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SYMMETRIES OF MODELS WITH GENUS >1
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ThenewSolutionsof thestar—trianglerelationfor thechiralPottsmodel obtainedrecentlybyAu-Yangetal.arerevisited.Their
symmetriesarestudiedwith aparticularemphasison theirgroupofautomorphisms.

Last year,a whole set of solutionsof thestar—tn- relationwasdiscovered.Thissolutionwaswritten in
anglerelationh~vebeenobtainedfor thechiralPotts termsof two setsof rapiditiesnamelytwo four vec-
modelsbyAu-’~ang,Baxter,McCoyandPerk [1—5]. tors (a,,, b~,c,,, d~)and (aq, bq, Cg, dq). Thesefour
A remarkablef~atureis that they are the very first vectors occur in the model in particular
examplesof mbdelsin two-dimensionalstatistical combinations:
mechanicsunifOrmizedwith curvesof genusgreater
thanone. In a morerecentpaper [5] new exactre- XI = bqdp, x2 = apcq, X3 = bpdq, X4 Cpaq,
sults for this nearestneighbortwo spin interaction ~ = d~,,, X6 = dpaq, X7 = Cpbq, X8= bpCq.
model givenin termsof two “rapidities” restricted (1)
to lie on a curvdwhich istheintersectionoftwo Fer-
mat surfaceshavebeenpresented.Thesesolutions In orderto pointoutthecentralroleplayedby these
presentmanyremarkableproperties. variablesx, weconsiderthefollowingproblem.Given

In this note, we considerthe symmetriesof the the Boltzmann weights w(n) and 9(n) we ask
model of the cl~iralNstatePottsmodelwith special whethera set of x, existssuchthat:
emphasison th~dualityandthe inversionrelation. ,,~

w(n)x1—w(n)w x2—w(n+l)x3
In general,the set of transformationsgeneratedby
theinversionre’ationandtheothersymmetriesisan +w( n +1 )w”~‘x4 = 0,
infinite discretegroup.However,thissituationis in- - - -

w(n)wx5—w(n)w~’~’x6—w(n+l)x7
compatiblewitl~a parametrizationwithcurvesofge-
nusgreaterthanone or with Fermat surfaces[6]. +~9(n+l)w~~’x8=O, (2)
Here we analyzethesesymmetriesand show that
theseintegrablemodelscorrespondpreciselyto the w is anNth root ofunity. Sayingthat thex,areprod-
caseswherethiS groupdegeneratesandbecomesfi ucts (suchas (1)) amountsto imposingthe two
nite. The symntetresof the model are thenclosely conditions
relatedto the automorphismsof thealgebraicvari- ~2~3 =x5x8 and x1 x4 =x6x7. (3)
etiesthatoccur in theparametrizationof the model.

In ref. [5] a generalsolution of the star—triangle The periodicityof w andW is equivalentto
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x~+x~=x~+x~and +=~+~‘ (4) the leadingorderin u of (5) is nothingelsebut eq.
(7) of ref. [1].

(when thex areproductsthis correspondstoeq. (6) (2) N= 4 andN>4. For N= 4, the homogeneous
of ref. [5]). linearsystemis overdeterrnined.Onehasnon-trivial

Clearly, N= 3 andN> 3 are two casesto be dis- solutionswhenthe determinantof the systemvan-

tinguished as for N> 3 the homogeneous linear sys- ishes namely
tern (2) is overdetermined.

(1) N= 3. In this case eqs. (2) are alwayscorn- [w( 0)2 + w(2)2] w( 1) w( 3)
patible. The integrabiity condition of ref. [5] is + [w(3)2+w( 1 )2]w(0)w(2)
written as

—2w(0)2w(2)2—2w(l)2w(3)2=0. (9)
F(w(0), w(l), w(2))F(~(0), ~i’(l), ~i~(2))=w,

Onerecovershereeq. (19) of ref. [2]. The condi-
(5) tionsobtainedin refs. [1,2,5] for the star—triangle

relationto be satisfiedfall into two differentclasses:
whereF(w(0), w(l), w(2))=x

1x4/x2x3,with
this determinantalconditionwhich insuresthe ex-

x1 =w(2)w(0)
2+ww(l)w(2)2+w2w(0)w(l)2, istence of the x~and condition (5) which amounts

to saying that the x, are products. As for N= 3 one
x
2 =w(0)w(1 )

2+ww(l)w(2)2+w2w(2)w(0)2,
can expand the Boltzmann weights to obtain from

—x
3=w(2)w(l)

2+ww(1)w(0)2+w2w(0)w(2)2, (5) eq. (33b) of ref. [1] and from (9) the second
factor of eqs. (33c) and (33d) of ref. [1].

— x
4 = w(0) w(2)2+ ww(1) w(0)2+ w

2w(2 ) w( 1)2. For N> 4 we have a similar situationwith more
(6) than one determinantalequation.

Eq. (5) is nothing but eq. (3) which meansthatthe Letusalsorecall theconjecturedcriticalvarietyof
x are products of two sets of homogeneous param- the model described in ref. [5]. Whenwritten in our
eters (the “rapidities”). In the limit of thethreestate set of variablesone finds
scalarPottsmodel(w(l)=w(2),~(1)=~(2)),(5)
degeneratesinto the two conditionsfor which the (x~+x~)2(x~’+x~”)2. (lOa)
model also satisfies the star—triangle relations namely
the ferromagnetic and the antiferromagnetic critical For N= 3 this leadsto
conditions [7,8]: [w( 1 )3—w(2)3][w(2)3—w(0)3] [w(0)3—w( 1)~]

AB+A+B=0 (7a) ~

or x[w(0)3—~(l)3]=0. (lOb)

AB—A—B=2, (7b) We arenow readytodiscussthesymmetriesofthe

where A= w(0)/w(l) and B=w(o)R~(1). generalchiralN state Potts model.
Onealso remarksthat,whenw( n) and ~(n) are A trivial symmetrySof the model permutesthe

real for all n, (5) leadsto only onecondition. horizontalandthe verticalbonds:
Finally, setting

S: w(n)~—~(n).
w(0)=1, i~(0)=l,

Another, but “non-trivial” symmetry is the so
w(1)= l+a

3(a— l)u+a2(1—w)u+..., calledinversionsymmetryI which is definedasfol-

lows [9]: consider the NxN cyclic matrix M(W)
definedby M0,,,=w(n) for n=0, ..., N—1. Onecan

w(2)= l+a1(l —w)u+a2(w—l)u+..., introduceanotherset of weightsdenotedW1 by the

relation: M( W1)=M—’ (W) whereM’ is the cyclic(8)
matrix which is the inverse matrix of M( W).Then,
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the inversion symmetry I acts on the Boltzmann (forN= 3 thisgroupis finite and(5) is globally in-
weightsof the model accordingto variantunderits action).At first sightthiswould be

in contradictionwith theoccurrenceof curvesof ge-
I:w(n)-41/w(n) and ~(n)—~i91(n). (11)

nusgreaterthanoneor Ferrnatsurfaces[6]. It is in
As in the scalatPottsmodel,a functionalequation fact possibleto showthat forN= 4 thealgebraicva-
is associatedto 1 [10]: rietiesdefinedby (5) and (9) are invariant under

the groupof automorphismsandthat the restriction
T(w(0),...,w(N—1) W(0),...,w(N— 1)) of the group to thisvariety is finite. Moreover,the

intersection of (5) with the condition (9) or with
the conjecturedcritical condition (10) is also in-

= 1, (12) variant under the group of automorphisms. To prove

where T is the symmetrizedtransfermatrix of the thisinvarianceit is sufficienttoverify theinvariance
underT: w(n)—~l/w(n)andunderD.However,inmodel andII an identity matrix. With the notations

of ref. [5] one can verify that the transformation termsof the w and 0, the calculationsare involved.
~9(n) —~ P~(n) corresponds to the permutation of the It is possibletogive amoresuggestiveproofof the
two rapiditiesp andq providedthat eq. (6) of ref. degeneracyof the automorphygroupby usingthex,
[5] is satisfied.This a consequenceof the star—tri- variables.Indeed, it is a straightforwardmatterto
anglerelation jn the limit r—~p.Theinversionrela- see,whenthedeterminantalconditions(suchas (9))
tion (12),implicit in ref. [5], hasalsobeenexplicitly are satisfied,that the transformationTreads:
written outby baxterandusedin a recentpaperon T: x1 —~x3,x2 -4x4, x3 —~x1,x4 —‘x2. (14)
the solution of the freeenergyof this model [11].

The duality actsas:The well known Kramers—Wannierduality [12]
of the scalarP~ttsmodel may be generalizedin the D: x1 —+x2w, x2 —*x4, x3—~x1, x4—4x3, (15)
chiral Pottsmodel by

andof coursesimilar transformationsfor x5, x6, x7,
D: w(n) —~w( 0)+cv ~w( 1) + w—

2”w( 2) + ... x
8. Note that a relation exists betweenT and D:

D
2T=TD2. For N> 3 the transformation

(13)
i~(n)—’~

1(n)reads:
and by the sii*iilar expressionsfor W(n). D is no

x5—.x6, x6—~x5, x7—4x8, x8—’x7. (16)
longeraninvolution. Notethat it is actuallya trans-
formationof order4 for any valueof N. Now it is obviousthat (3)—(5) and (10) are in-

This others~’mmetryof the model may be added variant underthis set of transformationswhich is
to the previousonesandit is easyto seethat the finite.
transformationsw( n) —* w1(n) and w( n)—~ 1 /w( n) As mentionedbefore, thegroupgeneratedby Sand
are conjugatedunderthe duality transformationD I isin generalinfinite. Thelinearsystem(2) defines
(diagonalizati~nof acyclic matrix). a setof variableswhich appearsto be well suitedto

Sand!aretWo involutionsthatgenerateadiscrete the analysisof this automorphygroupandwhich, at
groupof transformationsin the parameterspaceof thesametime, correspondsto sayingthat thisgroup
the model (PNI X PNI). On the otherhandit has is finite evenif (5), the conditionfor the existence
beenshownthat thestar—trianglerelationsare corn- of thestar—trianglerelaton,is notsatisfied(whenthe
patible with this discretegroup of transformations star—trianglerelation is satisfied,at least4N

2 of the
[13]. More precisely,the algebraicvarietiesrelated autornorphismsareexplicitlywrittenoutin ref. [5]).
to the parametrizationof the star—trianglerelations On the exampleof the scalarN state Potts model,
mustpossesssomeinvariancepropertiesunderthe therealsoexisthomogeneousvariableswell suitedto
action of this group: this group is a set of auto- thedescriptionof theactionoftheautomorphygroup
rnorphismsof thesealgebraicvarieties[6]. definedby [10]

In general,forN> 3, this set of automorphisms is
aninfinite discretesetof birational transformations w(0)x

1— w(0)x2 — w( 1 )q_x1 +w( 1 )q~x2 = 0,
(17)
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where q~= 1 — ~N+ ~~/N(N— 4). Despite the fact defines a generalizationof the Fourier transform
that here q~is not in general anNth root of unity, (whichis the keypointin refs. [1—5]). Is it possible
(17) is also compatible with the duality. Eq. (17) is in such a general case to get linear systems similar to
reminiscent of the linear system (2). One can even (2) and to define well suited variables? Do non-triv-
verify that for q = 3, for which q÷is a root of unity, ial solutionsof the star—trianglerelationswhichgen-
the linear system (2) degeneratesinto (17). Onehas eralize refs. [1—5] exist?What thenwould be the
also a similar but more involved situation in another symmetries of these models? Thesequestionswill be
subcase of the N= 4 chiral Pottsmodel, that is, the consideredin the future.
anisotropic symmetric Ashkin—Teller model [14]. It
is thus tempting to supposethat suchlinearsystems We would like to thank the refereefor many im-
could play a key role in the analysis of the auto- portant comments and for mentioning refs. [3,4]
morphic properties of the models. which we were not aware of.
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