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We presenta newclassof mappingsactingon manyvariables,anddependingon manyparameters.Thesemappingsarenon-
linear (birational) representationsof discretegroupsgeneratedby involutions, havingtheir origin in the theoryof integrable
models in statisticalmechanics.Various quantitiesof statisticalmechanicspresentautomorphypropertiesundertheactionof
thesegroups,whichappearthusasa generalizationto severalcomplexvariablesof thefundamentalgroupfor Riemannsurface.
They enjoymanyremarkableproperties,andwe givea preliminarystudyof thesemappings.

1. Introduction This yields a natural generalizationof iterated
mappings:justconsiderthegroupgeneratedby more

In a previouspublication(precedingarticle [1]), than two involutions.Thisiswhatappearsin ref. [3]
we haveintroduceda classofbirationalmappingsin for higherdimensionallattices.
projective space,and initiated their study. These The basisof our constructionis thusto provide
mappingsare non-linear representationsof infinite involutive transformationson the spaceof param-
Coxetergroups. One of the interestof thesetrans- eterswe consider(projective spaceCP~).Thesein-
formations is that theyare symmetriesof the Yang— volutions find their origin in the inversionrelations
Baxterequationsandtheir higher dimensionalgen- of statisticalmechanics[6—8].In all cases/1—3] they
eralizations[2,3]. Theyare also symmetriesof var- amount to taking the inverseofa matrix whoseen-
iousphysicalquantitiesas,forexample,thepartition tries belongto theparameterspace.
function: indeedthesequantitieshavedefinite au- From the constructionmethod,and the charac-
tomorphy propertiesunder these transformations teristic featuresof these mappings,a number of
[4,5]. We will not describeherethe applicationsto propertiesarise,which will be sketchedhere.Wede-
integrability,butexaminea numberof aspectsof our liberately use pictures, in order to give a synthetic
mappings. presentation,andrefer to refs. [1—3] for the more

Their main characteristicsis that they are con- algebraicresults.
structedas productsof involutions.With a pair of Wefirst exemplifyourconstructionmethodby de-
non-commutinginvolutions I, J, we naturallyhave scribingtwo classesof inversions,issuedrespectively
f=IJ as a mappingto iterate,for it is genericallyof from IRF [6] andvertex[9,10] modelsin statistical
infinite order, andthe group generatedby I and j mechanics(section2), and then proceedwith their
containsessentiallythe iteratesoff (andits inverse study.

. Remarkably,theorbitsof someof thesemappings
(called quasi-integrablein ref. [1]) are densein
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smoothnon-trivial algebraicsubvarietiesof the pa-
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of Helsinki, Siltavuorenpenger20C, SF-00170 Helsinki, rameterspace(curvesin the simplestcaseswe show
Finland. here in fig. 1). Thesesubvarietiesare of the same
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natureasthe integrabilitytori appearingin the study iv(i, j. k. I) is assignedto eachvertexconfiguration
~ Ia Poincaré”of dynamicalsystems. [101

We examinetwo types of deformationsof our
mappings:

— Thefirst type is a continuousdeformationpre-
servingoneofthecharacteristicfeaturesof our map-
pings:the (almosteverywhere)invertibility (figs.2a ~——

and 2b).
— The secondtypebreakstheinvertibility (fig. 3).
We next examinethe problem of singularities.

There,are few true singularities:our mappingsare
definedon projectivespaceand it is harmlessto ap- Theq4 homogeneousweightsw(i,j, k, 1) are first ar-
proach or reachthe point at infinity. This may of rangedin aqxq2 matrix R:
coursebe quite dangerousnumerically.We describe
the distribution of the pointsgoingto infinity after R’~

1=w(i,j, k, I) . (1)
a finite numberof iterations(fig. 4), We introducethe inverseI by

We consideredin ref. [1] a specific actionof the
mappingsin a double copy of the parameterspace ~ R~j~(IR)~f

3=,c5~,=~ (IR)~
13R~f

3 (2)
motivatedby the studyof exactly solvablemodels. ‘~“~

We haveproduced,in thequasi-integrablecase,spe- andanotherinverseJ by
cific curvesandwe examineheretheir stability (fig.
5). We alsogive an exampleof this action in a non- ~ R~J(JR)~~ = ~ (JR~”~R~’~ (3),c~i a,’tX/I cv,fi

quasi-integrablecase,with the emergenceof order
from a ratherchaoticbackground(fig. 6). I andJare two involutions.They arerelatedby par-

In all this the fundamentalobject is the represen- tial transpositionofthe indices(that is two saysome
tationFof someCoxetergroup.In manycases,there rearrangementof theentriesof thematricesonecon-
is anattractingsmoothsubvariety(possiblypoints). siders).Theyactas polynomialtransformationswith
It is then naturalto look for a fundamentaldomain integercoefficientsif we work withhomogeneousco-
(and this will be useful in relation to automorphy ordinates,or equivalentlyrational transformations
propertiesof various quantitiesof statistical me- on the inhomogeneouscoordinates.
chanics).We describethis fundamentaldomain for
a mapping related to the symmetricAshkin—Teller 2.2. IRF models
model [11] (fig. 7).

Let usconsidernow aninteractionaroundtheface
(IRF) model [6] on a two-dimensionalsquarelat-
tice of size MxM with periodic boundarycondi-2. Constructionof the mappings
tions.To eachsiteis associatedavariablewithq pos-
sible statesanda Boltzmannweight R’(i, I, k, 1) is

We give here the constructionin two specific cx-
assignedto eachface

amples,comingfrom statisticalmechanics.Thisisof

2.1. Vertexmodelscoursenot limitative [1,3].

Let us considera vertexmodel on a two-dimen-
sional square lattice of size MXM with periodic
boundaryconditions.To eachbond is associateda Theq4 homogeneousweights w(i, j, k, I) arear-
variablewith q possiblestates.A Boltzmannweight rangedin q2matricesW(i, k) ofsizeq x q with entries
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W(i, k)~=w(i,j,k, I) . (4) in ref. [I], thereis a collineation intertwiningthe
two involutions (matrix inverseI and elementby

We introducean inverse(inversionby blocks) I by elementinverseJ). Thiscollineationgeneralizesthe
Kramers—Wannierduality. This remarkableprop-

~ LV(i, k)~(IJ~V)(i, k)~,,=~,, , (5)
/ erty is alwaysverified for birational transformations

in CF2
that is to say The situations where one definesand combines

(1w) (i, m, k,j) w( i, j, k, I) = d~. (6) morethantwo involutionsappearin thestudyof sta-

/ tistical mechanicalmodelsin threeor moredimen-

Similarly, we maydefinetheinverseJcorresponding sions (seeref. [31).
to the arrangementof the weights obtainedby ex-
changingthe role of (i, k) and u~l)~ 2.3. The Baxtermodel

> (Jw)(p,j, i, l)w(i,j, k, l)=ó~’. (7) As anexample,let usconsiderthe paradigmof the

exactlysolvablemodels:the symmetric eight-vertex
landJyield birationaltransformationson theq

4 ho- modelwhich canbe seenbothasa vertexandanIRF
niogeneousweights w(i, j, k, I). model. Seenas a vertexmodel, it hasthe following

One may reducethe numberof independentvan- R-matrix:
ablesas in refs. [1,121 by choosingadmissiblepat-

‘a 0 0 d\
ternsfor the actionof I andJ. In our construction, I c 0
value,dependingonthemodel.Wethusprovidenon- 0 c b 0 (8)
the number of homogeneousvariables takes any R=~0 b
trivial (non-linear)mappingswith arbitrarynumber d 0 0 a/
of variables.Thereareveryfew suchexamplesin the Notice that this form is preservedby the operations
literature (see for instancethe “trace mappings” I andJ. Theactionof! is
[21,22]). The existenceof singularitiespermits the
multiplication of new examples. a bb—~—~--—--~,

Notice that thereexists a differencebetweenthe a—* a2—d2 b-—c
transformationsassociatedwith vertexmodelsand
theonesassociatedto IRF models.Forvertexmodels c—* ~ d—~a2—d2’
the determinantis a commonfactorwe do not care
about (homogeneityof theweights).ForIRF models andthe actionoff is
however,one hasa priori q2 independentdetermi-

a . b
nants.The mostgeneralmodel will havetransfor- a—X 2 2’ b2—d2’
mationsof degreeq(q— l)(q2—1) in the IRF case a —c
andq2— I in the vertexcase. —c d—~b2—d2~

Notealsothatfor bothvertexandIRF models,the c—f 2 2’a —c
two inversionsI andJ do notcommute.They gen-
eratean infinite discretegroup F, the infinite dihe- Onewould obtainexactlythesameformulaeby con-
dral group, isomorphic to the semi-directproduct sideringthe model asan IRF model.
~ ~<74. This group is representedon the matrix dc- We use the visualization method already em-
mentsby birational transformations[1,13,14]. Re- ployed [1] for spin models,i.e. just drawthe orbits
markthat for vertexmodels,the birational transfor- obtainedby numericaliteration and look. Fig. 1
mationsassociatedto thetwo involutionsland fare
naturally relatedby collineations(which realizethe In CP

2, theNoethertheorem [15] provesthat every bira-
tional automorphismof the planecan be representedas a

abovementionedrearrangement).This should be productof quadratictransformationsanda projectivetrans-
comparedwith the situation for nearestneighbour formation,but thisis veryspecificofCP2: thebirationaltrans-
interactionspin models.In the examplesdeveloped formationsin CPA, n> 2, aremuchmorecomplicated.
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Fig. I. 3d perspectiveof anorbit for theBaxtermodel.

showsin the variablesu=b/a, v=c/a, w=d/a, the neric orbits of If are densein curve similar to the
result of the iterationof If. The orbit is densein a oneof fig. 1 and that dO is the invariantdensityon
curve.The studyof the invariantsundertheaction this curve. We leave it to the readerto rewrite this
oflandJshowsthatthis curveis elliptic, asit should densityin the original variables.
sinceit hasaninfinite numberof automorphisms.It
is given by the intersection of the two quadrics

4 =const and 42=const(Clebsch’sbiquadratic), 3. Deformations
with ~1 and ~2 the F invariants[11,

2 2 2 2 Fromtheveryconstructionof thetwo involutions
4 = a+b—c—d I andJ, theyare birationaltransformationswith in-

ab+cd tegercoefficients.This meansthat the construction

ab—cd has a certainrigidity. It is neverthelesspossibleto
= ab+cd (9) introducedeformationsof our mappings.In this see-

lion, we shallconcentrateon thedeformationsof the

Thereexistsan elliptic parametrizationof this curve mappingsassociatedwith the symmetric five-state
in CP3 [16,17]. In termsof the elliptic parameter0, chiral Potts model, denotedSP2 in ref. [I]. The
If is merely a translation.This provesthat the ge- original I andJ read
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_u+uv—u2+v2 tral” parameter0. This shift replacesthe rotation
I: U—b 2 numberon a circle. The evaluationof this shift for

l+u+v—vu—v —u
eachcurve [18] shouldpermit:

— v+ uv—v2+ u2 (10) (1) toexaminethelocation of periodicorbits, and
i + ~,+ v— vu — v2— u2’ probablyshow that they aredensein the parameter

space;
J: u—*l/u, v—*l/v. (11) . .

(2) to havea notion of deformationswith fixed
rotation number.

3. 1. Deformationspreservinginvertibility In a first step,we considera two parameterfamily
of deformationspreservingthe involutive character

Forthe Baxtermodel (9) as well as for the sym- of I andJ. We chooseto leave I unchangedand to
metric five-statechiralPotts model (10) or various deformf into f~,,:
othermodels (seeref. [1]), thereexistsa foliation —

fab: u—*a/u v—~b/v. (12)
of the wholeparameterspaceby a linear pencil of
elliptic curves,and IJ isjust a translationon eachof Figs. 2a and2b showhow the initial invariantcurve
thesecurves.It is representedby a shift of a “spec- deformswith increasingvaluesof a and b. Forvery

4 .\ ~=i.OOOO1 - a~1~OOO5

2 \~,~i.OOOOi

:Th,, _
a=i000i a~1Oi

b~tOOOl b~1Ol

- ‘~~~l--- .~ .- 5’,I ~

ii

Fig. 2a.Blow upofthetori (I).
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Fig. 2b. Blow up ofthetori (II).

small deformations(a=b= 1 +5x l0—~),the curve —

is slightly deformed.For a=b=l+l04, the situa- 1 U— l+u+~’—vi~1~’

tion is drasticallymodified.The trajectoriesseemto
wanderbetweencurvesof thelinearpencildescribed ~, — U+ UI)— ‘~~~±~1.__ (13)
in ref. [1], with different valuesof the invariant. I +u+v—VU—v2---U2

After a moreor lesschaoticcrossoverregion,one re- . .

We haveJustswitchedthe sign of the coefficientof
coversanotherparticularsituationin thelimit where .

u- in the denominatorof 1(u), thusbreakingthe in-a and b are closeto 2: the iteratesrapidly contract . . . .

vertibtlity ofI. Fig. 3 showsa typical orbit of 1.1. Thetowardsa cycle of order four. . . . . . . .

situationis now drastically differentand any initial
point leadsto orbitstrappedby this strangeattractor3.2. Deformations breaking invertibility [191

Thereare manyotherpossibledeformations.One
can considerdeformationsbreakingthe birational 4. The singularities of birational mappings
characterof these mappings.We may for instance
replaceI by T Ourbirational mappingsare non-linear represen-
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Fig. 3. Orbitsof a non-invertiblerationalmapping.

lalionsof Coxetergroups.Theyrenewthewell-known 5. The representationpXp~
linear representationsof thesegroups [20]. The it-
erationmay evidently senda point of the orbit to We considerthe actionof F on a doublecopy of
infinity. This is not a true singularity in CP~.It is theparameterspaceintroducedin ref. [1]. Oneacts
merelyaneffect of the choiceof coordinates.It may with g~F on the first copy,andwith its inverseg —

howeverbe quite problematicfor thenumericalcal- on the secondone, from which the notationpxp - I

culations.Fig. 4 showsthesingularitiesof (JJ)” with (thevariablescorrespondingto thissecondcopywill
p goingfrom — 17 to 17 for thesymmetricfive-state bewritten with abar).Thisseeminglyoddconstrue-
chiral Pottsmodel (10, 11). In fact fig. 4 is repre- tion canbejustified from considerationson exactly
sentativeoftheorbitsofanarbitrarycurveunderthe solvablemodels[1,2]. Forthe sakeof simplicity we
action of the group F, which tend to fill the whole examinethe iterationsin the planeCP2.
plane.This leadstotheproblemof theorbit of a curve
(ratherthan of a point). 5.1. Stability ofthe quasi-integrablecases

Remark.Theremight exist true singularities,i.e.
pointswherethe actionof F is not defined. In the Whenthe iterationof If leadsto a curveon one
quasi-integrablecase,thesepointsare relatedto the copy, thereexist algebraicinvariants4 suchthat the
intersectionpointsof thepencils.Therearealsospe- curvereads4=const[1’]. If 4 is thesamefor the mi-
cial points: the accumulationpointsof the actionof tial points in the two copies,then theactionof F on
F. Theexegesisof theseparticularpointswill not be the double copy yields a curve. This canbe easily
done here. understoodin termsof the elliptic parameters0 and
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Fig. 4. A “few” singularitypointi oftheiterationofIf.

0 on the two copiesof the curve: 0+0 is invariant points on the curve diverges in no more than a
underthis actionof F. hundredpointswith numericaldrift andno traceof

It is naturalto wonderif theexistenceofthis curve the curve in the (u, U) plane subsists after
is stablewith respectto small differencesbetween perturbation.
the4’s ofthetwo initial points.Let usconsideragain
the mappingassociatedto the symmetric five-state 5.2.4 non-mniegrablecase
chiral Pottsmodel (10, 11). We take initial points
belongingto the hyperbola2uv+3u+3v+2=0, i.e.
a genuszero componentof the curvezli=~.If we in- We examinethis action pXp’ for the model
troducea mismatchof the invariantsA of the order linked to 74 introducedin ref. [11. Forthis model
10~,the curve in the u, ü planegive way to the tra- the orbits of If are chaotic (seefig. 4 of ref. [11).
jectoriesshown in fig. 5. Fig. 6 showsa remarkablestructure:when one ob-

This situation is representativeof most of the servesthe accumulationof the points,one seesthat
studieswe haveperformedin the quasi-integrable thehyperbolaeappearoneafterthe otheroveranal-
cases.Although the orbits in onecopy are astonish- ready constitutedbackground.A very heuristicex-
ingly stablewith respectto thenumericalerrors(they planationof this emergenceof order from disorder
“survive” a few thousanditerationsin singlepreci- is the following: with the samenotationsas in ref.
sion mode) and they still appearin the perturbed [1], the two lines u= 1 and u= I are exchanged
mapping (see fig. 2a), the preciselocation of the under the action of If, and contain an infinite
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Fig. 5. (u, u) trajectorieswith a mismatchof invariants.

set of remarkable attractive—repulsive points rough glimpseof the involvedbut remarkablestruc-
sin[(n+ I )a]/sin(na), with tan(a)=,~,/~.When ture of the coveringfor the standardscalar check-
the point (u, v) rovesaboutthe plane,it eventually erboardPotts model can be found in ref. [5]. We
passesnearby one of thesehighly unstablepoints, want to find the fundamentaldomainof the group
This stabilizesfor a while the trajectoriesneartheir F, in thesamespirit aswasdoneby Poincaréfor au-
exactvalues. Whenrestrictedto the two lines u= I tomorphic functions (Fuchsiangroups, Poincaré
andv= 1, thetransformationIf isan homographyof groups,...). We deal herewith the group associated
infinite order.Orbits in the (u, U) planearethen hy- to thesymmetricAshkin—Teller model.This is model
perbolaeas showsas calculationsimilar to the one SF1 in ref. [1]. Theinterestof this model is that there
of ref. [4]. existsan algebraicinvariant

~_ l—uv (14)

6. F as a fundamental group U — V
with u andv the inhomogeneouscoordinatesgiven

Oneshouldemphasizeagainthat thegroup F is a in ref. [11,and that thereexistsmoreovera partition
symmetrygroup in the wholeparameterspace,and of the parameterspacein two regionswith a differ-
notonly to possibleintegrability varieties.The par- entbehaviourof theorbitsunderthegroup.Thetwo
tition function is a multivaluedautomorphicfunc- regionsare delimitedby the valueof the invariant.
tion of severalcomplex variablesfor this group. A If 41 ~ 1, the genericorbits of F’ are densein the
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Fig. 6. Saturn’sringsfor a I, model.

curve4 = const.If IzlI s~I, thepointsof theorbitsac- lyric continuation[4]) of (e.g.) the partition func-
cumulate towards the diagonal u+v=0 (and of tion for all 0 from its valueon the intervalOE [0, )./
courseremainon the curveA=const). Looking for 2]. Thepoints0=..~/2arethe blowingup of the sin-
a fundamentaldomain hasa meaningonly in this gular points (U= I, v= I). (u= — 1, v= —1) (fixed
last region. Indeedthe actionof F is not discontin- points of f) in the direction tangent to the curve
uousin the otherregion. A = const.We cangive the localizationof the points

The model is particularly simplesince thereis a 0=A for eachcurves 4=const.They all lie on the
rational parametrization[11]. Thereexistsagain a hyperbola
parameter0 on the curves A=const,for which the
actionof land f reducesto 2uv+u+v=0 , (17)

I: 0— —0, (15) or its symmetricwith respectto thediagonalu + c=0.
Thesehyperbolae,togetherwith the straight lines

f: O—~)~—0. (16) . .

u= ±1, v= ±1, delimit the fundamentaldomainof
Remarkthat the actionof If is the translationof 0 F. The straightlines areglobally invariantby F. The
by A. imagesof thetwo hyperbolaegivesthe boundariesof

From the actionof the symmetrygroup, we may the successiveimagesof the fundamentaldomain.
deducethe expression(or moreprecisely the ana- Fig. 7 shows the different regionsand the funda-
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Fig. 7. Fundamentaldomainsfor thesymmetricAshkin—Teller model.

mental domain togetherwith its images under the getherwith new openingsin many moredirections
iterationof If. of research.Among them are of coursethe investi-

It is worthwhile saying that any other symmetry gationsrelatedto the mappingsperse. Beyondthat,
actingon the model,suchasfor exampletherenor- andmorein thedirectionof statisticalmechanicsand
malizationgrouphas to becompatiblewith thegroup field theory, is the understandingof the role of the
F [23]. dimensionof the latticeon boththealgebraicaspects

and the topologicalaspects.
All this touchesvariousfields of mathematicsand

7. Conclusion physics: algebraic geometry, algebraic topology,
quantumalgebra.Indeedthe Coxetergroupswe use

We would like to emphasizethat theconstruction areat the sametime groupsof automorphismsof al-
we presentherecouldnot haveeasilybeenfoundcx gebraicvarieties,generalizedfundamentalgroupsof
nihilo. Considerationsabout statisticalmechanical algebraicvarieties,symmetriesof quantumYang—
modelswereessentialin their building up. Indeed Baxter equations (and their higher dimensional
the “inversion relations”havebeena long standing avatars).
tool in statistical mechanicson lattices, and they We believemoreoverthat the spaceof parameters
stronglymotivateour construction.Whatis notice- in the appropriateplaceto look at, if one wantsto
ableis that,in return,it yieldsa powerful tool for the substantiateyet more the deep topological notion
explorationof lattice models,integrableor not, to- embodiedin thenotion of7/-invariance[19] and free
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