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Abstract

We analyse birational mappings generated by transformations on q x g matrices which corre-
spond respectively to two kinds of transformations: the matrix inversion and a permutation of the
entries of the ¢ X ¢ matrix. Remarkable factorization properties emerge for quite general involutive
permutations.

It is shown that factorization properties do exist, even for birational transformations associated
with noninvolutive permutations of entries of ¢ X g matrices, and even for more general transfor-
mations which are rational transformations but no longer birational. The existence of factorization
relations independent of g, the size of the matrices, is underlined.

The relations between the polynomial growth of the complexity of the iterations, the existence
of recursions in a single variable and the integrability of the mappings, are sketched for the
permutations yielding these properties.

All these results show that permutations of the entries of the matrix yielding factorization
properties are not so rare. In contrast, the occurrence of recursions in a single variable, or of the
polynomial growth of the complexity are, of course, less frequent but not completely exceptional.
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1. Introduction

In the last few years, integrable discrete dynamical systems have attracted growing
attention [1-6]. The developments in this truly interdisciplinary field are impressive.
The large recent literature on integrable maps is the consequence of the discoveries
of many results, concepts, structures, and of an accumulation of many new interesting
examples [7,8]. These developments come after, or in parallel to the developments of
integrability in classical or quantum field theory, lattice statistical mechanics, and many
other domains of mathematical physics (the list of these domains being quite large:
quantum groups, knot theory, combinatorics, number theory...).

Several concepts and structures crucial to understand integrability, like for instance
the existence of Lax pair, or Bécklund transformations [9], can be seen to exist in a
continuous framework as well as a discrete one. Paradoxically many structures of the
discrete dynamical systems are, by no means, simpler than the corresponding struc-
tures of their continuous counterparts. In this respect the “Deus ex Machina” of the
integrability of the two-dimensional models of lattice statistical mechanics, namely the
existence of Yang—Baxter equations [10,11], is intrinsiquely a discrete concept with no
obvious natural counterpart. This intrinsiquely discrete concept enables, for instance, to
see clearly why quantum integrability [12] on a lattice is, to some extend, “easier” to
understand than classical integrability on a continuous space.

Among these various exact properties and structures some are directly related to the
integrability (existence of Lax pair, of Béicklund transformations, of bi-Hamiltonian
structure [13], of various kinds of symplectic structure [14], ...), and some are less
obviously related to integrability, namely the reversibility of the mappings (which can
be analysed in a continuous or discrete framework) and a property specific of discrete
problems, which has not yet deserved as much attention as the previously mentioned
structures and properties, namely the occurrence of factorization properties for the
iteration of the mappings.

The connection between reversibility and integrability has been already been analyzed
by Quispel et al. [15,16]. We will concentrate here on the analysis of the occurrence
of factorization properties for the iteration of the mappings, integrable or not. Some
analysis of factorization properties of mappings have even been performed by Veselov
for large classes of mappings but in the context of (birational) transformations of rwo
variables (Cremona transformations [17-19]).

In this very paper we will try to better understand the relation between the factoriza-
tion properties which occur in the iteration of particular (birational) mappings of many
variables (in fact an arbitrary number of variables) associated with transformations on
matrices, and the reversibility of the mappings, as well as their possible integrability.
We will provide a large number of new examples of such birational mappings associated
with matrices and will try, from this accumulation of examples, to better understand the
“natural framework” for the occurrence of (more or less remarkable) factorization prop-
erties. Is the reversible character [20] of the mapping necessary to get factorizations?
Is the existence of algebraic varieties preserved by the birational mappings necessary to
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get factorizations?

In previous papers birational mappings [21-23] generated by involutive transforma-
tions on matrices have been studied. They have their origin in the theory of exactly
solvable models in lattice statistical mechanics [24-29]. These involutions respectively
correspond to two kinds of transformations on g x g matrices: the inversion of the ¢ x ¢
matrix and an (involutive) permutation of the entries of the matrix. In these papers,
permutations of two entries [21-23], as well as permutations corresponding to discrete
symmetries of lattice models of statistical mechanics [24-29] were first analysed. For
these permutations, it has actually been shown that the iteration of the associated bira-
tional transformations presents some remarkable factorization properties [21,22]. These
factorization properties explain why the complexity of these iterations, instead of having
the exponential growth one expects at first sight, may have a polynomial growth of the
complexity [21,22,30]. It has also been shown that the polynomial factors occurring in
these factorizations may satisfy noteworthy non-linear recursion relations and that some
of these recursions were actually integrable, yielding elliptic curves [21,22].

We will consider here more general examples of permutations of the entries of a
g x q matrix and we will analyse the iterations of the associated birational transforma-
tions in the parameter space associated with the (homogeneous) entries of the matrix.
Again, one will analyse the relations between these various structures and properties
(polynomial growth of the calculations, existence of recursions {22], integrability of
the mappings, nature of the algebraic varieties preserved by these mappings... ). It will
be seen that factorization properties actually exist for quite general permutations of
the entries. It will also be shown that some generating functions of the degree of the
iterated transformations are often simple and satisfy remarkable functional equations in
the quite general framework. Furthermore, it will be seen that, even for quite general
permutations, polynomial growth, or the existence of (integrable) recursion relations,
are not completely exceptional (see Sections 6.1.1 and 6.1.11 in the following).

We will consider three different classes of mappings: birational mappings correspond-
ing to more general, but still involutive, permutations of the entries, birational mappings
corresponding to permutations which are no longer involutive, and, finally, rational
mappings which are no longer invertible.

Our aim is to provide tools and criterions to classify “chaotic” birational, or just
rational, mappings of many variables. We want to identify structures that stiil “survive
chaos”.

Through various examples one will try to understand how these remarkable factoriza-
tion properties can occur in such a very general framework.

2. General framework
Generalizing the analysis performed in [21,22], we consider here the following prob-

lem (which is interesting in itself for the theory of mappings of many variables disre-
garding the relation with the theory of integrable lattice models [22,23]): analyzing
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the iteration of birational transformations generated by the matrix inversion and a per-

mutation of the entries of the matrix. One interesting problem one hopes to solve is to

find permutations of the entries of the matrix for which the corresponding birational

transformations yield integrable mappings or polynomial growth of the calculations.
Let us consider the following g X ¢ matrix:

myp miz mpz M4
my m M3 My

Ry=| M31 m3y mz3 myg - | (2.1)
Mgy m4y M43 M4

We use the same notations as in [21,22], that is, we introduce the following transfor-
mations, the matrix inverse f, the homogeneous matrix inverse / and, in the following,
t will denote a permutation of the entries of the g x ¢ matrix (in the next section ¢ will
be the permutation #12_3; which permutes m;2 and my):

I':R,— R;' or I:R,— R;'-det(R,). (2.2)

The homogeneous inverse / is a polynomial transformation on each of the entries m;;
of R, which associates to each my; its corresponding cofactor. Transformation 7 is an
involution, whereas I* = (det(Ry) )92 . T, where T denotes the identity transformation
and transformation ¢ will often be, in the following, an involution. We also introduce
the (generically infinite order) transformations,

o~

K=t-I and K=t-T. (2.3)

The transformation X is clearly a birational transformation on the entries m;; since its
inverse transformation is 7 - ¢, which is obviously a rational transformation. Transforma-
tion K is a homogeneous polynomial transformation on the entries m;;.

3. Recalls

Let us recall the factorization properties and recursion relations associated with a set
of simple permutations detailed in [21,22].

3.1. Iterations associated with permutation mi, — my;

Let us first recall the factorization properties and recursion relations obtained for
permutation of two entries ' my, and my; [21-23]. We first recall some notable fac-
torization properties of the iteration of the homogeneous transformation K, bearing on

! This permutation represents one among a set permutations which have been denoted class I in previous
papers [22,23].
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g x g matrices. This transformation corresponds to integrable mappings and yields elliptic
curves for arbitrary q [21-23].

Let us consider a generic g X g matrix denoted My (see (2.1)) with g > 4. Let us
consider the successive matrices obtained by the iteration of the homogeneous trans-
formation K. The first of these matrices and the first determinant one encounters are
denoted, respectively,

=K(Mp), fi=det(Mp). (3.1)

The determinant of matrix M, factorizes remarkably enabling the introduction of a
homogeneous polynomial f, (which is a polynomial of the 4> homogeneous entries of
M),

=det(M|)
m

Also, notably, ﬁ -4 Jactorizes in all the entries of the matrix K(M, ), leading to introduce
a new matrix M,

f2 (32)

K(M))

q—4
1

M, =

(3.3)

Again, det( M3) factorizes permitting the introduction of a new polynomial f3. Moreover,
3 ~* factorizes in all the entries of this matrix K(M,). Such factorizations occur at
each step of the iteration, yielding a polynomial growth of the calculations (polynomial
growth of the degree of all the quantities one encounters [22]). One can actually
introduce the following polynomials f, and matrices M, corresponding to the “optimal”
factorizations in the iterations:

det(M>,) K(M3)
=3 M=o
fi fg fi fg
det(M3) K(M3)
fo= o Ma=—/5————=, (34)
1 Bf1 1751
and generally, for n > 1 and ¢ > 4,
K(M det(M,
Mn+3="—(2‘r'lj—2)__4, fn+3 —“% (35)
fg fn+1 »fq fn+l fq
A relation independent of the matrix size q pops out immediately,
- K
K(M,,+2) = (Mn+2) — Mn+3 (3.6)

det(Mn+2) B fnfn+1fn+2fn+3 '

Conversely relation (3.6) enables one to get M, as the nth iteration of X,

My = fu fnoa- K"(Mp). (3.7)
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Taking the determinant of the left-hand side and the right-hand side of (3.7) and
recalling the second relation in (3.5), one can eliminate det(M,) to get a relation
which does not depend on g,

det(K"(Mo)) = far1 - £ foi- 7L, (3.8)

This defines the (left) action of transformation K on matrices M,’s and the set of
polynomials f,’s closely related to determinants of these successive matrices. For g = 3
the factorization scheme is slightly different and simpler,

M= K(A;,,m ’

One can also introduce a right-action of K on matrices M,’s, on the entries of
the M,’s or on any polynomial expressions of these entries (such as the f,’s for
instance), replacing the entries m;; of Mg with the corresponding entries of K(M,),
i.e. (K(Mo))ij. Amazingly, the “right action” of K on the f,’s and the matrices M,’s
reads a remarkable factorization of f, and only f; [21,22],

det(M,
friz = i(_ﬁ_@_ (3.9)

(fn)K=fn+1 'ffmv (Mn)K=Mn+l'f;}"- (3.10)

Denoting a, the degree of the determinant of matrix M,, and B, the degree of
polynomial f,, one immediately gets from Egs. (3.5), (3.6), (3.10) the following
linear relations (with integer coefficients):

n2=(q—1)Bn+3Bni1 + (g~ 3)Bni2 + Pry3,
(g —Danyr = an3 +q(q~2)Bn+29Bns1 + 9(q — 4) Buy2»
(g-—- 1).Bn=ﬂn+l+q#n’ (q_ Da, = api +qZVn- (3.11)

Let us introduce a(x), B(x), u(x) and v(x) which are the generating functions of the
an’s, Bu’s, pn’s and vy’s,

a(x) =) an-x", B(x)=) B,
n=0 n=0

p(x) =Y g X", v(x) =D vpex (3.12)
n=0 n=0

Linear relations between these various generating functions are obtained from (3.11).
For instance, Eqs. (3.5) yield for the generating functions ar(x) and B(x),

xa(x) = ((g= D +35 + (g=3)x+1) - A0,
((q=Dx=1-a® +q= (ag -5 + 20 +q(g—Hx) - Bx), (3.13)

and Eq. (3.6) yields
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(14+x)-a(x)=qg(1+x)- (1+x)-B(x) +q. (3.14)
The explicit expressions of these generating functions read respectively
=q(l+(q—3)x+3xz+(q—l)x3) qx

d+0(1-x) » B =T a0

_x((g—=3) +2x4° —- &%) _x((g=H+2x+(g-2xH)

w(x) = (1+x)(1-x)3 ;v = (14 x)(1 —x)3

a(x)

(3.15)

In the explicit expressions of exponents a,’s, B,’s, u,’s and v,’s, one sees that
the iteration of transformation K yields, because of the above mentioned factorizations
((3.5), ...), a polynomial growth of the complexity of the calculations: the degree of
all the expressions one encounters in the iterations (the a,’s, B,’s, u,’s and v,’s, the
entries of the successive matrices My, ...) has a quadratic growth with n, for instance

Bn=4q(2n(n+2) +1—(=1)"). (3.16)

In the generating functions a(x), B(x), u(x) and »(x), this corresponds to the fact
that one only has x = +1 singularities.
A similar analysis can be performed considering the factorization properties of K>

instead of K. For instance, one gets the following relations 2 :
K*(M,,) det(Mp.2)
Mpia= — D med e oa I T s e (3.17)
FrAmDaD o e R 7 o fo
and
K2(Mn+2) fn+l 2
_ A M) oy ( ) . 3.18
@et(Mpy2))2 - M\, (18

From these factorization relations (3.17) linear relations are deduced on the a,’s and
Bn’s, or on the generating functions «(x) and B(x), equivalent to (3.11) or (3.13),
enabling one to recover the exact expressions (3.15). Of course, a similar analysis can
be performed on K* (or any power of K), but will not be detailed here.

Similarly one can introduce the “right action” of transformation K2,

(22) (21
(foie=fuz £ - f1" . (3.19)
It can be noticed that u‘>?(x) is actually equal to u(x). It is easy to prove, for
arbitrary ¢, that

(x+(g—-3))-((g—1)—-x)

(1=x)3(1+x) '

x((g—3) +2x%2 - x%)
(1+x(1-x)3 ~

pE(x) =

pF(x) = u(x) = (3.20)

2 These results concerning the factorization properties of K™ are new and cannot be found in the previously
mentioned series of papers [21,22], etc...
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which is a consequence of

w(x) - (L+py-x) =x- (g +u®P(x)) together with p; =g — 3.
(3.21)

Again, the “right action” of transformation K, K*,..., K® can be introduced: more
details are given in Appendix A. From now on we also denote x(x) by u(\D (x).

Similar results are obtained for the right action of KV for arbitrary values of the
integers g and N. The results read

J( NN VN =D w VN =D) e
(fn)K"=fn+N' N" 'f(;:/_l) 'f(;/_z) "'fl" ’ (322)

yielding

VT ey - p P () - BV ) + s w00+
- VD ()
=(prx+p x4+ oy -2V AV D (ry) - w D ()
(323)

From relation (3.23) one deduces a remarkably simple expression for w1 (x) valid
for N > 4,

q:(q-2?% (g-D® .«
(1-x)3(1+x)

w D (x) = (3.24)

To see that this exact expression of ™V (x) is a consequence of relation (3.23), for
arbitrary g and for N > 4, is a bit tedious: it is proved in Appendix A. One can however
get this simple result directly from factorization (3.22), performing the right action of
K@*D ag the (right) action of KV on factorization (3.10),

oo = ((£2) ) oo = (Frer - 117) = () - (£19) 0 (325)

which directly yields for the generating functions,

X pMNFED () — D () 4 x (1 _ /ﬁ“”(x)) D
=x- ,LL(NH‘I)()C) _ #(N;l)(x)
+(aa- DM (g-3?) - (1- (@) - x=0. (3.26)

These factorizations allow to introduce the (optimal) factorization polynomials f,.
Remarkably, these polynomials do satisfy, independently of q, a whole hierarchy of
non-linear recursion relations [21,22] as, for example,

fnfr21+3 _fn+4f,2,+1 - fn—lfrzx+2—fﬂ+3f3
fn—]fn+3fn+4 - fnfn+1fn+5 fn—2fn+2fn+3 - fn—lfnfn+4 ’

or, among many other recursions [21,22],

(3.27)
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fn+1fp%+4fn+5 - fn+2f;%+3fn+6 _ fn+2f;%+5fn+6 - fn+3f,21+4fn+7

f3+2fn+3fn+7 - fnfn+4f,%+5 f,2,+3fn+4fn+8 - fn+lfn+5f3+6 .

These recursions have been shown to yield elliptic curves [21,23].

These recursions can also be analysed in terms of the inhomogeneous birational
transformation K instead of the homogeneous transformation K (see (2.3)). Let us
introduce the variables I,’s by

(3.28)

I, = det(K(K(--- (M) ---))) = det(K"(Mp)) . (3.29)
Recursions (3.27) yield

ln+3 ln+2 -1 ln+2 ln+1 -1
= Ay lni1 lnv2 lnss (3.30)
ln+1 ln+221n+32 ln+4 -1 ln ln+lzln+22 ln+3 - T

Noting that the variables 1,’s always occur, in these recursions, through the product
x, = lpl,41, the previous equation on the I,’s (see (3.30)) becomes

Xnp2 — | _ Xnt1 — 1

= “Xp Xns2 - (3.31)
Xpil Xng2 Xng3 — 1 Xp Xpy1 Xng2 — 1

Similarly to the f,’s, there is a whole hierarchy of recursion relations satisfied by the
I,’s or the x,’s [21,22]. Let us just give here another example of a recursion bearing
on the x,’s,

Xn42 Xpt3 — 1 _ X4l Xnr2 — 1

Xn+1 x3+2 x5+3 Xnpa— 1 Xp xﬁ+1 xﬁ+2 Xpy3 — 1 it (3:32)
The analysis of this hierarchy of compatible non-linear recursions has been performed
in [21] and will not be detailed here. All these factorizations and recursions can be
proved even for arbitrary q [21,22].

Of course relations between these various variables exist. The x,’s can, for instance,
be written [21,22] as simple expressions in terms of the f,’s,

fr21—1 fn+2
= (3.33)
§ f3+1 fn—2
Introducing (homogeneous) variables g,’s,
Xn = qnst/Gn » (3.34)

recursions (3.31) (as well as all the recursions of the hierarchy [21]) can be written
in the following form:

R(qGn,gns1s- .- Qn+p) = R(Gnis) Gnastis--- 9qn+s+p) s (3.35)

where R(gn,qn+1,- .-, qntp) denotes a rational expression of g, Gnt1s-- -5 Gntp. A TC-
cursion of the form (3.35) can easily be “integrated” to get a set of biquadratic relations.
Examples of such integrations for the (integrable) recursions of the previously men-
tioned hierarchy have been given in [21]. They typically read as follows [21]:
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(Pngns1 — 1) - (Pry1gn— 1) = A- Gngns1 - (0 + Gn + qni1) (3.36)

It should be noted that one can also integrate these recursions in terms of the x,’s,
using the integration performed with the appropriate variables g,’s, but the results are
more involved. Let us, for instance, consider the integration of one of our recursions in
terms of two biquadratics [21], denoted as B;(gn, gn+1) and Ba(gn+1,¢ny2). Using the
very relation between the x,’s and the g,’s, the system of these two biquadratic relations
reads

Bi(gngn-xn) =0, By(gn - Xp,qn - Xn - Xpt1) =0. (3.37)

Eliminating the homogeneous variable g,, one immediately gets a relation between x,
and x,.i. Let us consider, for instance, the simplest example of integrable recursion,
that is (3.31). For this example the two g,-biquadratics, B, and B, identify and the
resultant between them yields a bicubic,

B(xn, xni1)=A- (1 4+ x3x3.1) +B-x2+ (244 B) - x,- (1 + %242, )
+C - XpX2 1+ (A+2B) - X2 - (1 4 XnXny1)
+(3B = C) - xpxny1 - (1 4 XpXpy1) + Dxx,,1 =0, (3.38)

Let us now consider recursion (3.32) which, in terms of the variables g,’s, can be
integrated and yields two biquadratic relations. It also gives two bicubics of the form

A- (1+x§,x3+1) +§-xf,+6'x,,-(1+x3xﬁ+1)+l/§-xﬁ-(1+xnx,,+1)
+E\'xnxﬁ+1 +F'Xn Xpt1 - (1 + x5 Xp41) +6‘xgxn+1 =0, (3.39)

with some involved relations between the coefficients of (3.39) that will not be written
here. More details? are given in Appendix B.

The relations between these various properties and structures (factorization proper-
ties, existence of recursions on a single variable, integrability, ...) have been detailed
in [21,22]. The fact that products of a fixed number of f,’s occur in relation (3.27)
is related to the fact that products of a fixed number of f,’s occur in the factorizations
previously detailed (3.5). The polynomial growth of the complexity of these iterations is
also related to the occurrence of products of fixed numbers of polynomials like (3.27).
However, it is important to note that polynomial growth can actually occur even with
more involved factorization properties where the number of f,’s occurring in the factor-
izations is not fixed but grows like n (see Section 4.2 in the following). Of course the
existence of factorization properties is a necessary condition for a polynomial growth of
the calculations.

3 These results are new and cannot be found in previous publications.
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3.2. Iterations associated with elementary permutations: the six classes

In order to clarify the relation between all these various properties and structures, all
the possible permutations of two entries of the g x g matrix have been considered [22].
It has been shown that all the permutations of two entries can actually be reduced to six
different classes of transpositions [22], denoted as class I, class II, ..., class VI [22,23].
These classes are defined for g x g matrices (g > 4). Class VI can be represented, for
instance, as transposition m; < mys, class V can be represented as my; < 3, class
IV can be represented as my < mj3, class III can be represented as mj; < mys, class
I can be represented as mj; <> my; and class II can be represented as m; «— ms4 (see
[22,231).

The analysis of the iteration of the homogeneous transformation K for the permuta-
tions of class IIl (and class II but only for ¢ = 4) yields the same factorizations as
for class I [22]. However, the corresponding polynomials f,’s do not satisfy recursion
(3.27) or any other simple recursion in a single variable* .

For all these various classes, as well as for the other birational transformations anal-
ysed in this paper, one has no factorization of K(My) and one will denote

My =K(Mo), fi=det(Mop). (3.40)

Remark. For all these classes (and this is also true for all the examples analysed in this
paper) the “right-action” of K on the f,’s or the M,’s factorizes fi and only f, (see
relations (3.10)), yielding the same linear relations for the exponents a,’s, B,’s, i,’s
and »,’s as for class I (see relations (3.11)) and thus the following linear relations for
the corresponding generating functions:

((g—1Dx—-1)-B(x) =gxu(x) —gx,
((g-=Dx—1)-a(x) =gxv(x) —q. (3.41)
32.1. ClassV

The factorizations corresponding to the iterations of the homogeneous transformation
K (see Eq. (3.4) for class I), read for class V,

det(Mn42) = f471 - frurn ff,l-:; farss, K(Map2) = f772 ,,;;' My, )
(3.42)

As well as for classes I and III, two relations independent of gq, are actually verified,
namely Eq. (3.6), and

det(K"(Mo)) = faur1- f72 fac1- s (3.43)

Again, a similar analysis can be performed considering the factorization properties of
K? instead of K. One gets

4 Nevertheless, there actually exist recursions on a finite set of variables which enable, after elimination, to
get an (involved) algebraic relation on the variables I,;’s or x,’s (see [22]).
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M4 = Kz(Mn+2)
4= T (g-2)(g~1) p9-2 p(g—1)(q—2) pq—4°
Sn faii Fada s

Kz(Mn+2) _ Mn+4

(det(Mn+2))q—2 - (fn+2 fn+3)2 ’ (344)

Of course, a similar analysis can be performed for K* but will not be detailed here.
Factorizations (3.42) yield linear relations for the degrees of the polynomials det( M, )
and f, (the a,’s and B,’s), for instance

an2=(q — 1) B+ Bnt1 + (q —3)Bus2 + Bri3. (3.45)

The generating functions a(x) and B(x) read

_q((g- DX+ +(g—=3)x+1)
() = T -3t 2 =)

3 ax
e s Y S P e (3.46)

In these generating functions, it is clear that one has an exponential growth of the
complexity of the calculations, since the degree of all the polynomials one encounters
grows exponentially. The exponents a,’s, B,’s, i4»’s and »,’s grow exponentially like
A" where A ~ 2.769--- This exponential growth seems to be incompatible with the
existence of recursions: actually there is no simple recursion on a single variable like
(3.27) on the f,’s.

’

3.2.2. class VI
The iterations of transformation K for class VI yield, for arbitrary n, “string-like”
factorizations:

K(My) =Myyy - (fr- fooz famts fro6 " fe)77, (3.47)
det(My) = farr - f92 for - O3 fuma - fiT2 fh, (3.48)

where &, = 1 for n odd and &, = 2 for n even, and ¢, = 1 for n even and {, = q — 2 for
n odd.
Let us note that one has the following simple “string-like” relation independent of q.

~ K(Mn) MIH—l
M,) = = . 3.49
k(M) det(Mp)  fi-f2 f3 - fn- frnl (349

Relation (3.49) enable one to get M, as the nth iteration of I?,
My=fnfn2- foa- frs - K"(Mo). (3.50)

Taking the determinant of both sides of (3.50), and recalling relation in (3.48), one
can eliminate det(M,) to get a relation which does not depend on q,

det(K" (M) = fue1 - (£ 2 fror - Fiy - fum3) - (F24 Fums Frle fuot) -+
(3.51)
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By introducing ¥, the degree> of det(l?"(Mo)), one gets from (3.51),

Yn= Bn-H - (ZBn - Bn—l + 2Bn—2 - Bn—3)
—(2Bn-4 — Brn-s+2Bn—6—Pn-7) =, (3.52)

and

A =Yn+q-(Ban+Bn2+Bus+Prs+-), (3.53)
which yields

a(x) =y(x) + ql‘—"i(x);) , where y(x)= T—:I-_—; (3.54)
Again, a similar analysis can be performed considering the factorization properties of

K? instead of K,

K2(M,)
Mz = 1 f ——. (3.55)
(fn+1 : frql_ ’fn——l ‘ fg:z . fn—3 . ,,:4 t f]z")
where {, =1 for n even and ¢, = g — 1 for n odd, and
K*(M, n
(M) Motz . (3.56)
(det(M,))4 fi-farf3 fur fon
Eqgs. (3.48) and (3.49) yield linear relations for the a,’s and B,’s,
Ay =Brp1 +(@=2)Bn+ Bro1+ (g~ 2)By—2 + B3
+(g—2)Bu—a+ -+ P (3.57)
and
g(Bi+ B2+ -+ Bri1) =an + ant1, (3.58)
or for the generating functions a(x) and B(x),
1
x-a(x)=m-(l+(q—2)-x)-,3(x), (3.59)
and from (3.58),
9B _ (14 x)-alx) —q. (3.60)
(1-x)
The generating functions a(x) and B(x) read
2
-_4 qx _gx(1—x)
a(x)_l+x+(1+x)(1—2x)’ Blx) = 1-2x ° (3.61)

The a,’s and B,’s grow exponentially like 2".

31t is clear that y, = (—1)" - g, see also Appendix F.
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3.2.3. Class IV
When g > 3, the factorizations corresponding to the iterations of K for class IV read

det(Mp) = fart - (F372- a1 - i - Focy) - (FA4 fams - Filg- fop) -+ T,
(3.62)

K(My) =Mur- (f373 172 fus) - (F002 - f72 fug) - fF
(3.63)

where {, =g—3 forn =1 (mod 4), {, =0 forn =2 (mod 4), {, = q— 2 for
rn=23 (mod 4) and {, =1 for n =0 (mod 4) and 8, also depends on the truncation.
As well as for class VI, factorization relations (3.49) and (3.50) independent of q,
occur. Similarly to Section 3.2.2, one can eliminate det(M,) between relation (3.50)
and relation (3.62), to get a g-independent relation for K ,

det(K"(Mo)) = fas1 - (f72 fuot - fila - f223)

2 fams frle i) o (3.64)
The exact expressions for a(x) and B(x) read
2 2
__4 g'x (1+x7)
(x) = 14x Q-x)1+x)(1-x—-2x3)"
_qx (1 +x2)
B(x) = T2 (3.65)

Again relations (3.53) and (3.54) are still valid. It is clear that one has an exponential
growth of exponents a,’s, B,’s, 4»’s and v,’s: these coefficients grow like A" where
A ~ 1.465 .- -, Therefore, there is no recursion involving products of fixed numbers of
fn’s like (3.27). The f,’s do not satisfy simple recursions like (3.27), they do satisfy
“pseudo-recursions” where products from fi to f, occur,

(frr2 = foo1fav)  Sr-6Sn-10fn14---
(fn—'fn—3fn—l) fn—4fn—8fn—12"'
= fn(fn—lfn—an—9"') - (fn+1fn—3fn—7"')
Fr—2( a3 faetfnotr-=?) = (Fact faesfn-9--*)
However, introducing again the “determinantal” variables I,’s (see Eq. (3.29)), class

IV actually satisfies simple recursion relations on these l,’s, independent of g, reading,
for instance,

(3.66)

ln ln+1 ln+2 ln+3 -1 - ln+2 ln+3 ln+4 ln+5 -1 . ln ln+1 ln+3 ln+4 ) (367)
ln+] ln+2 -1 ln+3 ln+4 -1
Generically, these recursions are not integrable, except on codimension-one algebraic

varieties [22,23]. For many different initial matrices My, they can however be quite
regular, corresponding to weak chaos, and have been called “almost integrable” {23].
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3.2.4. An integrable subcase for class IV

There does exist an algebraic condition bearing on the entries of the matrix for
which the birational transformations associated with class IV correspond to integrable
mappings [22,23]. This integrability condition has been written elsewhere [22]. The
factorizations corresponding to the iterations of K for class IV, restricted to this inte-
grable subcase, read for arbitrary n (denoting Mi™ and f,, the matrices and polynomials
associated to this integrable subcase),

det(M™) = foyy -f,f-fn LV fag frs foy, (3.68)

K(M™) =M™\ foo 2y fuoz- oy, (3.69)
and

~ i int Mmt

Romimy = ) il : (3.70)

det(Minm) - fn—4 * fn—3 - fn—2 fn——lfn : fn+1

From these equations one gets linear relations on the degrees of polynomials det( Minty’s
and f,’s (the a,’s and B,’s), and their generating functions a(x) and B(x),

4(14x—x* +3x%) (x) = 4x
A+x)(1-x)3 " Blx T (1+00 -3 +x+x2)°

a(x) = (3.71)
These relations clearly show that the additional factorizations, occurring for this inte-
grable subcase, yield factorizations, like (3.68) or (3.70), bearing on a fixed number
of polynomials f, and even more, to a polynomial growth of the calculations instead of
the exponential growth previously described (see Section 3.2.3), since all the poles are
roots of unity.

The new polynomials f,’s do satisfy, in this integrable subcase, some recursions
bearing on a fixed number of polynomials, as, for example,

fn+2fn+7 fn+9 - fn+3fn+5fn+10 _ fn+1 fn+6fn+8 — fn+2fn+4fn+9

= . (3.72)
fn+3 fn+7 fn+8 - fn+4 fn+5 fn+9 fn+2 fn+6 fn+7 - fn+3 fn+4 fn+8
Introducing the well-suited variable g™,
'nm= fnfn+5 , (373)
fn+2 fn+3
recursion (3.72) can be integrated into a biquadratic relation [23],
(1+/\ n+l) (1+A 2) ( nn:—1+ n+2 p)—.u' n+1 :12 (3'74)
Introducing the variable x, = g +| q‘ , recursion (3.72) reads
Xpio — | . Xntl — 1 xpXpgo ' (3.75)

Xnt1Xn43 — 1 XpXpio — 1 xpy

This recursion is integrable: it yields elliptic curves [22].
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4. Birational transformations associated with vertex models

Let us now consider permutations of entries of ¢ x g matrices which are associated
to symmetries of vertex models.

4.1. Iterations associated with the sixteen-vertex model

In the case of 4 x 4 matrices, a particular permutation of the entries of the matrix,
11, has been introduced in the framework of the symmetries of the sixteen-vertex model
[29]. This permutation corresponds to

Hoimpy e mal, M4 M3y, M3 o Map, Mg o My, (4.1)

which amounts to permuting the two 2 x 2 (off-diagonal) submatrices of the 4 x 4
matrix My. This transposition #; corresponds to a partial transposition of one direction
(say the horizontal one denoted by “1”, the other transposition #, corresponding to the
other direction denoted by “2”) of a two-dimensional vertex model [26,27,29],

(4.2)

The action of #; and #; on the R-matrix is given by [29]
(MR =RY, (LR} =RL, t=t-n. (4.3)

Remarkably, the symmetry group generated by the matrix inverse T and transformation
1y, or the infinite generator K;, =] - T, has been shown to yield elliptic curves [27,29]
which foliate the whole parameter space of the sixteen vertex model.

Let us consider a 4 x 4 matrix Mg and the successive matrices obtained by iteration of
transformation K,, = t; - I, where t; is defined by (4.1). Similarly to the factorizations
described in (3.1), one has, for arbitrary n, the following factorizations for the iterations
of K,,:

Kfl(Mn+l) det(Mn+1)
Mpo=—"7—, Fypo=—7—, (4.4)
n+ F,% n+ F,?
~ M M
Ri My = SnMns) Moy (4.5)

det(M,12)  Fnp1Fuis’

From these factorizations, one can easily get linear relations on the exponents a;, B,
My and v, on their generating functions, for instance

(14 x)-a(x) =4(1+ x2) - B(x) +4, (4.6)

and exact expressions for their generating functions and for the exponents a,’s and B,’s,
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_4(1+3x%) .2
a(X)_W’ B(x)__—_(l—x)3’
ap =42 +1), B,=2n(n+1). (4.7)

Amazingly, the F,,’s, which correspond to X;,, do satisfy recursions which are exactly
the same as (3.27) where the f,’s are replaced by the F,’s [23],
F, F ,,+4Fn+1 F,_ F,,Jr2 Fo3F?

= . (4.8)
Fn—an+3Fn+4 FnFn+1Fn+5 Fn—ZFn+2Fn+3 Fn—anFn+4

4.2. “Self-similar” generalization of transposition t| for 2m x 2m matrices

Let us now consider a more general vertex model where one direction, denoted as
direction (1), is singled out. Pictorially this can be represented as follows:

(4.9)

where i and k (corresponding to direction (1)) can take m values, while J and L take
m values.
The action of ¢y, the “partial” transposition on direction (1), is given by [29]

A B A C
RY . .
(hR)Y =RY | thatis t1.<C D)—-»(B D), (4.10)

where A, B, C and D are m X m matrices.
Denoting g = 2m the size of the matrices, the analysis of the corresponding factoriza-
tions yields for arbitrary n “string-like” factorizations [31],

KMy) =Muei £ oot 2 foss - f2977 - foss - (4.11)
det(Mn) = fanr - i foi 1250 a1V - fos- f“" Y, (412)
and a relation independent of the matrix size g,
R,y = KMn) M”+‘2 , (4.13)
det(Mn)  (fi- fo--- fam1) - fu- fan

The equivalents of relations (3.50) and (3.51) read, respectively, two g-independent
relations,

Mn = fn . (fn——Z . fn«4 . fn—6' : ')2 ’ En(MO) s
det(K"(Mo)) = furi - fi*- fi_i - (f% fos)
O MR P R SR ) R (4.14)

Eq. (4.13) gives a linear relation valid for arbitrary q,
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a1+ B

(1+4+x) alx) - - =0, (4.15)
One gets
_q ,  x(1+x?) _ qx
O =Tt Ay na-or PR g
an=4q2n+ D2 +2043), Bu=Lan(n+1). (4.16)

The a,’s and B,’s are, respectively, cubic and quadratic functions of n. One notes that
such a polynomial growth actually occurs with involved “string-like” factorizations,
such as (4.11) and (4.13).

Let us however note that this generalization of the discrete symmetries of the sixteen
vertex model does not enable us to recover the results of Section 4.1 as particular
subcases taking m = 2.

This framework enables us to take into account the analysis of N-site monodromy
matrices [31] (take m = 2V) of two-dimensional models, as well as the analysis of
d-dimensional 2%-state vertex models (take m = 29~'). Let us just give here a pictorial
representation of the two sites (N =2) monodromy matrix of a two-dimensional model
and of a three-dimensional vertex model:

I I
|

l

J2 (4.17)

One can introduce similar “partial” transposition t; for d-dimensional vertex models
(d =3,4,...) [28]. If one represents the R-matrix of this vertex-model as a 24 x 24
matrix, symmetry #; amounts to permuting two off-diagonal 2¢~! x 29~1 submatrices
B and C of this 2¢ x 2¢ matrix (see [27,28] for d = 3) where A, B, C and D
are 2971 x 2¢-1 matrices. For d-dimensional vertex models, there are other “partial”
transpositions #2, #3, ..., 241 [27,28] which can also be represented as (4.10) after some
relabeling of rows and columns.

For a three-dimensional cubic vertex model [27,28], a “partial” transposition ¢, as-
sociated with one of the three directions of the cubic lattice has also been introduced
[27,28]: the analysis of the factorizations corresponding to the iterations of transforma-
tion K for ¢; for a (general®) three-dimensional model (8 x 8 matrix) [26,27] gives
the previous “string-like” factorizations (4.11) and (4.13), and the same generating
functions (4.16), but, of course, for g =8, i.e. m=4 (see also [31]).

Particular subcases of this three-dimensional vertex model providing natural three-
dimensional generalizations of the Baxter model, that is to say particular K-invariant
patterns for the initial matrix M, have been analysed in [31]. For a sixteen-parameter

6 A general 8 x 8 matrix means 64 homogeneous entries.
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model [28,32], the “string-like” factorizations are changed into factorizations with a
fixed number of terms (see [31]),

K(My) =Mur- f2-f5y, det(My) = farr- f- f1_1,

% Mn+1
KM)= ——"——. (4.18)
" fn—l'fn-fnﬂ
The generating functions a(x), B(x), and the @,’s and B,’s read
8(1+4x +7x%) 8x
a(x) = ————=, xX) = ———,
(x) RS B(x) TSE

a,=8(6nt+1), B,=4n(n+1). (4.19)
The a,’s and B,’s are both quadratic functions of n,

a,=8(6n*+1), B,=4n(n+1). (4.20)

One remarks that 8(x) (and, therefore, w(x)) is the same as for the general 8 x 8
matrix (see (4.16)), the only difference being on the a,’s (or equivalently on the
generating function a(x)): the cubic growth of the a,’s being replaced by a quadratic
growth (see (4.20)). Let us note that relation (4.14) becomes

Fnos fres  faet My = fo faoa faa- fnos---K"(My). (4.21)

It is also worth recalling that for a particular pattern of this three-dimensional gener-
alization of the Baxter model (see [31]), the iteration of K (or K ) actually yields
elliptic curves (see [27,28]). In this remarkable subcase, the factorization relations
(4.18) are again slightly modified. The new polynomials f,’s defined in this restricted
(integrable) subcase can actually be shown to verify a hierarchy of non-linear recur-
sions in 7 \/f, (31}, which actually identify exactly with recursions of class 1 (3.27)
and (3.28) [21] or with recursions (4.8). The factorizations are modified as follows
for arbitrary n:

K(Mp)=Mup1- fr- ooy oy, det(Mp) = fasr- for fo_yfaa,  (422)
yielding
K(M,) _ Moy
det(M,)  fo2- foo1- S+ fan
As a consequence of the identification with the factorizations detailed in Section 3.1,
the generating functions a(x), B(x), u(x) and v(x) are exactly the same as the ones

given in (3.15), ..., but for g = 8. The integrability of this subcase is associated with
the occurrence of one more singularity for a(x) (compare (3.15) with (4.16)).

K(M,) = (4.23)

7 For this model the f,’s are perfect square.
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4.3. 11 for Q*state vertex models
Let us suppose here that the indices i, j, k, [ (see Fig. 4.2) can take Q colors (Q*-state

vertex model). The R-matrix is a ¢ x g matrix (with ¢ = 0?) which can be seen as Q2
blocks A[i, j],

All,1] A[1,2] A[L,3] --- A[lLQ]
Al2,1) A[2,2]) A[2,3] --- Al2,Q]
R=] Al3.11 A[3,2] A[3,3] --- A[3,0] |, (4.24)

A[Q,1] A[Q,2] A[Q.3] --- A[Q.0Q]

where the A[i, j]’s are Q x O matrices. With these notations the partial transposition t,
amounts to permuting matrices A[a, 8] and A[B, ].

Similarly to factorizations described in (4.1), one has, for arbitrary n, the following
factorizations for the iterations of K,, acting on ¢ X ¢ R-matrices like (4.24):

K: (Mpi1) _det(Mni1) Ky (Myi2) . Mpys
—, K

Mo = , 2= , = .
m Fi-2 il Fi-1 det(My12)  Fri1Fuss

(4.25)

It is clear that these factorizations generalize the one described in Section 4.1, namely
(4.4) and (4.5). For instance, one recovers relation (4.5) of the sixteen vertex model,
which is independent of ¢g. From these factorizations, one can easily get linear relations
on exponents a,’s, B,’s, w,’s and v,’s, linear relations for their generating functions,
for instance

(1+x)-a(x)=q-(1+x*)B(x) +q, (4.26)
and exact expressions for their generating functions,

g-(1+(g—1)x?)
(1-x)(1—(g~2)x+x2)°
gx
(1=x)(1=(g~-2)x+x2?)"

a(x) =

B(x) =

(4.27)

The a,’s, B,’s, ia’s and v,’s have an exponential growth in terms of n when @ is no
longer equal to 2 (or 0...). The Q*-state vertex models are, therefore, not generically
good candidates for integrability when the number of colors Q is no longer 2. However,
integrability cases when @ is different from 2 are not completely ruled out: the occur-
rence of Yang-Baxter integrability together with polynomial growth for some subcases
of this Q*-state vertex model has been analysed in [31]

Section 4.3, together with Section 4.2, shows that there exist, at least, two kinds of
generalizations of transposition t; of the sixteen vertex model (4 x 4 matrices) and that
these two generalizations yield drastically different results as far as the factorization
properties are concerned (polynomial versus exponential growth). In contrast with
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class I and class VI (or class IV), the equivalent of relations (3.7), or (3.50), is more
involved than the simple factorizations (4.25),

fn—l : (fn—3' fn—5 'fn—7"')2 'Mn=fn ' (fn——2'fn—4'fn—6"')2'En(M0) .
(4.28)

The equivalent of relations (3.51) or (4.14) are also complex. This yields a more
intricate dependence of a(x) and B(x) in terms of g (see also Appendix C).

5. “Straight” generalization of ¢,

Another way to generalize transposition #; for ¢ X g matrices, amounts to performing
the following permutation of the entries:

fDomp e m, M3y o map, M3 e M4, M43 <> Mg, (5.1)

the other entries of the q X q matrix being unchanged. This is the way transposition
myz <> my; has been generalized to g x g matrices in Section 3.1 (see also [21]). This
corresponds to transformation #; of (4.1) in the upper left 4 x 4 submatrix and the
identity transformation elsewhere.

Before considering the general case of g X g matrices, let us first note that for g = 5,
the analysis of the factorizations does not yield any factorization on the determinants of
the iterates of the initial matrix by K or any factorization on the corresponding matrices.
However, in calculating M, = K"(My), one sees that a subset of the entries of this
matrix actually factorizes, namely

(M), My, (Mp), (Mp)u,
(Mp)ar, (Mpsz, (Mpa, (My)au (5.2)

factorize f,_i. It is clear that these entries are singled out by #, (see (5.1)).
The analysis of the factorizations can actually be performed for g > 6, yielding the
following “string-like” factorizations for arbitrary n:

_ —6 _
K(My) =My~ f0S fo - fi20 - fa s 025+,

det(My) = forr - f47° oy fI5 foa fI25--, (5.3)
and
= K(M,) Mpi
K(M,) = = s 54
)= de My " Fomr o fai T 4
which gives for the generating functions a(x) and B(x),
(1+x)‘a(x)—ql—B_(fxl—q=0. (5.5)

These two generating functions read
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(1+4x*+ (q—5)x)
(1-x)(14x)(1-4x)’

_9x
1—4x’

a(x) =q B(x) = (5.6)

These factorizations can actually be proved for arbitrary ¢ in a similar way as the
demonstration performed for transposition mj, <> mgy; for g X ¢ matrices [21]. This will
not be performed here.

5.1. Integrable subcase of the “straight” generalization of 1

The f,’s do not satisfy simple recursions (like (3.27), ...). However, let us introduce
an initial matrix My of a particular form, namely

Mo=(g g) ) (5.7)

where A denotes a 4 x 4 submatrix, B a (g —4) x 4 submatrix, C a (g—4) x (¢—4)
submatrix and “0” the 4 x (g — 4) submatrix with zero entries. All the successive
matrices occurring in the iteration of X are of the same form (5.7). It is clear that this
“restricted factorization problem” [31] corresponding to the initial matrix My yields
recursions which can be deduced from the ones associated with #; for a 4 x 4 matrix
(see Section 4.1). For instance, relation

(B0 = fa) (B0~ f) 2 5 Fe |
(f3620 - f5) (' - )

is valid for ¢ X g matrices of the form (5.7) but is not satisfied for generic q X q
matrices. One easily gets from the “semi-direct product” form for Mo (see (5.7)), the
following relations enabling one to write the polynomials f{4)’s corresponding to the
action of K,, on the 4 X 4 submatrix A in (5.7) (see subsection (4.1)) in terms of the
polynomials f,’s given by (5.3),

(5.8)

(A4) _ fi (A) _ fa
T det(C) " TP T M der(C))4

(A - /3 . 59
AP P) (det(C))16 e
(4) _ S -
T A AT TFENIB . (fID)T 4 (det(C) )
(5.10)
With relations (5.9), recursion (5.8) reads
fiA) . (féA))B _ (ng))B . l(A) _ f5(A) 3 ;A) R (fl(A))Z _ (fiA))2 . éA) D

FA Oy gy WY - FV A2

which is actually one of the recursions occurring in the analysis of the transformations
K; (see [21]). Similarly, all the recursions on the f{*)’s (see (4.8) and [21}) can
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be written in terms of the f,’s. Introducing B{4) as the degree of the f{4)’s, relations
(5.9) yield when n > 3,

Ba= B + B + 184, 42784 + 10880, + - - + 2,1 8Y

+4" 1 (g—4), (5.12)
where z,_; =27 -4"*. The generating function of the z,’s reads
_(1—-x)?
z(x) = 1 —ax (5.13)

Relation (5.12) immediately yields simple relations between the generating functions
z(x), B(x) and B4 (x) (where B4 (x) denotes the generating function of the B{4)’s,
which is known (see (4.7) in Section 4.1),

qg—4
1 —4x

4x g-4 _ gx

(1—x)3+ 1—4x 1—-4x"
(5.14)

+2(x) - B (x) = z(x) -

B(x) =

This relation allows us to understand how the (1 — x) singularity for B4 (x), which
is closely related to the integrability of the recursions on the f,’s (4.8), can actually
be replaced by (1 — 4x) singularity for B(x).

6. More general permutations

In the previous examples it has been seen that notable factorizations occur for bira-
tional transformations originating from involutive transformations on matrices. In par-
ticular, it has been seen that the factorization schemes either involve a fixed number
of polynomials, or are “periodic” (see, for instance, factorization (5.3)). In both cases
this yields rational expressions for the generating functions of the successive degrees
of the calculations. Through these examples one can see clearly how the factorization
schemes can be modified when one is restricted to particular ( K-invariant) subcases. It
is obvious that, for a subcase, the growth of the calculations can only be smaller than
for the generic case: one can only expect additional factorizations. A polynomial growth
can even occur for subcases, but this does not mean that the birational transformations
are integrable® .

Several examples of polynomial growth of birational transformations yielding al-
gebraic surfaces [31] exist (one can think of these transformations as “shifts on
a torus” [31}]). Furthermore the occurrence of recursions in a single variable (like
(3.67)) does not mean that the orbits of these birational transformations are necessarily
curves (see recursion (3.67) in Section 3.2.3).

8 The polynomial growth is related to the fact that transformation can be represented as a shift of some
Abelian variety. At the present moment all the examples of iterations of birational transformations which
exhibit polynomial growth correspond to transformations which can be represented as a shift of some Jacobian
variety {31].
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There is a need to analyse more examples in order to see if the birational character
of the transformations, or the fact that they originate from product of two involutions, is
crucial in order to get such factorizations where either a “fixed” number of polynomials,
or “periodicity”, occur.

Many transformations corresponding to more general permutations are given in the
following examples. Some of them are no longer involutions. In all the examples detailed
from now on, two quite different kinds of permutations on ¢ X g matrices will be
encountered, which have already been illustrated in the previously detailed examples of
Sections 4.2 and 4.3.

“Straight” generalizations
The first kind of permutations on g X g matrices simply generalizes any permutation
introduced on, for instance, a 4 x 4 matrix. Let us write the ¢ x ¢ matrix in blocks,

Asa Big4
oo A4 , , 6.1
° (Cq—4,4 Dy-s4-4 ©D

Submatrices A4.4, Bag_s4, Cy_44 and Dy_44_4 are respectively 4 x 4, 4 X (g — 4),
(q—4) x4 and (¢ —4) x (g — 4) matrices.

A simple extension amounts to permuting the entries of the submatrix A4 according
to the permutation introduced on the 4 x 4 matrix, and to leaving the others submatrices
Ba g4, Cy_44, Dg_4,4-4 unchanged. We will call such extensions “straight” generaliza-
tions.

In order to understand why the expression of 8(x) depends so simply on the matrix
size g in the case of “straight” generalization, let us consider a particular limit of the
initial matrix, namely B4 4 = 0. It is possible for these “straight” generalizations to
understand, from this limit, that the g-dependence of the generating function B(q, x) is
simple and reads

_BW) _B(@

an n p (6.2)

where the a,’s do not depend on g. More details are given in Appendix C.

“Self-similar” generalizations

The second kind of permutations on g x g matrices corresponds to permutations which
extend the permutation introduced on, for instance, a 4 x 4 matrix in such a way that
the number of entries which are permuted on q X q matrices grows like q. Permutation
(4.10), and the corresponding birational transformations K detailed in Section 4.2,
illustrate such a situation. We will call such extensions “self-similar” generalizations. In
the previous examples of “self-similar’ generalizations of transformation #;, it has been
seen that there exist (at least ... ) two different kinds of “self-similar’ generalizations,
namely the generalization detailed in Section 4.3 on ¢* x g* matrices and the one
detailed in Section 4.2 on 2m x 2m matrices. The expression of S(x) also depends
very simply on the matrix size g for the “self-similar” generalizations introduced in
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Section 4.2: B(x) is proportional to ¢ like in (6.2). Note that this is not the case for
the “self-similar’ generalizations introduced in Section 4.3. In order to understand why
the expression of B(x) depends so simply on the matrix size g for the “self-similar’
generalizations introduced in Section 4.2, one can again consider a particular limit ® of
the initial matrix,

Mo = (A‘ 0 ) , (6.3)

on which one has the action of the same transposition on each of the two m x m
submatrices: A, and A;. One immediately gets

Bog(x) = Bg(x) + By(x), yielding By(x) = 1gBs(x). (64)

More details are given in Appendix C.
Let us first give a list of birational transformations corresponding to involutive per-
mutations.

6.1. Birational transformations corresponding to involutive permutations

Let us first consider examples of birational transformations corresponding to involutive
permutations which are slightly more involved than the one of Sections 3.1 or 3.2.

6.1.1. Permutation [12-21,34-43]
Let us now consider, for a 4 x 4 matrix, permutation ¢ which amounts to permuting
my2 and my;, and, at the same time, mas and mys,

L mpp e my, M4z o mag. (6.5)

Surprisingly enough, one has exactly the same factorizations and relations as the one
detailed in the previous section for transposition t) (see relations (4.4) and (4.5)).

Introducing the following pattern of the 4 x 4 matrix, which depends on eight homo-
geneous entries (this pattern is invariant under the action of the group generated by the
matrix inverse / and permutation ¢ (see (6.5)) [24,33]:

(R R . _ rgi) rh .
RA_(R2 Rl) with R,-(rg rft , i=1,2. (6.6)

One can consider factorization analysis as the one detailed in Section 3 for initial
matrices My, corresponding to particular patterns such as (6.6), as soon as the form
of the matrices obtained by iteration of K = ¢ - I are of the “same form” as My [33]
(“restricted factorization problem” [23]).

It is important to note that, for matrices M,’s of the form (6.6), polynomials F,’s
defined by (4.4) and (4.5) actually satisfy the same recursions as (4.8) and, further-
more, the same hierarchy described in [22]. However, for matrices M, of the general

9 This cannot be done for the “self-similar” generalizations of Section 4.3.
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form (sixteen homogeneous entries), one no longer has any recursion on the F,’s. The
non-existence of recursions on the F,’s can be understood considering the image of the
successive iterations of K (or equivalently K) corresponding to permutation (6.5) in
the parameter space of all the entries of matrices M,’s (eight homogeneous parameters
for pattern (6.6) and sixteen homogeneous parameters in the general case).

Fig. 1 shows the projection of the orbits generated !© by the iteration of K for
pattern (6.6). It corresponds to the following initial values: rf” =1, ré” =—4, rél) =
0.2, r{V =12, rP =13, 1P =-0.15, r{¥ =03, r{» =0.9. It is clear in Fig. 1
that the orbits lie on curves which are certainly elliptic curves [23]. This suites with
the existence of recursion relations in the F,’s.

Figs. 2a, 2b, 2c and 2d correspond to the general case (sixteen homogeneous param-
eters). These figures seem to indicate that the orbits lie on surfaces: it is shown in [23]
that this is actually the case and that these surfaces are actually algebraic surfaces given,
by intersection of quadrics. This suites with the non-existence of recursions in the F,’s
in the general case.

One can consider the successive iterates I?”(M,,) of an initial matrix of the form (6.6)
seeking for the smallest affine space containing these successive points (see [21]). It
can actually be shown that

K'(Mp) =af" - Mo+ al™ - My+al” My+al" - Ms. (6.7)

Relation (6.7) shows that the orbits lie on a three-dimensional affine space (in the
general case the dimension is larger).

Note that for pattern (6.6), one has an obvious factorization of f) as follows: f; =
det(My) = 11—6 -det(R, + R;) - det(R; — R;). The problem of the relations between such
additional factorizations, consequence of the particular form of the matrix, and the fac-
torizations, consequence of the specificity of the non-linear homogeneous transformation
K, (see (3.4)), will not be detailed here.

One should note that the “straight” generalizations of this permutation to gxq (¢ > 5)
give exactly the same results as the one detailed in Section 5.

Let us now give a list of other (increasingly complex) examples. Visualizations of
the orbits (like Figs. 1, 2a, 2b, 2c and 2d) will not be performed under: in most of
these examples one encounters an exponential growth of the calculations which yields
quite “chaotic” orbits.

6.1.2. A second example
Let us consider ¢ the following permutation of the entries of a 4 X 4 matrix:

1D omi e Mys, Mg M3, M3 & M3g. (6.8)

The analysis of the factorizations of the iterations of transformation K =t - I yields,
for arbitrary n, “string-like” factorizations,

10 p the plane made of two (inhomogeneous) variables among all the (inhomogeneous) coordinates of the
parameter space.
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Projection: xI x6

-8.29

-26.49 17.98

Fig. 1. Projection of the orbit corresponding to the iteration of transformation K of an initial matrix of the
form (6.6).
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430

x! x2

Projection:

114

-1L14] (a)

6.00

-1.87

~

Fig. 2. (a)~(d) Projections of the orbit corresponding to the iteration of transformation K of a generic 4 x 4

matrix.
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Projection: xI x2
114

.14/ (D)
187 6.00

Fig. 2 —continued.

KM =Mupi- fro-fos foqg e,
det(Mp) = frit - fro1 - foy - fooa- fo_s o, (6.9)

and
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Projection: x! x2
a.18

.10} (€}
-1.0] 101

Fig. 2 —continued.

K(Mn) = Mn+1 . (610)
det(Mn) (fn+1fn—l) ‘ (fn-—an—4) ' (fn—an—7) e
Again, the “right action” of K on the f,’s and the matrices M,’s reads factorizations
of f like (3.10), leading to functional Eqs. (3.41) on a(x), B(x), u(x) and »(x).
Egs. (6.9) and (6.10) give

K(M,) =
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Projection: xI x2
015
20 @
-101 1.00
Fig. 2 —continued.
4B(x 4xB(x
(1+x) alx)— B( )+ A )—4=0,

1 —x3

3xa(x)—a(x)—83(x)x +4=0, (6.11)
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4(1+2%)-B(x)

1 . - 4=0, .
(1+x)-a(x) T3 (6.12)
leading to
4(1+x) (1 —x+2x2 4x (1 +x + x2
a(x) = ( . ) g = n )3,
(1~x)(1—2x—x —2x3) 1-2x—x2-2x
2 3
x“(1+x) 2x
x) = , x) = . 6.13
=g YW (1-x) (1 -2x—x2-2x?%) (613
The a,’s, Bn’s, un’s and v,’s grow exponentially like A" with A ~ 2,658 - - -,
6.1.3. A third example
Let us consider ¢ the following permutation of the entries of a 4 x 4 matrix:
P:omyy < Mag, Mg o> Mgz, Mig <> M4, M3 < My, (6.14)

The iterations of the associated transformation K = ¢ - I give, for arbitrary n, “string-
like” factorizations,

K(Mp) =Mysr- fn- fa-3- fn-a fo-7° fa-s-"", (6.15)

det(Myn) = fns1 - (fn “fn3 ot fu-r- fn—s-“)z, (6.16)
and

RM,y = XMn) il (6.17)

det(M,) - (frs1 - ) (fne3 s fnea) - (fn=7" fa-g) - '

Again, the “right action” of K on the f,’s and the matrices M,’s reads factorizations
of f; like (3.10), leading to functional equations on a(x), B(x), u(x) and »(x) like
(341).

Eq. (6.16) suggests

(1=2x+x* B(x) —4x +4x* -4 + 4x* =0, (6.18)
which is actually verified, while one obtains from (6.17),

4(1+x) - Blx)

— 4=0. (6.19)

(1+x) - a(x) -

From Egs. (6.18) and (6.19) one gets the exact expression of these generating functions,

_ 4(1+x—x* +x°) _ 4(14+x*)x
a(x)—(l—x—x2—x3)(1—x)’ B(x)_l—x——xz—x3'

2x (1 — x+ x%) x(1—-x+x%)

[ D — = . 6.2
#(x) 1—x—x2—x° v(x) (1~x—x2—x3)(1——x) (6.20)

The a,’s, By’s, pa’s and v,’s grow exponentially like A" with A ~ 1.839---.
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6.1.4. “Straight” generalizations of the third example

Let us consider a “straight” generalization of the same permutation of the entries as
(6.14) for g x g matrices (g > 5), the other entries being unchanged. The iterations of
transformation K yields, for arbitrary n, “string-like” factorizations,

K(Mn)=Mn+l‘fZ_4'fn—l fn 2 n—3" fq_

det(Mn) = far1 - fA72 f2 - fI53 f2 5 fzj-- : (6.21)
and the same relation as (3.49) or (5.4),

~ K(M M

R,y = SMn) ntl (6.22)

det(M,) - fi-fa-fa- o fur fan '

from which one deduces again the linear relation (3.60) on a(g,x) and B(g, x). The
generating functions read

g(1+(g—3)x+x*+x%)

_ @
N G (o) Pe¥= T e
_ 2
g =230 gy xlazddxt ) (6.23)

1—2x—x2° (1-x) (1+x) (1 —2x —x2)

The a,’s, By’s, uy’s and v,’s grow exponentially like A" with A =1+ V2~2414. ..

6.1.5. A “self-similar” generalization of the third example
Let us consider ¢ the following permutation of the entries for ¢ x g matrices (g > 5):

Promy e Mgy, My e Myg-1y, ... Mig1) < Mo, Mg e mg, (624)

and the associated transformation K = ¢-I. The iterations of the associated transformation
K yield, for arbitrary n, “string-like” factorizations,

K(My) =My - fi73 f120. f020 - F370, (6.25)

det(My) = (furt - 72 - (fams - FI20) - (for - fﬁ:é) e (6.26)
and the same equation as (6.17),

Ry = KMn) _ M1 (6.27)

det(My) ~ (farr - fn) - (Fas faea) - (fne7 - fag) -+

One remarks that there is a shift of four of the index n in the factorization scheme
((6.25), (6.26), (6.27)). From relation (6.27), a linear relation on the generating
functions a(q, x) and B(4q,x) is deduced,

q(1+x)B(q,x)

(L+x)-a(q.x) - T

—g=0. (6.28)

The explicit expressions of the generating functions a(q,x), B(g,x), u(q,x) and
v(g,x) read



436 S. Boukraa, J-M. Maillard/Physica A 220 (1995) 403-470

qg(1+(g-2)x) _gx(1-x) (1+x%)

@R =Tryam PV i—2x
_(@=2)—gx+g? - (g-D2%)x __ (@-3x
u(g,x) = o , v(g,x)= Ao d-20"

(6.29)

The ay’s, Ba’s, pn’s and v,’s grow exponentially like 2”.

This self-similar generalization (see (6.24)) gives different results compared to the
one for g = 4. The relation independent of g, namely (6.27) is actually valid for q = 4
(see (6.17)). However the g-dependent factorizations are different for ¢ > 5 and g =4
(compare Eq. (6.25) and (6.15) or (6.26) and (6.16)).

6.1.6. The “self-similar” generalization of the third example for g =3
Let us examine the*self-similar” generalization introduced in the previous section, but
for g = 3. This amounts to considering the involutive permutation ¢ given by

t: my e m33, My e M3, M3 < M3g. (6.30)

The factorizations of the associated transformation K = ¢-/ are “string-like” factorizations
as for g =4,

_ det(M;) B _ det(M;)
f2— f] s MZ—K(MI), f3“' f]'f2 ’
det(M3)
My =K(M,), =, -, 6.31
3=K(My), fa 7 fo i (6.31)

and, for arbitrary n, the “string-like” factorizations,

K(My)=Mpi1- fa—2 fa-3* fo-6"fn-7""">
det(M,) = for1 - fn- fn—l : f3—2 'fr%—3 : fn—4
fues frg fa—q fa-8 - fao-e+ s (6.32)

again yielding relation (3.49). The linear relation (3.60) is deduced from relation
(3.49), and one obtains from (6.32),

3x3(1 +x)B(g,x) _

(2x-1) -a(g,x) +3 - T 0, (6.33)
and
2 (1+x0)B(g,x)  Blg,%)
. - - =0. 6.34
x-a(q,x) - g 0 ( )
These equations give the expressions of a(q,x) and B(q,x),
3(1 4 x* +x%) 3x- (14x%)
= =", 6.35
@N =G yaoxm POV T s (6.33)

These generating functions correspond to an exponential growth, like A" with A ~
1.465-- ..
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6.1.7. Fourth example
Let us look at ¢ the following permutation of the entries of a 4 X 4 matrix and the
associated transformation K =¢- I:

tDomy & may, Mgy < Ma1, Mg & My, M > Map. (6.36)

The iterations of transformation K yield, for arbitrary n, “string-like” factorizations,

K(My) = My fo Gas = fas) - aott fooi2) (637)

det(Mn) = fur - (Fa- Fucs - Fucs Fani- o). (638)
and

R(M,) = SMn)__ Mo (6.39)

det(M,) - (vt - fo) - (faes fu=6) - (Fnott - fa—12) -+ '

One notes that there is a shift of six of the index n in the factorization scheme. Eq. (6.38)
suggests some simple equation such as

(1—2x+x5) - B(x) —dx+4x" —4x° +4x* —4x° + 4x° =0, (6.40)
which is actually verified, while one gets from (6.39)

40 +x)-B(x)
1 —x6

Egs. (6.40) and (6.41), as well as Egs. (3.41), yield

(1+x) a(x) 4=0. (641)

4l +x—x2+ X3 —x*+x)

a(x)=(1—x)(l—x—x2—x3—x4—x5)’
B( )_4x(1—x+x2) (1+x+x?)
LA S R J—
2x(1—x+x* = x> +x*
plx) =1 ( T _ 3 _ 5 2
—x—x2—x3—xt—x
1 — 2_ .3 .4
by = o xE P o245 (6.42)

(1—1x) (1 —x—xz—x3—x4—x5) '
The a,’s, Bn’s, uy’s and v,’s grow exponentially like A with A ~ 1.965- - -.
6.1.8. Fourth example for 5 x 5 matrices

Let us consider the “straight” generalization of the previous example to 5 x 5 matrices.
For 5 x 5 matrices the analysis of the factorizations becomes different from the previous

one. It yields, for arbitrary n, factorizations where a product of a fixed number of f,’s
oceurs,

K(Mp)=Mui - fo- fooy fia, Qet(M,) = furi- fo- fo_y-foa,  (6.43)

yielding
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K(M,) — My
det(M,) Snt1 '(fn'fn——l)z'fn—2‘

From these relations one gets the linear relations

K(M,) =

(6.44)

any2 = 5Bn + 5Bnt1 + 3Bnr2 + Buizs

danir = ans3 +5(Bps2 + 3Bns1 +4B0)

ap + ani1 = 5(Bnr1 +2Bn + 2Bn-1 + Pr-2) » (6.45)
and the relations on the generating functions,

x-a(x) = (1+3x+ 522+ 52%) - B(x),

(4x — 1) - a(x) +5=5(x+3x> + 4x°) - B(x),

(14+x)-a(x)=5(1+x)-(1+x+x3) - B(x)+5, (6.46)
which give
_5(1+3x +5x% + 5x%) _ 5x
=i -0 PP asm
. _ . 2
(x) = x-(3—2x) v(x)—x (1+3x+4x%) (647)

(1+x)-(1=2x)" T(+x)-(1=2x)"

6.1.9. “Straight” generalization of the fourth example for g > 6
For g X q matrices (g > 6) the analysis of the factorizations is different from the two
previous cases, g =4 and g = 5. It yields, for arbitrary n,

Mn+1

K(My) =Myyi - fi73, det(My) = furr - f172, K(My) = 7 (648)
nt+l *Jn

From these relations, the following linear relations are derived:

an‘:(q“z)'.Bn'*‘.Bn-Ha (q_l)‘an=an+l+Q(q_3)'ﬂns

ay + apy1 = q(Bny1 + Br)

and

x-a(x)=(1+(g-2)x) - B(x),

((q=Dx—1)-a(x) +g=q(qg—3)x B(x),

(I1+x)-a(x)=q(1+x) B(x)+q, (6.49)
which give

_q0+(g=2)x) _ qx
e =Ty oz PPV 0T .-
1(g,x) = x((g—2) —2x) V(g x) = (g—3)x (6.50)

T(4x)-(1-2x)" (14+x)-(1-2x)°
One can see that, for ¢ = 5, B(g,x) and u(gq,x) are identical to the expressions
obtained for 5 x 5 matrices. Moreover, the expressions for a(q,x) and v(q,x) are
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actually identical to the one given for class VI (see (3.15)). They are also identical to
the one given for the “self-similar” third example of section (6.1.5) (see (6.29)).

6.1.10. Fifth example
Let us consider a 4 x 4 matrix and the two following permutations of the entries:

1D my & Myq, My <> M34, My <> M3p,

t: mpy3y «>mszy.

The analysis of the factorization of the corresponding homogeneous transformation X
yields exactly the same factorizations as for the sixteen vertex model (permutation t,
for a 4 x 4 matrix, see Section 4.1). However, one no longer gets recursions like (4.8).
However, some polynomials like (Fs — F3F52), (Fy — F32),... do factorize.

6.1.11. Towards most general permutations: from 3 X 3 to q X q matrices

Of course, it is easy to accumulate examples of involutive permutations and their
associated birational transformations K, and to analyse the corresponding factorizations
properties. We have seen that the previous examples are often organized in a family of
transformations sharing the same, or similar, factorization properties (straight general-
izations, self-similar generalizations...). The previous examples show that factorization
properties are not so rare: however, most of the previous examples yield exponen-
tial growth of the calculations. A set of particularly interesting examples are the ones
which yield polynomial growth since integrable mappings have this property: it would
be interesting to get more examples of this kind.

A systematic search of these examples with polynomial growth cannot be envisaged,
however it has been seen that the factorization schemes of these families depend very
simply on g, the matrix size, while the recursion relations ( when they exist) are inde-
pendent of q (see, for instance, (3.27)). It is thus tempting to look systematically at
all the possible permutations of the entries of a simple 3 x 3 matrix, seeking recursions
on the f,’s, the [,’s or the x,,’s (see (3.30) and (3.31)).

We have obtained the following miscellaneous results:

~ The following permutations do satisfy the same integrable recursions on the l,’s, or
the x,’s, (see Eq. (3.30)) as the one for class 1 (permutation m; <« my; for example):

py oMy e maz, my3 <> msp, P2l My o> My, My Moy,

p3 i omp <> My, M3 M3y, pil oMy o My, M3 < may,

ps i omyp > mp, My M1, Pe i M2 > My, M3 & Moz, M3 > My,
p7 -mp &My, My e M3z, M3y < mo3.

Of course this list is far from being exhaustive...
- The following permutation does satisfy the same recursions on the l,’s, or the x,’s,
(see Eq. (3.67)) as the one for class IV (permutation m;3 « mo3 for example):

PRt my <My, Mg e My, B3 M3 (6.51)
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The factorizations associated with these various permutations are exactly the same as
for class 1, for 3 x 3 matrices for p,, p2, p3, ps, Ps, p¢ and p; (see (3.9)), and the
same factorizations as for class IV for 3 x 3 matrices for pg (see (3.62) and (3.63)
for g = 3). The f,’s associated with permutations p;’s (i = 1,--:7) and permutation
ps satisfy the same recursions as the f,’s associated respectively with class I (namely
(3.27) or (3.28)) and class IV (namely (3.66) but for pg only).

Let us recall that, for class I, the factorization schemes for the 3 x 3 matrices are
actually different from the ones for the g x g matrices for g > 4 (see relation (3.9)).
Therefore, we have reconsidered all these examples of permutations considering their
(“straight™) generalizations to g X g matrices for g > 4.

For ¢ x g matrices, permutations p;, p» and ps do satisfy the same factorization
relations as the ones of class 1 (see (3.5) and (3.6)) and also verify the same recursion
relations on the f,’s as the ones of class I (see (3.27) and (3.28)). Permutations p,,
p2 and ps, therefore, provide new examples of (involutive) permutations associated with
integrable recursion relations and yielding polynomial growth.

Permutations p3 and p4 do satisfy the same factorization relations as the ones of
class I, and, therefore, have a polynomial growth of the calculations. However they do
not verify the same recursion relations on the f,’s as the one for class I. The situation
is similar to the ones described in Section 6.1.1 where polynomial growth occurs, the
orbits being algebraic surfaces (see Figs. 2a, 2b, 2¢ and 2d, see also [31]).

Permutations ps and p7 factorize less than class 1. For ps, for 4 x 4 matrices, one has
“string-like” factorizations,

K(My) =My - (fn—l “fn-3 fn-5" fn—7-°->2,

det(M,) = for1 - fu- foot - fo-2 faes - ot fas o (6.52)
and relation (3.49),

Mui1 = (frt - fuo Fror oo f2e f1) - K(My) . (6.53)

From these factorizations it can easily be verified that one has an exponential growth
like 27: B, = 2"+,
For p;, for 4 x 4 matrices, there are “string-like” factorizations,
K(Mp)=Mugy- fr_y faos Fry Faco s
det(My) = fus1* faet fooa  fos  frs fos frs fog
frg feg a0 (6.54)

and a new and “non standard” (note the absence f, in (6.55)) “string-like” relation LU
2 2 2 2 2 2 2
Mpi1= for1 fomt faca Fas Faca Faos Joe Ju—1 Jr-s

11 A similar but simpler relation for transformation K has already been seen in the analysis of the symmetries
of a three-dimensional vertex model see relation (4.5) in [31].
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2 ~
fr g K(M,). (6.55)

In fact, we have not yet completely reached the stabilization of the “factorization
scheme”. It would be necessary to perform iterations beyond M3 and f;3 which become
quite large formal calculations given that one has an exponential growth like A" with
A~2.769- -

At these orders of iteration a good approximation of the generating function a(x)
and B(x) reads

4-(1+2x° +5x%) B(x) = 4x
A-3x+2-0) - (1-n (U+x) "V T 52—
(6.56)

a(x) =

On the other hand, for 4 x 4 matrices, ps does not satisfy the same factorizations and
recursions on the f,’s as the one for class IV (see (3.62), (3.63) and (3.66)). The
factorizations are more involved and read

M )= Kf] (Mn+1)
n+2 = ’
f:zz‘ 3—2‘ :—4‘f:—6‘f5—8'f2—10"'
det(My11)
2= , (6.57)
fn+ fn+x-f?,-f,.—x~f,1_z-f§_3-f?_4'f5_s~fZ_<,-f,3._7'f3‘s'f?._o'fl‘lm'fﬁ_u"-
and
-~ M’l
K(M,) = i . (6.58)

o a0 Cnm10 famo Fu8 Fue1) (fu6 facs: Famt Fne3)? Fa2- fa1 - Fss

which yield the linear relations

@ni1 = Bni2 + Bt + 3B+ Bn1 +4Bn-2+2Bn-3+6Bn—a+2Bp—s
+7Bn—6 +3Pn—2+---,
B3anii =an2+4 - (2Bn+2Bn—2+4Bn-4+4Pu-6+6Bn-8+6Bn_10""") ,
ap + ani1 =4 (Bnrt + B + Bu1 + Pr-2)
+ 8 (Bn=3+ Brn-a + Bn-s+ Bns)
+12- (Br—7+ Bn-s + Bu—9+ Bn-10) + 16 (Bp_n1+--+) +---.
(6.59)

Again, we have not completely reached the value of n for which the factorization scheme
is stabilized. Despite the fact that this stability regime is not completely reached, it
seems, however, that there is a 2" exponential growth of the calculations. A tentative
exact expression for the generating functions (see Appendix F) is for instance

4x- (1 —x*)

Blx)=—F—>—" (6.60)

and
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N 4x (1 +3x)

1—-2x  (1+x)-(1—x)-(1—=2x)

_ 4(1+x+2x2)

T(4x)-(1=-x)-(1=2x)"

a(x) =

(6.61)

The birational transformations associated with permutations p,’s show that, quite
often, one encounters nice properties and structures for 3 x 3 matrices, and, to some
extent, similarly with the birational transformations of class I, that these properties can
sometimes survive “straight” generalizations to g X g matrices.

Let us note that there are several ways one can generalize to ¢ X ¢ matrices permuta-
tions p;’s introduced for 3 x 3 matrices. Let us consider, for instance, for 4 x 4 matrices,
permutation pg, which is the product of permutation ps and of permutation ms4 «> my3.
Permutation p{ (my; < my;, myz <« myy, mas < my3) yields the same factorizations as
t) for 4 x 4 matrices (sixteen vertex model see Section 4.1) and, therefore, also yields a
polynomial growth of the calculations, with the same generating functions as the one de-
tailed in Section 4.1. However, the f,,’s do not verify any recursion or “pseudo-recursion”
(see (3.66)): the situation is again similar to the one detailed in Section 6.1.1 with
the example of permutation [12-21,34-43]. The “straight” generalization of p; yields
results similar to the “straight” generalization of #; (see Section 5).

— When the permutations of the entries are no longer involutions it becomes difficult,
for 3 x 3 matrices, to get any nice factorization properties: however, we have been able
in the following to find many examples of permutations which are not involutions, but
exhibit factorization properties for ¢ X g matrices with g > 4.

6.2. Breaking the involutive framework

Let us now examine birational transformations corresponding to permutations of the
entries which are no longer involutive permutations.

6.2.1. A 3-cycle permutation and its “straight” generalization

For all the previous examples, permutation ¢t was an involutive permutation ‘2. Let
us, however, note that even if ¢ is a noninvolutive permutation, for instance a 3-cycle,
transformation K = ¢ - I is still a birational transformation (in the case of a 3-cycle, the
inverse of K corresponds to / - t2, which is also a homogeneous rational transformation).
At first si-7 . _... expects the corresponding transformations K to be more involved with
less structure and properties (less factorization properties, no more polynomial growth
of the complexity, or integrability, ...).

Let us consider the following 3-cycle permutation for g x g matrices:

myp —— My — My — My . (662)

12 This has many consequences: the group of birational transformations generated by ¢ and I is isomorphic
to the infinite dihedral group.
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The results given here are valid for g > 4. Let us look at permutation (6.62) for
g % q matrices. The factorizations now read

f det(M,) M K(My) det(M>)
2= 2= — B 3= T3
i i i1
K(M3) det(M3)
My KM | det(My) (6.63)
AR g

and, for arbitrary n, “string-like” factorizations,

K(M,) =M, - (f3_4'f3_1 S fis- 3_3.f;l::...) ,
det(M,) = fus1 - f73 ooy Fis3 - faca- g 17, (6.64)
where ¢, = 2 for n even and ¢{, = 3 for n odd, yielding again the simple “string-like”

relation independent of q (3.49) and relation (3.60). Eqs. (3.49) and (6.64) yield
linear relations for the «,’s and B,’s,

an=Br1+(q—3) - Bn+3Bn-1+(q—3) - Bi—2 +3Pn-3,
+(q=3) Bn-at+ -+ b
(g—1) - an=an1 +29(Ba—1+ Bu-3 + Ba—s + )
+q(q— D (Bn+ Pr—2+ Pn-a+--1),
and ap+ a1 =q(Bi+ B+ + Bur1), (6.65)

and for the generating functions a(x) and B(x),

_qx-(2x+q—4)_
B 1 — x?

B(x), (6.66)

g+ ((g-=1)-x—1) a(x) B(x),

1+2x2+(q—3)x_
[ —x2

xa(x) =

together with relation (3.49). These linear relations enable us to get

_q-(1+(q—3)x+2x2) _ogx

= a0 PP T
(g—3)x x-(2x+(g~4))

=1 =77 = . 67

p) = Y E AT e T (6.67)
6.2.2. N-cycles
Let us consider a permutation of order eight, namely the 8-cycle,

My — Mpp — M3 —— My4 — M5 — Mg

—my7 —— Mg — My . (6.68)

The factorization properties read for an 8 X 8 matrix,
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KMy) =M1 (fa o fos-fog ),

det(Mp) = frs1 - fo Fao1 - fo o fre3  foigy® fams - (6.69)
One has again the simple “string-like” relation independent of q (3.49),

=~ K(M, M,

R(M,) = XMn) _ - (6.70)

Tdet(My)  fiofa facfur farl

This yields linear recursions for the a,’s and B,’s, namely (6.65), but for g = 8 and

a, = Bn+1 + 6,Bn + ﬂn——l + GBn—Z + ;Bn—-3 + 6ﬂn—4 +---, (671)
giving for a(x) and B(x),
(1+6x)-B(x)

1 — 12
The generating functions a(x) and B(x) read
_ 8(1+ 6x) _8x(1—-x)
-z (xn PO=T5%
which is nothing but expressions a(x) and B(x) given, for class VI, for ¢ = 8. This
corresponds again to a 2" exponential growth.

Let us now consider a permutation of order seven, namely the 7-cycle still acting on
the entries of an 8 x 8 matrix,

xa(x) = together with (3.60) . (6.72)

a(x)

(6.73)

My — Maz — Mp3 ~— My 4 —> Mas5 — My —> My7 — My 1. (6.74)

The following result is obtained: the factorization properties are exactly the same as
the one described by (6.69) and (6.70) and, therefore, the generating functions are the
same as the one given in (6.73).

Amazingly, the factorization properties are also exactly the same for the N-cycles of
the form

My — mp2 —Mp3 - —— My N — My, (6.75)

where N = 6,5,4,3,2. For N = 2 one recovers exactly the elementary permutation
my,1 + my 2 of class VI and its corresponding factorizations (see Section 3.2.2): this is
compatible with the fact that the results for all these N-cycles are the same as the one
given for class VI for g = 8.

In fact, these results are not restricted to 8 x 8 matrices: considering N-cycles acting
on q X q matrices, one does have the same factorizations as the one given by relations
(3.47) and (3.49) which correspond to class VI (that is N = 2). In particular, these
factorizations are independent of N.

6.3. Summary of the “birational” results

We have seen in the previous examples that the involutive character of the permu-
tations is not a necessary condition for factorization properties of transformations K:
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factorization properties do occur for permutations that are no longer involutions (N-
cycles ...). Let us however note that transformations K are still birational.

Among these various examples, some factorizations happen, unexpectedly, to be ex-
actly the same as the ones for permutations of quite a different type (for instance,
elementary permutations of two entries, like class VI and the N-cycle of the previous
Section 6.2.2, or class I and some of the permutations p;’s).

It is also worth noting that one can have the same factorization schemes and not
necessarily verify the same recursions (on the f,’s, see Section 6.1.10).

There is a quite frequent occurrence of “string-like” factorizations: factorizations
involving a fixed number of polynomials are more exceptional. Note however that this
opposition is not very relevant: it has been seen in Sections 3.2.1 and 4.2 that these two
types of factorizations, “string-like” versus “fixed number”, do not yield systematically
to drastically different factorization schemes: one can have “string-like” factorizations
together with polynomial growth (see Section 4.2) or, on the contrary, factorizations
with a fixed number of polynomials and exponential growth (see Section 3.2.1).

Section 6.1.11 shows that the set of integrable birational transformations, or of trans-
formations associated with polynomial growth, or even of transformations associated
with recursions on the f,’s (or on the x,’s) seems to be larger than one could expect
at first sight for 3 x 3 matrices, and even for the “straight” generalizations of these
examples to ¢ X ¢ matrices.

7. Leaving the birational framework

Considering permutations of the entries, which are no longer involutive (N-cycle
...), does not break the birational character of transformations K and can even yield
factorizations similar, or identical, to the one corresponding to elementary involutive
permutations of two entries (for example class VI and the N-cycles). Let us now
try to see the consequences of relaxing the birational character of the transformations,
analyzing the factorizations properties of noninvertible, but still rational, transformations
slightly different from the previous birational ones.

Instead of a permutation of the entries, let us consider a transformation 7 which is
the product of an involutive permutation of the entries ¢, for instance

LD omyy <> my, mp oMy, My e m, My o My, (7.1

introduced in the fourth example (Section 6.1.7), together with a projection transforma-
tion P (P?=P).

We will consider various examples of such projections. For instance we will consider
projection P; defined by

P : m(i,j) — m(i,j) when j+#4

and (mig4, mog, Mas, Mag) — (M14, M4, M3s, M3a) , (7.2)
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projection P, defined by
Py: m(i,j) — m(i,j) when j+#5
and  (mys, mos, m3s, mas, mss) — (mys, mps, mss, Mas, m3s) (7.3)
and projection P3 defined by
Py: m(i,j) — m(i,j) when i+ 6
and  (me1, me2, me3, Mea, Mes, Mee) — (Ms1, Msa, Ms3, Msq, Mss, Mee) . (7.4)

Let us now examine the iteration of transformation K =T -1 = P -t-I, where P is one
of these projections P;’s. Transformation K is clearly not a birational transformation
anymore but it is still rational.

7.1. Projection P, and 5 x 5 matrices

Let us first consider transformation K =T -1 = P, - ¢- I, where P, is projection (7.3)
on 5 x 5 matrices, and ¢ is the (straight generalization of ) the permutation of the fourth
example namely (7.1). For arbitrary n one gets the factorizations

K(My) =Myy1 - fo- famt,  det(My) = far1- fo - fa-t,
Mpsi

fn‘fn+1 )

These factorizations give linear relations on the a,’s and the 8,’s or on a(x) and B(x),

K(M,) = (1.5)

an=Bn—l+2ﬂn+ﬂn+1, 4'an=an+l+5'(ﬂn+ﬂn—-l),
x-a(x)=B(x)- (1+x)?%, 5+ (4x—1)-a(x) =5x(1+x)B(x),
5(14+x)-B(x)+5=(1+x) a(x). (7.6)

The expressions of the generating functions are

5(1+x) (x) = 5x
1—-3x+4+x2° Blx T (14+x)-(1-3x+x2)°

The a,’s or B,’s grow like A" with A ~ 2.618--- These factorizations have to be
compared with the one of transformation K = t - I, where ¢ denotes the (involutive)
permutation (7.1) of the fourth example.

One should note that relations (3.10), corresponding to the “right action” of K, are
still valid for this transformation which is no longer birational.

At first sight, one expects transformation K to be quite a “chaotic” transformation
since K is not birational anymore. Remarkable factorization properties are not expected.
In fact, one can see that many parts of the factorization analysis performed in [21] are
still valid"® for transformations which are no longer birational.

a(x) = (7.7)

13 guch demonstrations are based on the fact that some matrix U = R- K(R) (see [21,22]) is, up to a finite
number of entries, the identity matrix.



S. Boukraa, J-M. Maillard/Physica A 220 (1995) 403-470 447
7.2. Projection Py and 4 x 4 matrices
Let us now look at transformation K =T -1 = P, - t- I, where P, is projection (7.2)

on 4 x 4 matrices and ¢ is the permutation of the fourth example namely (7.1). The
following factorizations are obtained:

det(M;) det(M>) K(M3)
="V M,=K(M,), =22 M= ,
== 2= KM f=Tg M=y
fom det(M3) =K(M3) o= det(My) _ K(My)
YCaRaR YT AR T AR AR T A
o= det(Ms) Mg = K(Ms)
f2f- 22 fs° fafsfi’
f _ det(Ms) M- = K(Ms)
TR RS fsfafafi
fo= det(M7) __KMy)
ST R R 5 Y RehshRf
fom det(Ms) _ K(Mg)
TR R RS R fffasfin]
Flo = det(My) Moo = K(My)
TR AR S R f T RAfsffff
fu= det(M o) My, = K(M)
22020 fH 0k R e fofsfefsfifsfr’
det(M)
= o 7.8
L R R B B R R B (78)
and, for arbitrary n,
K(My) =Myir- (fot - faz - fas fums - Focg fa1* fus
'fn—9'fn—10-fn—n"-),
det(Mp,) = fri1- (fn-fﬁ_l 'f3—2'fn—3’f5-4'f3—5'f2—6’fr21—7
3—8 : f121—9 -fﬁ_m fin- fr%—-lZ"‘) , (79)
and
K(M,) = Mo (7.10)

a1t fue10° fn9° fae8 Fue7"f2 6 f o5 fnet fae3* Frm2 fre1 fu- i1 )

Again, relations (3.10), corresponding to the “right action” of K, are still valid.

These factorizations are more involved than the other examples detailed in this paper.
In fact it is not even clear that the generating functions corresponding to these factor-
izations are rational functions, since no obvious “periodicity” occurs in the factorization
scheme. Factorizations (7.10) yield a linear relation between the «,’s and the B,s,
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an+ani1 =4(B1+ B+ + Bur1) + Brs+ Bas+- -, (7.11)
or on the generating functions,
4
(143 -a() ~4= L L 4p00 - i), (7.12)

where p1(x) = x6 + x7 +---. One also has

Bx—1) a(x)+4=48x) - (> + 3+ + 0 +3x" + 28+ 2% +x1°
+xt x4y, (7.13)

and

x-a(x)=4B8(x) - (1 + x4+ 2x% + 2> + x* + 225 + 3x8 + 567 +2x% +2%°
+2x"0 p2x! X2 2By (7.14)
Let us give the first coefficients of the generating functions a(x), B(x), u(x) and
v(x),
a(x) =4+ 12x + 36x% 4+ 92x3 + 228x* 4 572x° + 1428x5 + 3564x
+8852x® + 21996x° + 54660x'? + 135836x"! + 3375562
+838812x13 + ..,
B(x) =4x + 8x + 20x° + 48x* 4+ 120x° + 300x5 + 744x7 + 1848x®
+4592x° 4 11412x'° 4 28360x!! 4 70472x"2
+175120x" 4 435168x™ + - - -,
w(x) =x+ 22 +3x3 + 6x* + 15x° + 39x° + 96x7 + 238x® + 591x°
+1469x'0 4 3652x" + - - -,
v(x) =1+ x2 432> + 7x* + 18x° + 45x° + 115x7 + 285x® + 708x°
+1759x0 4. .., (7.15)

There is an exponential growth of the calculations like A” with A ~ 2.484.... A
good approximation for B(x), compatible with expansions (7.15) and yielding positive
integer coefficients, is, for instance,

B(x) = 41—+ x+ 1) —x+ 3 —x*+x5 -7 +2%)
I—3x+x2+x3 —x*+ x5 — x84 x10 — xI!
If factorizations (7.9) were “periodic” (like in the “string-like” factorizations previ-
ously detailed where shifts of four, six, ... occur) one could expect pi(x) to be in the
following form:

(7.16)

(1+x) x°

p(x) =5 (7.17)

where the integer P denotes the period of these factorizations (P > 7). Some specula-
tions concerning this very example are given in Appendix F.
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7.3. Non-birational deformation of class 1

Let us now consider transformation K =7 - = P, - ¢ - I, where P; is a projection
(7.2) on g x q matrices (g > 4), and ¢ is a transposition of class I, namely m;y «— my;.
The factorizations now read

f2=d—6t‘%)‘, 2= K(Ml), f3=—‘——det(M2_) > 3=——'—K(M2) s
1 i ot £
f4=___(:Et(_1WL_I’ o (7.18)
1A
and, for arbitrary n,
KMy = My (F475 for FI53 flea S35 s F258 Fia ).
det(My) = furr - (174 fio- 353 fis - Pk fis - £ £
i fis). (7.19)
and again relation (3.49),
Rim,) = KMn) Mrin (7.20)

det(M,) ~ fi-fa - fazt fa far1

Again one gets from (6.65) relation (3.60) and also the general relations between
a(x), B(x), u(x) and v(x), corresponding to the “right action” of K, namely (3.41).

Egs. (7.19) and (7.20) yield linear recursions for the a,’s and B,’s, namely (6.65),
and

ap=Bp1+(q—4) - Bn+4Bp_1+(g—4) Bn
+4ﬁn~3‘+‘(q_4)'Bn—4+"'+{n'ﬂla (7-21)

and for the generating functions a(x) and B(x),

x-a(x) = Blx) + ((g— 0280 +45%8(0)) ,

1—x2

g+ ((@=Dx=1) alx) = (ag-5)x+302)-px). (22

1—x2
The generating functions a(x), B(x), u(x) and v(x) read
g4+ (g—4)x+3x%)
*(%) = T Ty (=30

_ x((g—=5) +3x)
YD = T (30

(g—4)x
1-3x "~

LB =T u

(7.23)
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7.4. Non-birational deformation of N-cycles

Let us consider 6 x 6 matrices and the N-cycle defined in Section 6.2.2 (see (6.75)),
combined with projection P3 (K = P; - t-1). One obtains the same factorizations
independently of N (N = 2,3, ...,6), namely for arbitrary n, “string-like” factorizations,

K(My) = Mus1- (fa- far - faca- fa3 - focs fams )
det(Mp) = fust - fo - fo-1- faz Fazs - Facar- (7.24)

Let us note that one has again the simple “string-like” relation (3.49), which is
independent of q,

= K(M,) Mpi
K(M,) = = . 7.25
det(My) ~ i oo fo (7:25)

This yields linear relations for the «,’s and 8,’s, namely (6.65) for ¢ =6, and

ay = Bn+1 + 3;811 + 2,Bn—l + 3Bn—2 + 2ﬁn—3 + 3.Bn—4 + - (7~26)
and for the generating functions e(x) and B(x),

3x +2x%) -

xa(x) = Bx) + & x+1 fll Blx). (7.27)

The generating functions a(x) and B(x) read
_6(1+3x+x%) 6x(1 —x)
a(x) = 1-3x+x2 ° Blx) = 1 —3x+x2° (7.28)

These generating functions correspond to an exponential growth A" with A = 3/2 +
V5/2~2618---.

The analysis of transformations, which are products of the matrix inversion I, of
quite general (no longer involutive) permutations of the entries and of projection trans-
formations (like P; see (7.2)), clearly opens a very large class of transformations. A
systematic study seems hard to perform, but there is a need to accumulate far more
examples in order to get some hint about this huge domain of investigation.

8. More relations on a(x), B(x), p(x) and »(x)

For all the various birational, or just rational, transformations described here, one
remarks that the factorization relations always take the following general form at the
nth step of the iterations:

det(Mp) = fuyr - f5 - f0 - 2 fo s fo g S (8.1)
K(Mp) =My fIo- f1, - ;72_2. :’73_3. ;14_4...f;1n—', (8.2)
~ K M

K(M,,) - (Mn) _ n+1 (8.3)

det(M,)  far1- [0 f02 - f0, Oy P
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the exponents 7,’s, {,’s and p,’s being positive integers. Eq. (8.1) yields a bilinear
relation between the a,’s, 8,’s and {,’s,

an = Brirt + $1Bn + {2Bn-i + $3Br—a+ -+ {nPr (84)

Introducing a new generating function for the ¢,’s,
(D) =1+ 0x+ 02+ 40+, (8.5)

relation (8.4) simply reads

xa(x) ={(x) - B(x). (8.6)
Similarly, if one introduces generating functions for the 7,’s and p,’s,

n(x) =m0+ Mmx+mx’ +mx° + -, (8.7)

p(x)=1+p1x+p2x2+p3x3+--- , (8.8)

a bilinear relation between the «,’s, B,’s and n,’s is immediately obtained from relation
(8.2),

(g —Day =an + q(n0Bn + M Br-1 + MPr—2 + MPr-3 + -+ u_181)
(8.9)

leading to a relation between the three generating functions a(x), B(x) and n(x),
a(x) +gx-n(x) - B(x) =g+ (g—1) xa(x). (8.10)

The absence of factorizations corresponds to (x) =0, or {(x) = 1, or p(x) = 1, that
is

q-x

B(x)=x'a(x)=r_(—q:m- (8.11)
A relation between a(x), B(x) and p(x) results from relation (8.3),
g+ qgp(x)B(x)=(1+x)- a(x), (8.12)

which generalizes Eqs. (4.15), (5.5), (6.19), (6.41)... It is seen in Appendix C that
other relations relating these generating functions also exist. The three new generating
functions {'(x), n(x) and p(x) are simply related,

{(x) =xn(x) + p(x). (8.13)
There is also
gxv(x) +n(x) =1+n(x) - pn(x). (8.14)

Relation (8.14) has been shown in [21]. Appendix D proves another relation between
the three generating functions 7(x), »(x) and u(x),
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xn(x)pu(x) __xm(x)
—(q-Dx PP TG D

Taking into account relations (3.41), it is quite clear to see that Eq. (8.14) is actually
compatible with relation (8.10).

The generating functions a(x), B(x), u(x) and »(x) are related. From relations
(8.10), (8.12), (8.13) one can get all these various generating functions from only two
of them. Among all the various generating functions corresponding to various permu-
tations, it appears that two generating functions are particularly simple namely B(x)
and especially p(x). However class VI and class IV share the same generating function
p(x), since Eq. (8.3) is satisfied for both classes, but {(4,x), or {(q,x), are differ-
ent for these two classes (see relation (8.1)). Therefore, in a general framework, one
should not seek for any additional relation (for instance between p(x) and {(4,x) or
{(q,x)).

Explicit expressions of p(x) and of the generating function {(q,x), for various
permutations considered here are given in Appendix F. The amazing simplicity of p(x)
may suggest to try to look directly at the factorization properties of K (see relation
(E.4) in Appendix E).

(8.15)

8.1. Comments on the explicit expressions of the generating functions

From the examples of the previous sections it is remarkable to notice the following
relations between a(q,x) (or B(q,x)), {(q,x) and another function o(q,x) (which
often identifies with {(0,x)):

_9(gx) qx

T+no@n’ P99 = Tine@n (8.16)

a(q,x) =
These relations are actually proved in Appendix E. From Eq. (8.12) combined with
Eq. (8.16), a relation between p(q, x) and {(q, x) is obtained,

qx

(1+x)
From relations (8.12) one can immediately calculate p(g, x) for various generalizations
to g X g matrices,

-p(g,x) ={(q,x) —0o(q,x) . (8.17)

(1+x) alx) —¢
qB(x)
Let us recall the various generalizations of transformations #; (namely, one “straight”

generalization and two different self-similar generalizations), to better understand the
relations between p(x), {(q,x), {(0,x) and o(qg,x). One has

p(q,x) = (8.18)

p(g,x) =1+x> (8.19)

for #; (see Section 4.1) for 4 x 4 matrices and for the self-similar generalizations of f;
detailed in Section 4.3 (corresponding to g*-state vertex models). In contrast, one has
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1 4 x?
1—x

p(q,x) = (8.20)

for the “self-similar” generalizations of #; for 24 x 2¢ or for 2m x 2m matrices (see
Eq. (4.15)). In this last case, the generating function (g, x) reads

1+6x2+x* + (g4 (x +x%)
{(gq,x)=
(1+x)(1—x)
_(1-x? gx(1+x%) gx(1+ x%)
T (1+x)  (1-0)(1+x) (I-x)1+x"
There are two different kinds of “self-similar” generalizations of t, associated with 4 x 4

matrices. The expressions of (g, x) for these two “self-similar” generating functions
are also different,

£(0,x) + (8.21)

4 1 -
O'(q,x)Q —state _ o_(q’x)?.mx2m (g4 x_(___x_)_ (8.22)
14+x
For the “straight” generalizations of ¢; of Section 5, one gets
1
p(g,x) = ——. (8.23)
1—x
In this case, the generating function {'(q, x) reads
14+4x24+(g—5x 1—4x qx
$(g,x)= =
(1-x)1+x) (I+x) (1—-x)(14+x)
gx
={(0,x) + —mFF—. 8.24
£(0.x) (I-x)(1+x) ( )

It is interesting to compare these three generalizations of ¢,. Two, which do not
contain g =4 as a subcase, actually verify

o(q,x) =4(0,x), (8.25)

while the third one, which contains g = 4 as a subcase, does not satisfy relation (8.25)
and, therefore, yields more involved expressions for a(q, x) and B(q, x) (in particular
in terms of g, see relation (4.27)).

Conversely, considering #; for g = 4, for which p(x) = 1 + x%, one can see that
relation (8.25), together with (8.17), would give

qx gx(1+ x?)
(1+x) (1+x)
which yields negative coefficients {,’s in the series expansion. A necessary condition in
order to get a generalization to g X ¢ matrices, such that o(q, x) = { (0, x), is, therefore,
that all the coefficients of the series expansion of

{(q,x) ={(0,x) + cp(x) =£(0,x) + , (8.26)

xp(x)
1+x
are actually positive.

(8.27)
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One can actually verify relation (8.25) for all the the “straight” generalizations given
here and for a great number of other (“self-similar”) generalizations given here.

It should be noted that in all the examples which can be generalized to g X ¢ matrices,
p(x) is independent of q. Moreover p(x) is remarkably simple in all these examples
since it has zeros or poles only on the unit circle.

The generating functions corresponding to all these examples of permutations are
actually rational functions. This is closely related to the simplicity of relation (8.3),
more precisely to the “periodicity” occurring in these factorization relations (see fac-
torizations (6.10) or (6.17)) and, more generally, to the occurrence of a “shift” in
the factorization scheme (see for instance factorization (6.58) where a shift of four
occurs). Where does this periodicity comes from? In fact, this can be understood if one
assumes some regularity order by order in the factorizations of the iterations. However,
it is not clear that these regularities should be verified for quite general permutations of
the entries (see (6.55) and (7.10)).

When leaving the birational framework it is not even clear that the generating functions
are still rational functions (see Section 7.2).

Remark. In the case of “straight” generalizations, and also of the “self-similar” general-
izations satisfying relation (8.25), this very relation enables one to very quickly get the
singularities of the generating functions. Relations (8.16) and (8.17), for g = 4 only,
allow one to quickly get the singularities of the generating functions a(x), B(x),...
They are simply obtained from the numerator of

4x
(1+x)

For instance, for class IV one gets

{(ny) ={(49x) - 'p(x). (828)

14+2x+x2 4323 +x*

£(4,x) = — and p(x) = —, (8.29)
and

;(0’x)=1—2x-|;i2x—4x3+x4=(11~;)x(1_j3x2). (8.30)
One gets for class I, II, II,

£0,x)=(1—x)3, 2(4,x)=1+x+6x"+3x>, p(x)=1+x%,

(8.31)

for class V:

2(0,x)=1=-3x+x2=x>, p(x)=1+x%, (8.32)
and for class I,

(00 =1"5, (@n=1r0, p0=1r. (833)
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This provides a condition for the polynomial growth of the calculations, which can
easily be checked, provided condition (8.25) is actually satisfied.

9. Conclusion

In previous papers [21,22], a classification of birational transformations associated
with elementary permutations of two entries was performed. It led to six different
classes [22]. The analysis of the factorizations corresponding to these six sets of
permutations (see Section 3) has shed some light on the relations between different
properties and structures related to integrable mappings such as the polynomial growth
of the complexity of the iterations and the existence of nontrivial recursions bearing on
the factorized polynomials f,’s.

For more general permutations, simple factorization schemes have been seen to exist:
they can be seen as many (unexpected) regularities and structures in a framework which
should, at first glance, be more related to the theory of chaos than to integrable mappings
and their associated structures. Actually, a large number of structures and properties
which emerge here, originate from the analysis of integrable mappings [21,22] and it
is striking to see these structures survive in a much more general framework, that is,
mappings which are far from being integrable.

The occurrence of elliptic curves (i.e. integrable mappings), of polynomial growth of
the calculations, or of recursion relations in a single variable such as (3.27), or even
(3.66), is, of course, less frequent but not exceptional (see Section 6.1.11). This makes
room for the analysis of very large new classes of mappings presenting remarkable
properties and structures.

For all the examples of permutations which can be generalized to ¢ x g matrices, re-
markable factorization relations independent of q occur (see (6.27) (6.10) and (6.39)).

Among the different types of generalizations that can be introduced, (“straight” gen-
eralizations or various “self-similar” generalizations...), one has to distinguish the ones
which verify relation (8.25) and the ones which do not verify relation (8.25) (see
Section 4.3).

In all the examples detailed here it has been seen that the generating functions
are often quite simple expressions, satisfying remarkable functional relations. Some of
these remarkable properties can actually be proved (see in particular Appendix E).
However, in a more general framework, several questions need to be better understood.
In particular: where does the rationality of the generating functions, and in particular
p(x), comes from? Where do the periodicity, and more generally, the regularities of the
factorizations come from?

A large number of open problems still remains. We have just sketched the analysis
of the factorizations corresponding to transformations K associated with quite general
permutations in Section 6, or even rational, but not birational, transformations (see
Section 7). To some extent it is possible to understand, with some assumptions, the
factorization properties of these various, quite general, transformations generalizing the
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demonstrations of factorizations performed in [21]. The analysis of the iteration of
transformations associated with quite general permutations, like the birational one de-
scribed in Section 6, or even of the rational but not birational transformations (see
Section 7), opens a very large domain of research, which merits further investigations.

Appendix A. Right action of K" and generating functions

Let us introduce the “right action” of transformation K3,

33 32 3
WY o

(fn)l(3=fn+3' 3 f; f{L" . (A.1)

133 (x) is equal to P (x) or u(x) and w3 (x) is equal to uw®(x) and it is
easy to prove, for arbitrary g, that

x((¢® —=5¢* +7g—1) — x)
(1-x)3(1+x)

w0 (x) = (A2)
One remarks that 433 (x) is actually equal to u¥¥(x) = u(x), which is a conse-
quence of

D) - (U pax?) + - 22 w0 (x) = (- x + 2 - 2 =22 pBP(2))
together with gy =i =g -3, w=u{" =2(g-3). (A3)

Introducing the “right action” of transformation K*, the result is
(44} (4:3) (4:2) 41
(fn)l(“=fn+4‘f4" 'fél" f;n f:‘" . (A4)
Again, one notes that u‘*# (x) is equal to x3¥ (x) or @ (x) or u(x) = u(x),
that £+ (x) is equal to £ (x) or u®1 (x) and that u*? (x) is equal to x>V (x).
The only new generating function is

g(q —2)%x
(1-x)30+x)"

One can easily show from (A.1), (A.4) and from the right action of K (see (3.10)), the
following relation on the coefficients of x4V (x), 3D (x), u®D(x) and u"V(x):

p4(x) = (A5)

. M N .1
’(14,1) = tmes + 3 - ng,l) +m,#’('2,1) + ‘:“,(,3’ ), (A.6)

or equivalently,

pU(x) - (1 + pax?®) + - 22 - B0 (x) = (ur - x + p2 - xF) =22 uCB(x))

together with gy =u!"™ =g -3, p=pu{"V=2(9-3). (A7)
The same calculations performed for the right action of K3, K®, K7 and K® yield similar
results with
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(g—D(g—2)%x g(q— 1)*(q—2)3x
(1—=x)3(14x) ° (1-x310+x) °
q(g—13*(g-2)x 9(¢-D*g-2x
(1-x)3(1+x) ° (1-x)3(1+x) )

Let us now recall relation (3.23) and expression (3.24), given in Section 3.1 for
transformation KV,

,u(S;”(x) -4

p& (x) =

pTD(x) = w0 (x) = (A.8)

PN (,U«N-l () + g - w0 ()

+unez w0+ ,M(N—l;l)(x))
= V-1, ;J,(N;l)(x)) + (1 x4+ -x2-+----+,uN_1 .xN—l) _M(|;1)(x) ’
(A9)

and the remarkably simple expression for u* (x),
g-(q—2) - (g-1)M 9.4
(1 —-x)3(1+x)

Let us prove recursively that relation (A.9) has (A.10) for a solution for an arbitrary
value of N. Let us assume that (A.10) is valid for N =1 to N =M — 1. The left-hand
side of (3.23) can be written as

pMD(x) = (A.10)

LA (#N_l @) + vz kB0 (2) + s #(3‘”(16))
+xN (MN——4 () + s w4 -M(N‘“”(x))

=" (MN-l () + oz w0 (x) + pvs 'M(3;I)(x))

N-T. (g 1V (N=4-1r) i_(i—_z)_-"i
+x (r=§_4'ur (q=1 ) (1_x)3(1+x)' (A.11)

Expanding w(x) one can easily get the expression of the w,’s,

_ 2 _ _
sy = (g 42)n + (g 23)71 n (g - 8) (=) % (A.12)

The expression of the sum can also be calculated simply. One can, for instance, get
it as the coefficient of xV~* of the function

(11) 2 3
p(x) o x-((g=3)+ 2 —x)
I—(g—Dx (1+x(0-x31-(g-Dx)’ (A.13)
which reads
—_1)¥ _ _
=22 T WD gyvee (A.14)

8 8 4 4

From (A.9) one obtains the expression of x¥~!. (™D (x) as
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AN gD )y = AN (#N—l 1D () + oy - 0 (x)

3
3D Moy, 9427
s w0 ) + 3 Wy -0+
+(u(“”(x) — (1 x+pa X+ g -x”'l)) : (A.15)

There is the equality

. _ R(x)

(L1 _ . R ST V-Ty LN

L) = (i x o xt o+ uy—y X T ) =x 81— (1 xg,
A.16)

where R(x) reads
- N 3 3 2
R(x)=(-1)"gq- (1 =x)"+q-(x=3x"—5x—1) + 8(1 +x)
+2-((2—-q)-(1—x—x2+x3)+qx)-N2
+4~((x3—3x2—x+12)+q(x2—1))~N.
Remarkably, the terms

x~—1.(§_<_—2_’5_d_ <N—3>(N—2>)_ q-(g—2)%x
(1-x)3(1+x)

8 8 4 4
(I = (- x+ a4t e 2T
+xVl (uN_l TV ) + vz - PP (x) + s -N”(x)) (A.17)
cancel out and one finally gets
q-(q=2)°-(g-DWH %
(1—x)3(1+x)

Let us finally mention that many more relations between the generating functions can
be deduced from relation (3.23). Let us, for instance, mention the following relation
between the u™" (x)’s and B(x), valid for any N:

(1-(@=D"x") - B0 + 57 (3 B ™1 (1))

r=1,N

=B x+ B+ B4+ By xN. (A.19)

pND (x) =

(A.18)

Appendix B. Comments on the integration of the recursions on the x,’s

Recursion (3.31) has been integrated in [23] and yields biquadratic relations in
terms of some new variables g, defined by x, = gu+1/¢n,

(P —Gn — Gns1) - (GuGni1 +A) = o, (B.1)
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The elliptic curve (B.1) can be rewritten, after several transformations, in the canon-
ical Weierstrass’s form [29,33],
v =4x> — gox — g3 where 12g; = 16A% + 8Ap? — 24pu + p*
and 216g3 = —48A%p? — 641° + 144App — 216> — 124p* + 36p%u — p°,
(B.2)
and the discriminant reads

A=g—2785=—ur(16A% — pPu + 8A2p? + Ap* — 362pu + 27u2) . (B.3)

It should be noted that our recursions can also be integrated in terms of the x,’s,
using the integration performed with the well-suited variables g,’s (see (3.34) in Sec-
tion 3.1). Let us, for instance, consider the integration of one of our recursion relations
in terms of two biquadratics [21] (see for instance (3.36)), denoted B;(q,, gny1) and
By(qns1,Gn+2) (in our previous examples it has been seen that one has By(qu11, Gni2) =
By (gni2,9n+1)). Using the very relation between the x,’s and the g,’s, the system of
these two biquadratic relations reads

B1(qn, qn xp) =0, By(qn - Xnsqn - Xn “Xpy1) =0. (B.4)

Eliminating the homogeneous variable g,, one immediately obtains a relation between
x, and x,4). Let us consider, for instance, the simplest example of integrable recursion,
that is (3.31). In this example the two g,-biquadratics, By and B, identify (see (B.1))
and the resultant between them yields a bicubic,

B(xp,xp11) =A- (1 +xf,xi+1) +B-x3+ (2A+ B) < Xp (1 +xﬁxﬁ+1)
+C - xpxiy + (A +ZB) - xt (1 +x,,x,,+1)
+(3B - c)  XnXnpt - (1 + x,,x,,H) + D2xpy1 =0, (B.5)
where A, B, C and D read
A=(Ap—w)?, B=ul—dup+2A>, C=A°,
D =4X —TupA+ 6u? — up® + Ap*. (B.6)

It is worth noting that this involved expression for D can in fact be simply related to the
expression of the discriminant A given in (B.3) in terms of A, u and p. This relation
comes from the following observation: the discriminant A is equal, up to a multiplicative
factor —u?, t0 B(x,, Xns1) for x, =1 and xp4q =1,

A=~p,2~B(1,1)=—,u,2-(8A+ISB—C+D)

(C~B)?(BCI+C?A—11CA’—~14CBA—2B*C+B*-3AB? - A>+3A%B)
B ca?

(B.7)

or, equivalently, D can be expressed in terms of A, B,C (using ,u2 =(C — B)? /A),
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BC? —2B*C — CBA — 3CA%+ B + 3A%B — A’ — 3AB?
AC :

D=—

(B.8)

The other recursions can be integrated similarly in terms of the variables x,’s, and one
also get bicubic relations.

Let us, for instance, consider recursion (3.32) which, in terms of the variables g,’s,
can be integrated and yields two biquadratic relations. 1t also gives two bicubics in the
following form:

o~ -~

A (1 +x,3,x,3,+1) +§-x,3,+5~x,,- (1 +xﬁxﬁ+1) +D-x2 (1 +x,,x,,+1)
+E - xux2, + F - XpXny1 - (1 + xnxn+1) +G - xau =0, (B.9)

with some involved relations between the coefficients of (B.9) that will not be written
here.

It is interesting to see what kind of relations can be deduced from the previous
procedure. The result is the following: the elimination of g, between B(g,, g, - x,) and
B(Gn - Xn - Xn+1,qn - Xn) '* for a general biquadratic B with its nine coefficients, yields
a biguartic of a particular form, namely

A-(1 +xﬁxﬁ+1) +(B-x,+C-xp41) - (1 +x§,xi+1) +D-x,,x,,+1(1+xﬁxﬁ+1)
+E X2y + F o xaxiy + (G xaxngr + H - xaxny) - (14 XaXat1)

4T 022 0+ T xnxo K Xt + Lo X2+ M X2, =0. (B.10)

In the limit corresponding to recursion (3.31) one has A =0,B=0,L=0,M =
0,€£ = 0,F =0 and one recovers (B.9) from (B.10). The bicubic (B.9) is obtained
from (B.10) with the following correspondence: A=CB=K,C=D,D=¢G,E-=
J.F=H,G=T.

Let us however note that the elimination > of g, between B(gy, ¢y - xn) and B(q, -
XnsQn * Xn - Xni1), for a general biquadratic B, yields much higher degree relations:
A-x8:8 ,+---=0.

n+1

Appendix C. Comments on the “straight” generalization

Let us consider transformation K for a “straight” generalization and let us assume that
the initial matrix M, take the particular form (5.7). The successive “reduced” matrices
M,’s then read

4 Note the permutation of the arguments for the second biquadratic: B(gn * Xn * Xn+1,qn - Xn) instead of
B(gn - Xn.qn - Xn - Xn+1).

15 This elimination procedure yields quite different results from a direct elimination of gni; between
B(gn,qn+1) and B(gni2,gns1), which remarkably results in a symmetric biquadratic relation between gn
and g,42, while the elimination of gnt1 between B(gn, gn+1) and B(gn+1,qn+2) Yields a biquartic relation
between gn and gp42.
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A, O
Mn—<Bn Cn>’ (C.1

where A, denotes a 4 x 4 submatrix, B, a (¢—4) x4 submatrix and “0” the 4 x (g—4)
submatrix with zero entries. C, is a (¢ — 4) X (g — 4) submatrix equal, up to some
homogeneous polynomial, to matrix C (or C~!) of relation (5.7), depending of the
parity of n. The (g — 4) x 4 submatrix B, can be very complex, however it does not
modify the factorization properties of the matrices M,’s, nor the determinants det(M,)’s.
Therefore we will represent matrices M,’s by (A,, C,), forgetting submatrix B,. Let
us study the successive action of K on the ¢ X g matrices M,’s, on the corresponding
factorized polynomials f,’s and the 4 x 4 matrices A,, and the corresponding factorized
polynomials f,’s. With obvious notations one has the relations

K((A,,,c,,)) = (det(Cn) - K(Ay),det(C,) - c,;')

or E((A,.,c,,)) = (I?(A,,),c;‘). (C2)

Let us denote K(4) and 1?(4), transformations K and K restricted to 4 x 4 matrices.
Let us also consider matrices m,’s, corresponding to the transformations K4, and I?(4)
acting on the initial 4 x4 matrix A in (5.7) and the corresponding factorized polynomials
f.’s. The following relations which amount to replacing M, by m,, f, by f, and g by
4 are obtained:

det(my) = farr - (F2- facr- Foca - F23) (FPos Fus - Foce- Foc) - F0
(C.3)
Mt = fust - Fo Fact - Faca - Fo- Fi - K(my) . (C.4)

The A,’s are proportional to the m,’s up to homogeneous polynomial factors. From
relation (C.2) one immediately gets

K" (Mo) = (Rl (40), €Y. (C5)

Recalling relation (3.50) for g x ¢ and 4 x 4 matrices, one clearly gets from (C.5),
relation

Mn=fn'fn—2‘fn—4"'(f~ 7 :""f 4_”,C<‘”"). (C.6)

For the sake of simplicity, let us consider the example of class IV. Recalling (3.64),
one immediately gets

Fuvt - U2 fumr - Frly - Faed) - (FiZ4 - fums - File - fam1) o
= det(C) 1" - det Ry (40) ) (C.7)

From (3.64), for g =4, one also has
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z 72 7 71 7 72 F 7—1 z
fn+l'(fn 'fn—l‘ n_z‘fn—3)'(f,,_4'fn—5' ,,_5'fn—7)"'
= dot K7 (40)) (C8)

Eliminating det( K7, (4o) ), one obtains
fa= Fu-det(Co)*!- ((;ﬁ:j ) (&=2). (g:z) (g ))

.((;_::_2)2.(/;_::_:)..)..., (€9)

which yields recursively,

fn = fn-det(Co)* . (C.10)

From relation (C.9) one gets a linear recursion on the degrees of det(M,), det(m,),

fon Fon (namely @a(q), an(4), Ba(4). Ba(4)),
@n(9) = an(4) = q(Ba(@) + Br-2(9) + Ba-s(@) + )
~4(Bs(®) + Baa (@) + Baca(®) + ) + (-1 (g 4). (c11)

This linear relation (C.11) yields the following relation between the generating functions
a(q,x), a(4,x), B(q,x), B(4,x):

‘ (qﬂ(q,x) —4p3(4, x)) + a-4 . (C.12)

a(g,x) —a(d,x) = T x

1—x2
The following is also obtained from relation (C.10):

Bn(q) =Bn(4) +(q—4)-an or B(q,x)=B(4x)+(q—4) a(x)

yielding (6.2) . (C.13)

The fact that B8,(q) is a linear function of g (see (6.2)) can be seen to be related to
the homogeneity of the initial matrix,

My — A- M. (C.14)

Let us now consider another example, namely, class V. The calculations are similar
to the previous one. One now has for arbitrary n,

My= fn fn2- <f”';~:_2,c(—l)") ’ (C.15)

yielding on the generating functions,

_4
a(g,x) — a(4,x) = (1+x2) - (q,B(q,x) — 4B(4,x)) + ‘1’—+; , (C.16)

and from (3.43),
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fu= fo- deCoyt - (B2 () () (c1m)

Of course, one has again relations (C.13) from (C.10).
Let us now consider class I (or IIT). One recovers the same relation as for class V
(namely (C.15)), and therefore (C.16). One also gets from (3.8),

7 41 (fo-1)3 Fa-2 3 (fn3
fn= fn-det(Co) (fn—l) (fH) (fn_3>’ (C.18)
which yields again relation (C.10) where
2
ay = &#—) for n even and a, = Si—_;—l)— for n odd.

Recalling recursions (3.27) or (3.28), satisfied by polynomials f,’s and also polynomi-
als f,’s, relation (C.10) can be seen to be closely related to symmetries of the recursion.
Recursions (3.27) are invariant under (C.10) together with (C.19) and closely related
to the (three parameters) symmetries previously described in [21],

fo—d b c- fu. (C.19)

In fact, these calculations can be performed, quite generally, for “straight” generaliza-
tions, giving M,’s in terms of the m,’s, the f,’s and f,’s. Such calculations yield a
relation between a(q, x), a(4,x), p(x), B(g,x) and B(4,x),

p(x)

—4
a(q.x) — atd,x) = 2 (gB(a.n ~ g4 m ) + 1= (C20)

which is nothing but relation (8.12).

Appendix D. More relations on the generating functions

Let us recall the general form (given in Section 8), for the successive factorizations
of transformation K which define the {,’s, the 1,’s and the p,’s, namely (8.1), (8.2)
and (8.3).

Factorization (8.1) yields the following bilinear relation between the «,’s, 8,’s and

Ln's:
ay=Bni +4Br + $2Bn1 + B2+ -+ 0B (b.1)

From relation (8.2) one directly gets the following bilinear relation between the a,,’s,
Bn’s and n,’s:

(g—1)-apn=ap1+q- (nan +MPBroi +MPBr2 +MBu_z +-- -+ nn—lﬂl) ,
(D.2)

leading to a relation between the three generating functions a(x), B8(x) and n(x),
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a(x) + qxn(x) - B(x) =q+(g— 1) - xa(x). (D.3)

One can introduce the (non-factorized) matrices 1\7,,, which are related to the successive
{homogeneous) matrices M,’s as follows:

Mn= K(H1) = K*(Mo) =(Mo) . (D4)
The following relations on Il?,,’s are obtained:

My =K(Mo) = K(Mo) =My, My=K(My)=fl M,

My=K(Ma) = f - fI'- 7970 Ms,

Vi 7, —_n\ -
My=K(M3) = f- gl'filll'(ﬁo'fi”l'fi’]O(q l)) ‘M,

—~ —~ Aa—131—1 An—131—2 da—13"34...
M,,=K(Mn_1)=K"(Mo)=(f}’°(" D" m(g= D" 2 (g—1)" "+ )

(a—1 n-2 (g—1 n—3 (g—1 n—4_
,(f;m(q YT e (gD T (g 1) T+ )"'ﬂ.’o'Mn

After some calculations the following is reached from (D.5):
(0 (@= D™ - (g=1"2m (g = 1" 44 mut ) g + -
+(770' (g—1D*+m-(g—1) +772) * Hn—2
+(770 (g—1) +771) “Hn—1+ 70+ Pon + Vnt1

=90 (q— D"+ - (@=D"T+m - (g— D" 2+ 4, (D.5)

which yields the following relations between the three generating functions n(x), v(x)
and u(x):

xn(x)u(x) __xm(x)

1-(g—-1)x +r(x) = 1-(g—Dx’
This relation is nothing but relation (8.14), which can also be obtained by performing
the “right action” of K on factorization (8.2), and using (3.10), one gets

(D.6)

V1= (g = D) vn + 00 — (Mottn + Min—1 + -+ N—141) - (D.7)

Similarly, performing the right action of K on factorization (8.1), and using (3.10),
one obtains

Hnit =Lnt1 + qUn — (apt + Entp2 + - -+ pad1) (D.8)

Moreover, it can be shown that (8.2), the factorization relation on K(M,), necessarily
yields the factorization of the determinant, namely (8.1) (and also the inequalities ¢, >
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1 +7,-1 when 7,1 # 0). Factorizations (8.1) and (8.2) and the “right” factorizations
(3.10) are equivalent when assuming (D.7) and (D.8). The proof is given in [21].
Relation (D.8) yields

gxv(x) +{{(x) =1+ 4(x) - u(x). (D.9)

Appendix E. Proof of the g-independent relations

From relations (8.1) and (8.3), one can get the action of K on the initial matrix My,
= -1 ~f)+1 —8)—(mo—41) =1 —8)—(m—L)+(o—{1)+1
K"(My) =M, - it '(17101 D+l f(Tz &)= (m—~{-1 f(vlz3 H)—(m={)+(mo—) +

.f(za“-llt)-(n2~{3)+(7l1—{2)—(170—(1)—1 =M, - f:] Cfe L

n—1 n—2""""

(E.1)
The action of K on (E.1) yields
K™ (Mo) = K(Ma) - f™ - fil - f5 - "

_ Mu S T
f"+]f'€l‘_"70 . f(z:lm . fls:z’f)z . ,fl(n*"?n—l

= KL, Ky K3 K
=My - n+1 I n—1 f1

(E.2)
From (E.2) one gets the following linear relations:
ki==1, ki+rka=m—-41, Katkz=m -,
Kit+Kka=m—{43, . (E3)

Defining I, as the determinant of the left-hand side of the previous equation, one gets
from (E.1) the expression of [, as

- + ~{)+1 + —0)—(mo~{1) -1
In= fair f'{ll q_f{z_lq((’no 1) )'fls_zq((m ) —(n—4)-1)
_f{4+311((712—(3)-(m-—{z)+(7lo—{1)+|)
.f(S':q((7[3_{4)_(772*;3)‘*‘(771‘_{2)—(710—{1)"1) .
=for - fr' iy fata e (E4)
Let us introduce the two new generating functions,
o(x)=1 +01x+0'2x2+03x3 4+,
K(X) =KX + KX% + K3x> 4 (E.5)

From the very definition of [, ( I, = det( I?"(Mo) ), as well as from the definition of the
K,'s and the o,’s (see (E.2) and (E.4)) and from (8.1), one gets the linear relations

or={1—q, o=t qg, oy=0+qKy -, (E.6)
which yields
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o(x) ={(x) +qx-«(x), (E.7)
and (E.3) yields

(1+x)-x(x)=x*q(x) —x-{(x). (E.8)

The right hand side of (E.8) is nothing more than —x - p(x), therefore a very simple
relation between p(x) and x(x) is obtained,

__xp(x)
w(x) = 14+x (E9)

From (E.7) and (E.9) one finally reaches

xp(x)

fr(x)={(x)~ql+x-

(E.10)

It is obvious that the degree of the l,’s is tgq, therefore, one immediately gets from
Eq. (E.4) the linear relation

g - (=1)"=Bp1+ (a1 Bu+ 02 Pror + 03 Buat-7), (E.I1)
which yields
qx

qx  _ . -
m—ﬂ(q,x) o(x) or B(g,x)= Tr 0o (E.12)
and from factorization (E.1),
_ 9 (i _ax(x)\ __ ¢i(q, %)
(g, %) = (1+x) (1 o(x) ) T (1+x)o(x) (E.13)

All these relations do not yet prove that for any generalization (“straight” generalizations,
self-similar generalizations,...) the generating functions p(x) (or equivalently x(x) ) and
o(x) are actually independent of q. However, we have actually proved in [21] that
uy =q— N and vy =g — N+ 1, which show that «; and o are actually independent of
g. Moreover relations (E.1) and (E.4), together with the particular form of M - K(M)
or M - K(M) in the case of the “straight” generalizations, are certainly sufficient to
argue that x(x)) and o(x) are actually independent of g in the case of “straight”
generalizations (see also Appendix A).

Appendix F. Some explicit expressions of p(x)

Let us give here explicit expressions of p(x) and, for instance, of the generating
function £ (g, x), for various permutations considered here.

For class I ( and class III see Section 3.1, and for class V (see subsection (3.2.1)),
one has

p(x) =(1+x)-(1+x%). (E.1)
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For class I (and class III and also class II but only for ¢ = 4), and for class V, (g, x)
reads, respectively,

(g, 0)=(1-0 +g(x+ 1Y),
(g, x)=1-3x+x* -} +q(x+x). (E2)
For class VI one also has
1
- F3
plx) = T— (E3)

(see Section 3.2.2) and for class IV (see Section 3.2.3) and for class 1I for ¢ > 5. For
class IV, and class VI, { (g, x) reads, respectively,

1+ (g=x+ 2+ (g-DxP+x* gx
£lg.x)= -« =00 T ar
14+(g—-2)x gx
{(g,x)= 12 ={(0,x )+—__—_(l—x)(l+x)' (F4)
For class II for g > 5, {(q, x) reads
_ (g—3)x+2x* + (g~ 2)x* +3x*
- d
=£(0,x) + TSI
1—2x—2x° qx
= . E5
(1+x)-(1+x2)+(1—x)-(1+x) (F3)
For the second example of Section 6.1.2, one has
plx) = 12X (E6)
X

and for the “self-similar” generalization of the third example of Section 6.1.3, (see
Eq. (6.19)) one has

1+ x
1 — x4
For this “self-similar” generalization of the third example defined as in Section 6.1.5,
{(q,x) reads

p(x) = (F.7)

1+(q 2)x

{(q,x) = ={(0,x) + ——~ (F.8)

(1 xhy
For the “straight” generalization of the third example defined as in Section 6.1.4, the
generating function {' (g, x) reads

1+ (g—3)x+x*+x°
I —x?

qx
(1—-x)(1+x)

In this example one sees that p(x) is different for the “straight” and “self-similar”
generalizations.

(E9)

{(gq,x) = ={(0,x) +
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For the fourth example (see Section 6.1.7, Eq. (6.41)) for ¢ = 4 only, one has

1
p(x) = 1—_% (F.10)

In this example for g = 5 one has p(x) = (1 +x) - (1 +x+x?) and p(x) =1+ x
for the “straight” generalization for g > 6. In this last case, «(x) is remarkably simple,
(x(x) = —1). Recalling the very definition of the «,’s, this means a simple result for
the action of K R

-~ M
I
For permutation p; for 4 x 4 matrices (see Section 6.1.11), an approximation of the
generating function p(x), compatible with the approximations of a(x) and B(x) (see
(6.56)) reads

1—x+x2+x3

— (F12)

plx) =

In fact, with the number of iterations performed here (namely, ten iterations) one can
only be confident about the first ten coefficients in the expansion of p(x),

p(x) =1+ +28 +2x* + 28 +2x8 + 2" + 28 + 2% + 220 4. . (F13)

The zeroes of expression (F.12) are not on the unit circle, but with the number of
iterations performed here one cannot rule out the fact that the zeroes of p(x) could well
be on the unit circle.

For permutation pg for 4 x 4 matrices (see Section 6.1.11) the expansion of p(x),
which corresponds to factorizations (6.57) read

p(x)=1 +x++ 0+ 2+ 20 + 268 + 247 + 328 +34°
#3043 x4 (F.14)

If the stability regime for the factorization scheme is actually reached one can write
p(x) as

1
plx) = TSR (E.15)
and the relations on the generating functions a(x) and 8(x),
1+ x+2x?
x-a(x) = B(x) - 1-x-(1-x2)"
4+ (Bx—1) a(x) = B(x) ( 847 ) (E16)
(1-x2)-(1-x%/" '

which give expressions (6.60) and (6.61) for a(x) and B(x).
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Let us make the following comment: up to M!%2, f13 one cannot rule out other
expressions of p(x). For instance, with the prejudice that the zeroes of p(x) have to
be on the unit circle, the “Eulerian” product,

_ U4 A4a8) - A+x?) A+ (14 -

p(x) T , (F17)
which expands as
p(X) =14+ x4+ 22+ 23 +2x* + 255 +2x5 + 2x7 + 328 +3x° + 341
+3xM 4 5xt2 453 5 5 T T T e T
(F.18)
or (without this prejudice)
14+ x* 4 48
p(x) = e (F.19)
which expands as
plx)=1 +x+x2+ 0+ 2 2 208 + 20T +3x8 4+ 300 + 3410
431 43012 431 4 301 4315 4 3x16 4 3417 4 3 3k 4
(F20)

are good approximations which are ruled out in favor of (F.15) only with the calculation
of M 13.

Finally, let us consider the rational but not birational transformation of Section 7.2
(K=T-1=P;-t-1, where P; is projection (7.2)) on 4 x 4 matrices. With a prejudice
that p(x) should be a rational function with zeroes on the unit circle one rules out the
integers period P introduced in (7.17) up to P = 14, leading for a first approximation
for p(x),

A+ (1 +xh (1 =22+xY

p(x) = (F21)

(1-x)-(1 +x+x2+x3+x4+x5+x6)~( 1 —x+x2~x3+x4—x5+x6) )
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