K*(R;) = R, (A.5)

Let us note that the (codimension two) variety given by the two conditions
(A.1) and (A.2) contains remarkably simple linear subvarieties. Let us consider
for instance a transposition of class VI, namely ¢ exchanging m,; and m;, the
following conditions yield (A.5):

M3y = 0, M33 = 0, ey M3, = 0 (A6)

These considerations can be generalized for very general permutations of
the entries. For instance, let us consider the case where the transposition ¢ is
replaced by a 3-cycle C. One can also find remarkably simple conditions on
the entries of the matrix such that K is of finite order. Considering the 3-cycle
C:

my — my3, M3 — My, My — My (A7)
and the following vanishing conditions on the entries:
My = 0, My3 = 0, ey My, = 0 (A8)

Restricted to conditions (A.8) transformation K is such that K2 = C, hence,
K® = Td, when one restricts to the (linear) subvariety (A.8).

Appendix B

From the parameterization of the (a,,b,)-plane (see relation (6.1)), one
can actually get the mapping of CP, corresponding to K2:
ksbn + k¢
kyan + ky by + k3
bn+1 = AO_bn + (kS bn + ks)
kg ko (ks by + k)
Ak
( Tt 1 + Tpan + (1 + Toan) (kian + ko by + k3))

apyy) = —Qp + k4 +

(B.1)

where the k,’s denote rational expressions depending only on the initial matrix
R,. However the k,’s are not independent, they do satisfy additional relations:
_ ks (k3 Ty — ky) 2 2+ ke Tp

k= O k= £ k= -

kz To ks’ =k

(B.2)

Therefore K2 is represented as a birational transformation in C P, depending on
six parameters. These parameters are of course functions of the g2 homogeneous
entries of the initial matrix R;. Among the six parameters one can actually
drop out four parameters corresponding to (independent) dilatations and
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translations of variables a, and b,, yielding to only two remaining parameters
like in Section 6.1.

Appendix C

Let us give an example of one parameter dependent 4 x 4 matrix satisfying
the integrability condition (6.44):

—85 2636150642/3450543 —u —78 35

M, _ 97 50 100 56 (C.1)
3450543 — | 49 u—>55 62 -59 )
45 -8 62 92

Appendix D

Let us give the expression of the first x,’s in terms of the first f,’s:

D Y £ fo f
Ry Al A Rl Al o AL

The expression of the first x,’s in terms of the first f,, read:

fzx ﬁ' X j—x—-ﬁx Jo J (D.2)

X0 =

RN TR TR TR T AR
The first homogeneous variables g, are given in terms of the f,,’s as:
(12=%'QO, q3 = %'41, 44 = E%"Io, qs = ff “q1,
kb hh fifa
q6—f‘5f£;f qo0, 47 = f6f.f2fiql, qs—f7f5ﬁ.flq0,
_ S . i = S0 Js f2 p
filifah 0 T RAAAA Y
fufrfs Ji2 fs fa

L A A AL L Rl iy i (D-3)
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