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Abstract

We present Painlevé VI sigma form equations for the general Ising low and
high temperature two-point correlation functions C(M, N) with M < N in the
special case v = —k where v = sinh 2E,/kgT/sinh 2E, /kgT. More specifi-
cally four different non-linear ODEs depending explicitly on the two integers
M and N emerge: these four non-linear ODEs correspond to distinguish respec-
tively low and high temperature, together with M + N even or odd. These four
different non-linear ODEs are also valid for M > N when v = —1/k. For the
low-temperature row correlation functions C(0, N) with N odd, we exhibit again
for this selected v = —k condition, a remarkable phenomenon of a Painlevé VI
sigma function being the sum of four Painlevé VI sigma functions having the
same Okamoto parameters. We show in this v = —k case for T < T, and also
T > T, that C(M,N) with M < N is given as an N x N Toeplitz determinant.

Keywords: Ising correlation functions, sigma form of Painlevé VI, Okamoto
parameters

1. Introduction

The anisotropic Ising model on the square lattice is defined by the interaction energy

& = _Z{Evaj,k0j+1,k + Enojk0jat1} (1)
Tk

where 0 ;; = 41 is the spin at row j and column & and the sum is over all lattice sites. The free
energy in the thermodynamic limit was computed by Onsager [1] in 1944.

The investigation of the correlation functions was initiated by Kaufman and Onsager [2] in
1949 and in 1963 Montroll, Potts and Ward [3] extended and simplified these results to show
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1751-8121/20/465202+34$33.00 © 2020 IOP Publishing Ltd  Printed in the UK 1


https://doi.org/10.1088/1751-8121/abbb61
https://orcid.org/0000-0002-8233-8501
https://orcid.org/0000-0001-9771-2757
mailto:maillard@lptmc.jussieu.fr
mailto:jean-marie.maillard@sorbonne-universite.fr
mailto:bkrsalah@yahoo.com
mailto:mccoy@max2.physics.sunysb.edu
http://crossmark.crossref.org/dialog/?doi=10.1088/1751-8121/abbb61&domain=pdf&date_stamp=2020-10-28

J. Phys. A: Math. Theor. 53 (2020) 465202 S Boukraa et al

that all correlations can be written as determinants in an infinite number of ways. The simplest
of these cases is the row correlation

ap a1 -+ A-N41
aj ap o A-N42
C(O,N) = (oopoon) = ) . . , ()
ay-1 anN-z - ap
with
1 2 T — i0y(1 — —i\11/2
a = — ( Q) € )( Qp € _ ) emé) d, (3)
27 Jo (1 —ay e (1 — ay el?)
where
o) = e 2E/BT tanh E, /kgT, ay = e 2E/BT coth E/kgT, (4)

and the diagonal correlation C(N, N) also given by (2) and (3) with
a; = 0, ay = k = (sinh2E,/kgT sinh2E,/ksT) . ®)

Both the free energy and the correlations have singularites at the critical temperature 7 defined
by

k = (sinh2E,/kpT. sinh ZE;,/kBTC)_l = 1. (6)
In 1976 Wu, McCoy, Tracy and Barouch [4] discovered, in the scaling limit 7 — T, with

N - (T — T.) fixed, that the diagonal correlation C(N, N) is given by a Painlevé III function.
This was generalized in 1980 by Jimbo and Miwa [5] who defined for 7 < T

o=1(@—1)- % In C(N,N) —% with 7 = K2, (7)

andfor T > T.

d 1
o t@=1- I CN,N) = with 1= k2, ®)

and in both cases derived:

2.\ 2 2
(r(x—l)ﬂ%) = N*. ((t—1)~c(11—j—a>

_4.dt.((;_n.dt—a—4>~<tdt—a>. )

For T < T the boundary condition for (9) att = 0 is

(1/2)vB/2)w N1

. _ Ny 2
CIN,N; 1) = (1—1) [1+A AN+ DT

-+ O(I))} ; (10)

with A =1, (a), =a(a+1)---(a+n—1)and (a)g = 1. For T > T, the boundary condition
atr=0is
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aMMO::U_ﬂm'wy{aﬁM~JHQ;N+;LW+HJ>
1/2 3/2)8)%
e 16(<1/v)+N§()!(N)-N:2)! A +0<f>>}, (11)

with A = 1.

We note for both cases of T < T and T > T that there are solutions of (9) with boundary
condition where A # 1. Those solutions do not correspond to the determinants for C(N, N) but
rather for the lambda extended Fredholm determinants obtained from the form factor expan-
sions [6, 7]. We also remark that for 7 > T the term in (10) with A = 0 is by itself an exact
solution of (9) even though it is not a correlation function of the Ising model.

It is an outstanding open question to generalize (9) to the general two-point correlation
Sunctions C(M,N) = (0000mnN)-

In this paper we consider the correlation C(M, N) with anisotropy

sinh 2E;, /kgT
_ 12
YT Sinh2E, /ksT’ (12)
for the special case
v = —k, (13)

which corresponds to
i

sinh 2E), /kg ! + sinh 2E, /kzT

(14)

Because k — 0 as T — 0 we refer to this case as T < T for v and k real even though E, and
E), are complex (and hence unphysical).
We also consider the special case

v=—1/k = —k-, (15)
where
sinh2E, /kgT = =i, k- = TFi sinh2E;,/kgT (16)

and because k- — 0 corresponds to T — oo we refer to this case as T > T.. In both cases we
find that there is indeed a generalization of (9).

For concreteness we consider M > 0 and N > 0. We note that the formalism for M < N
and M > N is different but, in the general, the symmetry under M <+ N and E, <> E}, yields
the relation:

CM, N; k,v) = C(N, M; k, 1/v). (17)
However the restrictions (13) and (15) are not preserved by (17) and we have instead:
CM,N;v=—-k)y = CIN,M; v=—1/k). (18)

In this paper we consider only M < N with some remarks about M > N at the end of
subsection 3.3 and in the discussion section 7.

3
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We recall previous results [8] on C(M,N) in section 2. In section 3 we use the pro-
gram guessfunc developed by Jay Pantone [9] to find, from large series expansion, nonlinear
differential equations for C(M,N) with M < N, both for T < T. (see equation (71) below)
and for T > T. (see equations (73) and (79) below). In section 4 we transform these nonlin-
ear differential equations into the canonical form of Okamoto [10] for sigma form of Painlevé
VL. In section 5 we compare our equations with the ones obtained by Forrester and Witte for
determinants [11] as given in [12] and show in (125), for v = —k and T < T\, that C(M, N)
for M < N is expressed as an N x N Toeplitz determinant. Appendix C shows when T" > T
that C(M, N) can also be expressed as an N x N Toeplitz determinant. In section 6 we show
forT < T.,v = —kand M + N odd that C(M,N), M < N, factors, and for C(0, N) that these
factors also satisfy an Okamoto sigma form of Painlevé VI equation. We conclude in section 7
with a discussion of several open questions. In appendix B we give examples of C(M, N) with
v=—kforbothT < T.and T > T.. In appendix D we present the one parameter family of
boundary conditions for the general Painlevé VI sigma Okamoto form which are analytic at
k=0.

2. The correlation C(M, N) for v = —k

In [8] it was shown for all M, N that the correlation C(M, N) with M < N can be written for all
M, N as a homogeneous polynomial in the three elliptic integrals

. 2 [T? do 11
K(k) = —/ = ,F, ([5,51, (1], k2>, (19)
0

T (1 — k2 sin® 9)1/2

T 2 m/2 2 ia2 1/2 1 1 2
E(k) = —/ do (1 —k* sin> 0)'/? = ,F, ([ —~1. [11, k), (20)
0

T 27 2
- 2 (™2 de
(—kv, k) = — , 21
(kv &) 7r/0 (1 + kv sin 0) (1 — k2 sin® 0)1/ @h
where
. . —1 —1 Qy —
k = (sinh2E,/kT sinh2E,/kT)"" = (sys5) = ————, (22)
1 — [e5]e%)
s%nhZEh/kT _ S _ 4 a0 , ky — l’ (23)
sinh 2E, /kT Sy (o — a1 — ajon) 52
which are valid for
0< k<1l and -1 < kv, 24)
»F,([a, b], [c], 2) being the hypergeometric function.
2.1, C(0,1) forv = —k
It was shown in [1, 2], for T < T where a1 < a; < 1, that
k - k-
co,1) = V1 +vk- Kl + 1/) - I(—vk, k) — o Kk |, (25)
which is conveniently rewritten as
2 [T (1 — k2 sin? 9)'/2
co,1) = \/1+1/k~—/ do - — (26)
7 Jo 1 + kv sin” 0

4
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For T > T. where 1 < a; and k- = 1/k

C©O,1) = % A1+ v/ks - {(1 + vks) - T(—vks, k) — K(k)

/2 in2
-1+ vfk - g/ R LN Lo, @27
™ Jo

(1 + k- sin® 6) (1 — k2 sin? §)1/2

In general C(M,N) depends on two (complex) variables through the elliptic integral
H( kv, k). However, as is seen in (2) and (3) the row correlation C(0, N) reduces to C(N N)
when a;; = 0 (which from (23) is equivalent to » = 0) because H( kv, k) degenerates to K(k).

There are two other special cases where H( kv, k) reduces to combinations of K(k) and
E(k). One case is the isotropic case v = 1 where

- 1 1

Many examples of this reduction of C(M, N) have been given by Shrock and Ghosh [13, 14].
Another case of reduction of 1I(—kv, k) is

v= _k (29)

where
E(k)

0w 0 = —5

(30)

and the C(M,N), M < N are reduced to homogeneous polynomials of the two ellptic integrals
E(k) and K(k). For example for T < T. when v = —k we see from (26) that

CO,1) = V1—k*- /

V1=K K(k).

k2 sin? 0)1/2 a0

(€29

For T > T, from (27) when v = —k- = —1/k

c@o,1) = 0, (32)
because of the vanishing of the square root factor. If we remove this factor by writing for
T>T.

c0,1) = /1 +v/ks - C0,1), (33)
we find, in the special case v = —k-, that

- k 31 K(k-) — E(k-)

CO,1) = TR, 5121 k) = ———. (34)

2 2°2 k-

2.2. CO,N)forT < Tcatv=—k
More generally for T < T, we find, from (22) and (23), that if v = —k then

= —a; = a and k = s = s“:‘i’(”')

o+ 1

5
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where, for simplicity, we have defined oo = . Thus for v = —k the @, matrix elements (3)
reduce to
1 [ 1 —a? +a? —e )

inf
L= L ‘ )y, 36
a )y [0 —a2 )1 —a2e 22 © (36)

which, by sending &« — —a and # — —6 has the symmetry:
a_n(k) = an(=k). (37

By considering invariance under # — 6 + 7 and setting 26 = ¢, we see that

27 2
i = - / 1oaf i gy, (38)
2r Jo  {d —a?e?)(1 —a? e*“b)}l/2

and:

+ (7 a(el? — 1) -y
A 2fm|+1) = g/o {(1— a2 ey (1 —ae-9)}1/2’ e - do. (39)

We may reduce ay,, to a hypergeometric function as

o2l Ldml +1/2)

_ 2
Aym = (1 — ) 7Tl/2‘7’n|'

1, [jm| + 11, o/‘>, (40)

M| —

1
. F -,
oF <[|m T3
which may be rewritten in terms of k using (5) of page 111 of [15]:

1 1 11
,F, ([m—|— —m+ E]’ [,2m + 1], k2> = (1+a>)™. F, ([m—|— =, =], [m+1], a4> )

2 22
(41)
We find that:
2|m| 2
B a 1—ao* T(m|+1/2) 1 1 )
o (1 +a2> 1+a2  72ml 2y (Ll 4 5 lml 30, 2 ]ml 410, &
K\ 2 T(jm| 4+ 1/2) 1 1
_ I . Y %A i WLt — — 2
— <2> 1—k T ,F, <[|m + 5 lm| + 51 2]m| + 10, & )
(42)
Similarly:
K\ Tm +1/2) kK\>m+1/2 3 3 5
ot = (5) om (5) EET (“"* gk el ")
1 1 5
- 2F1 [m+ §,m+ 5], [2m+ 1], k . (43)

The two hypergeometric functions in (43) combine and thus, with the symmetry (37), give the
final result:

K\ T (m| + 1/2) 1 1
arQm+l) = :F<§> : W Y ([m| + > |m| + 5], [2|m| + 2], k2> .

(44)
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2.3. C(O,N)forT > T.atv=—k. =—-1/k

In the following we will simply denote K(k), E(k) and II(—kv, k) (see (19), (20), (21)) by K,
E and II. For T > T, we find, from (22) and (23), that if v = —k~ = —1/k then

2
a = —a,' = —a, and k. = oﬂil’ sp = —iks, Sy = I, (45)
and we find the matrix elements (3) reduce to
1 2 1 — o2 e2if 1/2 ‘
_ (n—1)i6
a, = o A {'1 ) e—zio] € - do. (46)

By sending 6 — 6 + 7 we see that a, = (—1)""'a,, and thus
ay, = 0, (47)

and

1 (27 [ 1 — a2 20 1/2 -
A1 = _%/0 [w] - € - do

1 [ {1—a2ei¢

1/2
ni¢g
ﬁ} e @9

—5 i
which we recognize as the matrix elements a_,, of the diagonal correlation (3) for T < T, with

a; = 0and ap — 2.
We further recognize because of (47) that

CO,2N+1) = 0, (49)

and that the 2N x 2N determinants for C(0, 2N) factorize as:

a—i ai crt daN-3 ay as R )\ |
a3 a—| cct o aN-5 a—| a ot aaN-3
C(0,2N) = X
a-@N-1) 4d-@N-3) a— a-@N-3) d-(N-5) a
(50)

For 2n 4+ 1 > 0 we express (48) in terms of hypergeometric functions as
, L(n+1/2) 1 1
a1 = o™ Tn'/ <o F, ([—E,IH- E],[iﬂ- 1], Oé4> , (51)

and:

my2 Ln+1/2)
2/m(n+ 1!

1 1
a_Qnt1) = o <o F ([—,n+ 5], [n+2], a4) . (52

2
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As a special case we note from (56) of [8] by use of (45) for v = —k-. that

C0,2) = k- (B> —(1 —k2)- K?)
= k;2~<E—\/1—k2>~1~()-<E +\/1—k2>~f<>, (53)

which illustrates the factorization property of C(0,2N). For small k we have

1 1 39 53 1235
C0.2) = gk +ie b+ K +5pe K+ ek

1887 ,, 382291

14 16
4
+ 131072 -~ + 33554432 k' + 06D, 4

which using (45) is rewritten in terms of « as

I {3 L0 13 18
c(0,2) = 5@ Tis e 5048 & + O0(a™®). (55)

Using maple we find

- - 2

E+\l-kk = —-a (56)
1 <~ ~> 1 +a?

—_ (E - J1-r- k) = Sa_y, (57)
@ Vi-k >

1 —/1-&2
o= LoVIZk (58)

we have:

a; = 1_7V1_k2>(f; 1_k2.[§'), (59)

k2
L4 VIoRE (. .
a, = k2>><E —,/1—k2>~K>. (60)

To generalize and derive (59) and (60) we treat as,+1/a and aa_(,41) separately. These
calculations are detailed in appendix A.

2.4. Quadratic difference equations for C(M, N)

In general for M # 0 the correlation C(M, N) with M < N can be written as an N x N deter-
minant which is not Toeplitz. We will not use this determinant representation but, instead, use
quadratic difference equations [16—19] which relate the (high-temperature) correlation func-
tions C(M,N) for T > T, to the dual correlation C4(M,N) for T > T, defined as the low
temperature correlation with the replacement: s, — 1 /s, and s, — 1/s,
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52+ [Ca(M N> — C4(M,N —1)- C4(M.N + 1)]
+[C(M,N?> —C(M —1,N)- C(M + 1,N)] = 0, (61)

52 [Ca(M,N)* — C4(M — 1,N)- C4y(M + 1,N)]
+ [C(M,N)> —C(M,N—1)- C(IM,N + 1)] = 0, (62)

SpSp - [Ca(M,N) - C4M +1,N+1) — C4(M,N +1)- Cy(M + 1,N)]
= CM,N)-C(M+1,N+1) —CM,N+1)- CIM+1,N), (63)

which hold for all M and N, except M = 0, N = 0, where we have:

C(1,0) = (1+s)'? —s,- Ca(0,1), (64)

(0, 1) (1 +sHY2 —5, - Ci(1,0). (65)

with s, = sinh2E,/kT and s, = sinh2E, /kT.
From these quadratic difference equations we find [8] for example for 7 < T, where
k= (spsp) "
C(1,2) = s2- (5,2 + D' (5% (5,%5,° =D K> + (s, — 1) EK +E*
+ 6= D24+ D EIT — (5,2 +1) - (5%5,2—1) - KH) : (66)

and for T > T. where k- = s,5),:

c1,2) = % (B> —(spsi— 1D K* +(sps0 +s0 —2)- EK
S
bR 4D (2 =1 B + (s +1).(sis§—1)-i<ﬁ). 67)
For T < T, and v = —k, where s, = i, s, = —i/k, one has:
C(1,2) = —(1 =)' k2 (1 -k K> =2-EK +E). (68)
For T > T. and v = —k- where s, = —ik~, s, = i one gets:
c1,2) = 0. (69)

Further special cases are given in appendix B.

3. Two-parameter family of nonlinear differential equations for C(M, N) for
v=—k

We have obtained a nonlinear equation with the Painlevé property (i.e. fixed critical points)
which is satisfied by C(M, N) for v = —k by using the program guessfunc developed by J
Pantone [9]. This program searches for nonlinear equations satisfied by series expansions. We
have applied this program for many values of the integers M, N for the series expansions of
C(M,N) at v = —k obtained from either the Toeplitz determinants for C(0, N) of section 2, or
from expressions deduced from the quadratic recursion relations of section 2.4. The results are
as follows.
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3.1. Nonlinear differential equations for C(M, N) for v = —k and M < N: the low-temperature
case

For T < T, and v = —k with t = k> and

B dInC(M,N) t
o= 1 (=) = (70)
we have:
[t-(t=1)- 0" +4-{d'- (td' —0)- (1= Do —0)}
_M2_ (to_/_o_)Z _N2_ 0_/2
+ [M* + N* — %(1 + (=DM o (td’ — o) = 0. (71)

Note that when M = N the diagonal correlation C(N, N) does not depend on the anisotropy
variable v. There is no difference between the diagonal correlation functions C(N,N) for
v = —k and for arbitrary v. As expected the two-parameters (M, N)-family of nonlinear differ-
ential equation (71) actually reduces when M = N to the Jimbo—Miwa nonlinear differential
equation (9) for the diagonal correlation C(N,N) for T < T..

3.2. Nonlinear differential equations for C(M, N) for v = —k, M < N and M + N even: the
high-temperature case

ForT > T.and v = —k- with M < N and M + N even with t = k2> and

B dinC(M,N) 1
o= =D —— = - (72)
we have:
(t-t—1- 0" +4-{o' (td —0)- (t— 1) —0)}
—M?* (to' —0) +(N>+M> —1)- 0" - (t0' —0)
—N*. 0" —%(NZ—M2)~(M’—0)
1 2 2 / 1 2 2N\2
=g WMol - (N MY = 0. (73)

As expected, when M = N, the two-parameters (M, N)-family of nonlinear differential
equation (73) also reduces to the Jimbo—Miwa nonlinear differential equation (9) for the
diagonal correlation C(N, N) for T > T..

3.3. Nonlinear differential equation for C(M, N) for v = —k-, M < N and M + N odd: the high
temperature case

For T > T, and v = —k- we found in (49) that C(0,2N + 1) = 0. For C(0, 1) this vanishing
occurs because of the vanishing of the factor /1 + v/k~ in (27) and we found, for instance
in (34), that:

~1/2 >
lim (1 +ki> coy = XZE (74)

v——k> > k >

10
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We have examined this phenomenon more generally by considering C(M, N) for low values of
M, N and find that for M + N odd

C(M,N) = 0, (75)
and that the limit
Ly 12 R
lim (1 +> CCOLN) = CMLN), (76)
V—>—k> k>

exists and is nonzero. For example

‘. [ -1y K —Qk2-3)- (k2 —1)- K’E

c0,3) = —
0,3) A
— QK2 -3)-KE* -2 +1)- E]. (77)
We define
dIn C(M, N) 1
=t (-1 —7 78
R e Z (78)
and find:

[t-t—1)- 0" +4- {0 (td —0)- (t—1)0' —0)}
—M?* (10" —0) +(N*+M* —=2)- 0 - (10 —0)

1 1
—N*. 0" —Z~(N2—M2—l)~(ta'—a) —Z~(N2—M2+l)~a'
1 1
—E-(NZ—MZ)Z +§-(M2+N2—1) = 0. (79)

Remark: All the previous sigma non-linear ODEs (71), (73) and (79) are valid for v = —k
and M < N. However recalling the symmetry relations (17) and especially (18), C(M, N;
v =—k) = C(N,M;v = —1/k), it is straightforward to see that these sigma non-linear ODEs
(71), (73) and (79) are also valid for the C(M, N) correlation functions for M > N but when
v=—1/k

3.3.1. A Kramers—Wannier formal symmetry. In [7] a representation of the Kramers—Wannier
duality on o has been introduced*:

1
t, 0,00 — (t’ %, c—1t-0o,F- a”) . (80)

It had been noticed that this involutive transformation (80) preserves the sigma form of Painlevé

VI equation (9). This transformation just amounts to saying, for any function F (), that the
change of variable r — 1/r changes

~d In(F(1)

o= t-@(t—1 i

, 1)

ENI

4 See equation (16) page 78 of [7].
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into &/t where:

~d In(F(1)

Go= -1 S —2. (82)

and vice-versa.

e One first remarks that this involutive transformation (80) actually transforms the (low-
temperature) nonlinear differential equation (71) into itself where M and N are permuted.

e One then remarks that this involutive transformation (80) also transforms the (high-
temperature, M + N even) non-linear differential equation (73) into itself where M and N
are permuted.

e One finally remarks that this involutive transformation (80) also transforms the (high-
temperature, M + N odd) non-linear differential equation (79) into itself where M and N
are permuted.

These three results must be seen as mathematical symmetries: the question of the physical
interpretation of the non-linear differential equations (71), (73) and (79) when M and N are
permuted, remains an open question.

Note that v is left invariant by the Kramers—Wannier duality’, in contrast with k which
becomes its reciprocal k — 1/k. Consequently, the selected condition v = —k is not left
invariant by the Kramers—Wannier duality. The high-temperature non-linear differential
equations (73) and (79), valid at ¥ = —k have no reason to be deduced from the low-
temperature non-linear differential equation (71), valid at v = —k, using a Kramers—Wannier-
like duality (80).

Along this line, let us note, for M + N even, that one can change the low-temperature non-
linear differential equation (71) into the high-temperature non-linear differential equation (73)
using the involutive transformation:

2 2 2 2

(o,0,0", M, N) — (0 + — t -1, ¢ + PR o”, N, M) . (83)

4. Sigma form of Painlevé VI: Okamoto parameters

The search for nonlinear differential equations with the Painlevé property is an ongoing field
of research [20] and is far from being complete even for equations of second order. However
for equations of the form

0" = FO.Y, %, (84)

with fixed singularities at x = 0, 1, 00, a solution was given by Cosgrove and Scoufis in (4.9)
of [21] where it is shown that the non-linear differential equation with six parameters

(- (x=D- " +4-{y - /=y =y @ =y

+os (' =y oY (Y =) o ()
+eg- (xy —y) +eo-y 4c} = 0, (85)

5 The Kramers—Wannier duality changes s, — 5% = 1/s,, s, — sy = 1/s;, and thus s,/s, — s3,/5,.

12
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has the Painlevé property® and is birationally equivalent to Painlevé V1. Both equations (71) and
(79) are of the form (85) and hence are sigma forms of Painlevé VI. The non-linear differential
equation (85) is invariant in form under the transformation

y =y +A-x +B, (86)

which transforms the six parameters c; into new parameters ¢ as follows

Cs = 5 +A, G = c6 — 2B —2A, (87)
&7 = ¢7 +B, Gg = cg —2AB —A?> —2B-¢5 +A - cq, (88)
Co = co +B* +2AB —B-cs +2A -7, (89)

Clo = clo +AB* +A’B + B> ¢cs —AB-c¢ +A*-c;7 —B-cs +A - co.
(90)

The canonical form of sigma Painlevé VI given by Okamoto [10] which depends on four
parameters 1y, np, n3, ny reads

Wt (=1 W'Y 4 {0 Qh — Qt— 1)K + ninonang}?
— (W +ndy- (W +m)- (W +nd)- (W +n) = 0, 91)

which when expanded and removing the common factor of /' reads

{t-(t—1)-h"Y +4K0 -l —h)- (t — 1)K —h)
+dcy +4dco- b +dcg-(t-H —h) +4de- WP = 0, (92)

which is of the Cosgrove form (85) with

2,2, 2, 2
c7 = —(ny +ny+n3+ny)/4, Cy = —Nnnan3ny, 93)
co = —(nin3 4+ nink + nini 4+ n3ni + nini +ndn — 2mnanzng) /4, (94)
clo = —(mindnd + nindnd + ninind + n3n3nd) /4. (95)

We see from (87) if we choose

A = —cs, B = _ +cs, (96)
that

¢s = ¢ = 0, o7

and thus the general non-linear differential equation (85) is reduced to the Okamoto form with
the Okamoto parameters determined from (93)—(95).

6 Namely has fixed critical points.

13
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4.1. Okamoto parametersfor T < T¢ and v = —k

ForT < T, and v = —k we obtain the Okamoto parameters for (71) with the parameters which
shift from (71) to the canonical Okamoto form determined from (96), to be
Mm? 1 1 + (—DMHN
A= —, B= - (N -M — ——— ). 98
4 8 ( 2 ©8)

Thus we find from (88)—(90) that

) 1 1 (= 1MV N 1 (= 1MV

— . N2 M2 I S , - . N2 _ - ,
“ 8 ( M 2 “~ T6 2
~ 1 1 +(_1)M+N 2 N2M2

= —— (NP -MF - - ,
© 64 ( 2 8

M? 1+ (=DM 1 4 (=D"*

Go= —— - | (N -m2 - )N - ) pomN?,
€10 128 K 2 2 +

99)

and thus, from (93)—(95), we obtain the Okamoto parameters (unique up to permutations and
the change of an even number of signs)

B 1 1+(_1)M+N - 1 1+(_1)M+N
ny = 3 (N ) . ny = 3 N + ) .
M M
n= ng= - (100)
with
dInC(M,N)
h =t (-1 —— "
( ) dr
M2+ 1 1 P N ) it
— -t —=-|\N-M - — ), 101
4 8 ( 2 (10D)
where 1 = k>.
4.2. Okamoto parametersforT > T, v = —k- and M + N even
ForT > T.,v = —k- and M + N even we find for (73), from (96), that:
M? 1
A= —, B = —-(N>*=M>—1). (102)
4 8
Thus with 1 = k2
dInC(M, N) M? 1 ) )
h=1t@¢-1) ——— ——-t ——-(N—-M 1), (103
( ) ” 1 g ( +1), (103)
satisfies (91) with the Okamoto parameters:
M—1 M+ 1 N N
o= T m= e m= o, om= —o. (109
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4.3. Okamoto parametersforT > T, v = —k~, M < N and M + N odd
For T > T. we find for (79), from (96), that

1
A= — B = §~(N2—M2—2). (105)
Thus with ¢ = k2

d ~ M 1
h = t-t—1)-— InCM,N) —— -t ——
(=D g MCMN) = 8
satisfies the Okamoto equation (91) with:

- (N? = M?), (106)

M—1 M+ 1 N+1 N—1
n = —, n, = T+’ ny = i’ ng = ———. (107)

4.4. Boundary conditions

In order to complete the specification v = —k of C(M, N) we must specify the boundary con-
ditions for the nonlinear equations (71), (73) and (79). This is most systematically done by
first determining the allowed boundary conditions on the canonical equation of Okamoto (91)
which are analytic at # = 0. A detailed and explicit analysis of these boundary conditions is
performed in appendix D.

5. Relation to the determinants of Forrester—Witte

These results should be compared with the results of Forrester—Witte [11] as given in [12] as

, , N-1
DY) = det[a? 0] (108)
ke

where

' (1 + pydm=m/2 (1 — )P
Agrao — LA T 02D zﬂ<

T+ —mTA —n+m+p)
& DL+ pu 2 (1 — 0
'a—n+mId+n—m+ p)

1
[—p, 1+ Dp'], [1+n—m], t—l)

<o F, ([—P/,l +pl, [1 —n+m], t—tl) ,
(109)

which, using the identity (6) on page 109 of [15]

Fi(la,bl [cl, n = (=07 ,F, ([a,c— bl, [cl, t_t1> , (110)

is rewritten as:
B F(l + p/) t(?]—m)/Z
T 4+n-mTdA—-n+m+p)

£ T(1 + p) /2
ra—-n+mIod+n—m+p)

o F ([=p',—p—n+ml [L —n+m] 0. (111)

15

AP 1) F(((=p.=p 40— ml, [L+n—ml, 1)
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From (2,27) of [12]
ho= 1 G=1)- % In ({002 (1 = FHRGRR 7))
d
=t (t—1)- E In (t(n1ﬂ2+n3"4)/2 (1= t)("l”Z_”3"4)/27—(t)) , (112)
with
T]%P«P/vﬁvf)(t) = (1 — l‘)iN‘ (N+p+pH)/2 . D;\eqp/«an) = (1-— t)(n1+n2)(n37n4)/2 . D;\?,V,Jl,f), (113)
satisfies the Okamoto equation (91) with
n = 6, — 0, n = 6+ 0, ny = 6y—6, ng = 6p+6,, (114)
where
1 ! !
(0o, 0, 01, O0x) = 3 (n,N, =N —p—=p', p —p +n), (115)

are the eigenvalues of the linear system for isomonodromic deformation

dYy A A A
il <_0 2ty ! ) Y, (116)
dz z z—t z—1

where A; are traceless 2 x 2 matrices and:

Ap = —Ay —A, —Ay. (117)
Using (115) in (114) we have:

n= (N-p+p —n)/2 no= (N+p—p+n)/2

ny = M+N+p+p)/2, ng = 0—=N-p-pH)/2 (118)

Thus we see, for M + N even, that the parameters n; of (100) agree with the parameters ry
(118)if

M—-N +1 M—-N -1
n=0. p=—o— =T (119)

and for M + N odd the parameters n; of (100) agree with the parameters n; (118) if:

M —N
For either choice we see that (113) reduces to:
™w = (1—n™MN2. py. (121)

16
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5.1. Thecase M=0,N =1
When M = 0 and N = 1 we see from (111) with £ = 0 that:

11
Dy = Ao() = ,F, <[§’§]’ [1], t)- (122)
Thus from (31) and (121)
co,1) = (1 -=0"2-D; = (1 =07 7, (123)

and (112) reduces to

h=1t(@—1- % In (tl/8~ a -8 a—-pl2. C(O,l))

= t-(t—l)~%ln C(@,1) —2 —%, (124)
which agrees with (101) as required.
5.2. The general case
For C(M, N) for v = —k the special case (123) generalizes to:
CM,N) = (1 — t)l(NfM)er17(1+(71)M+N)/2J/4 . Dy. (125)

To verify (125) we use (121) to write:
CM,N) = (1 — t)[N2+M2+l—(1+(—1)M+N)/2]/4 Cry = (1 — pymmermmtl/e o (106)

Thus, substituting into (112) we find

d
h=t (=D 7 In (C(M,N)t<"1"2+"3"4>/2(1 —t)—<"1"2—"3"4>/2—1/4)

d 1 1
=t-(t—1)- T In C(M,N) + (n3ng — Z) r — 3 (niny 4 n3na)
d M+ 1 1 1 + (=DHM+N
= ¢t (=1 - —1 M — == Cy O
t-(t ) ar n C(M,N) 4 g (N 5 ,

(127)

which agrees with (101) as required.
Finally it may be verified that (125) satisfies the boundary condition (D.40).

5.3. Specialization of Dy

It remains to specialize the matrix elements A, of (111) to the special cases (119) and (120).
For m < 0 we may directly set n = 0 in (111) and use the identity
L +pH-I'(=pH
rd+m+p)- I'(—p' —m)

= (=D (128)

L(jm| — p') - (=1l . /2
Im|!- T'(=p)

' ZFI([_p’ _p/ + ‘m|]’ [1 + |mH’ t)- (129)

17
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For m > 1 the factor I'(1 4+ 1 — m) in the denominator diverges for  — 0 and consequently
the limit  — O must be taken carefully. Then, using the identity (128), we find for m > 1 as
n—0:

D(—ptm- (1) ">

A = T(—p) - m! o F(Im—p,=p'l, Im+ 11, 0. (130)

For M + N even we thus use (119) in (129) for m < 0 to find

F(|m\ + N7A2/1+1)' (_l)m . t\m\/Z
(D) ]!
N—-M—-1N-M+1

X 2Fy <[ 2 2

Al =

+ |m|1, [1 + |ml], t>, (131)
and for m > 1 we use (119) in (130) to find:

A, =

D(m + Y=M=1y o (—1ym . /2 N-M+1N-M-1
F(Nfgfq). ! Tl 3 ) ) +m], [14+m], t].

(132)
For M + N odd we use (120) in (129) and (130) to obtain:

Cm+ M)y (=1 m?  N-M N-M

A=A, = ~ F :
LMy - m|! i 2

+ml, [1+ml, £). (133)

Similar Toeplitz elements can be found for the correlation functions obtained for 7 > T and
v = —k-. The expressions of A,, for this case are given in appendix C.
We note that from (4.35) of [12] that for = 0 that the matrix elements are obtained from:

1 27

A, = doe™ . (1 —k e (1 —ke ). (134)

2 Jo

5.4. Direct proof for C(0,2) when v = —k

The relation of C(M, N) for v = —k to the determinant Dy (125) was obtained from the non-
linear equations for C(M, N) for v = —k and Dy. In this section we give a direct proof of (125)
for C(0,2), when v = —k, by use of contiguous relations for hypergeometric functions. This
provides a proof of the Okamoto equation (91) with (100) and (101) for C(0, 2) for v = —k for
T < T.. The relation for C(0, 1) has already been shown in section 5.1.

To prove (125) for C(0, 2) we need to prove the following identity between the 2 x 2 deter-
minants for C(0, 2) and D, obtained by using (42) and (44) for C(0, 2) and (131) and (132) for
D,

1/2

11
V1 —t- 2F1([§,§], [1], e

11
> 2F1([§, E]’ [2], O

1'/? 11 — 11
T : 2F1([§’ E]’ [2]’ t) 1 —1r- 2F1([§a E]’ [1]’ t)
13 /2 33
2F1([§5], [1], O T 2F1([§, E]’ [2],

= (=0 3p (135)
3t 5 13
———2F3 3L 21 ) i3, 5101 0

18
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which we rewrite

11 t 11
2Fl([§a 7]a [l]a t) 5 : 2Fl([§? 7]? [2], t)

1 1 1
' 2F1([§’ E]’ [2]’ t) (1 - t) ) 2F1([E’ E]’ [l]a t)

2
13 1— 33
a-nRa i, YR e
= 3 153 13 . (136)
E : ZFI([Ea E]a [Z]a t) 2F1([§’ E]’ [1]’ t)

We then use (41) on page 103 of [15]

13
(I—=1-,F, ([5, 5], [11, l)

11 t 11
= (I=0-,F <[§’E]’ (11, t) 520 <[§’E]’ (2], t>, (137)

to rewrite the (1,1) element of the right-hand side of (136) and we use (33) on page 103 of [15]
witha =1/2,b=3/2,c=2

33 11
(1 - t) : 2F1 ([2’ 5]’ [2], t) = 2Fl ([2’ 5]’ [2]’ t) s (138)

to rewrite the (1,2) element on the right-hand side. Then we subtract column 2 from column 1
to find that the right-hand side of (136) becomes:

t 11

11
(31 -0 21F15([§, 5], [1], ©) Ca 3 21*;1([35, 5], 2], 0
3 2F1([§,§], 2], ) — 2F1([§, 5], [11, 0 2F1([§,§], [11, 0
11 t 11
5 2F1([§,E],[2], H — 2F1([§,§], [1], 1) (I1—1)- 2F1([§,§], (1], »

(139)

We then rewrite the (2,2) element on the right-hand side (139) using (137) and subtract row 1
from row 2 to obtain:

11 11
2F1([§, =1, (11, D % zFl([E’—], (2], »
15 3 11 1 :

. 2F1([§, E]’ 2], ©) — 2F1([§, 5]7[1], 1 — 2F1([§7 E]’[l]’ 1) 1—-0n- 2F1([§, 5]7 [1], ©)

Then we note that if

3 15 13 11
> »F, <[§’E]’ [2], t) —,F, <[§’ E]’[l]’ t) —,F, <[§’E]’ [1], ;)
1
= —5.F ([ E]’ (2], t), (140)

19
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then (140) agrees with the left-hand side of (136) as required. To prove (140) we use (43)
on page 104 of [15] (with a missing factor of z restored in the last term) with a = 1/2,
b=5/2,c=1

1—1¢ 15 13 t 15
o oF ([2,2], [1], f) — L F ([2,2], [1], f) + 5 oF ([2,2], (2], l‘) = 0,

(141)
and (41) on page 103 witha =1/2,b=1/2,c =1
L m (i S ) = (2 )« L r (2 k2 ) = 0
2 241 2a2a s 2 241 2327 ) 4 241 2a2a s - s
(142)

to eliminate ,F 1([%, %], [2], ) and ,F 1([%’ %], [2], 7). The desired result is then obtained by
use of (29) on page (103) of [15] witha = 1/2,b=3/2,c = 1:

1 11 13
E ' 2F1 ([2’ E]a [l]a t) + (2 - t) : 2F1 ([2’ E]’ [1], t)

15
“(I=1)-,F, ([zaz], [1], t> = 0. (143)

[NSRON)

6. Factorizations

All symmetric N x N Toeplitz determinants can be factored into the product of two determi-
nants by use of the procedure used by Wilf [22] for determinants with N even of subtracting
column j from column N 4+ 1 — j for 1 < j < N/2 and then adding row N + 1 — j to row j
for 1 < j < N/2. Thus, for example, we find:

Dy = (Ao —AD - (A +Ay), (144)
Ds = (o -y 0 oA 2 (145)
R ORI R A I (146)
Ds = ﬁ?iﬁi 2;12‘3 gﬁfﬁf:ﬁi ﬁ;:;‘z (147)

Ar Ay AO

where the D,,’s and An’s are given by (108) and (109). Thus for the special case (133) when
T < T, with M + N odd and M # 0, one finds that C(M, N) factors into two terms.

Note that the factors D, D3, D, can be put into a Toeplitz form.

For the special case (133) when T < T. with M + N odd, we find when M = 0, that D;
further factors into three factors so that

c0,3) = —4-1-0"?. 2 E-(E-K-(E -1 -0 -K), (148)
and Dy with N odd, N > 5, factors into four factors, so that
C(O,N) = constant- (1 —)'/2. (N4 £ £ fo (149)
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For example, for C(0, 5), the f;’s read:

fi = @—-1)-E+0-0-K, fo = U04+0D-E—-(1-0-K, (150)
fs= t—-2)-E+2-(0—-0-K, fy=3E +2-(t—-2)-EK +(1—-0n-K>~
(151)

We have studied these four factors of C(0, N) with N odd by the process previously described
and found that all four factors satisfy the equation (91) with the identical Okamoto parameters

no= Nll, n = ?, ny = —%, ny = 0, (152)
where the relation of the factors f; to & is given by:
hy = t-(t—1)- dlgtfl _N21;—3 1 +N232+3, (153)
by = 1 (1) dlnfz _N216—1 . +N23;-3’ (154)
= 1 -1, dlnf3 _N216—1 L +N232—5’ (155)
b= 1 —1)- dlnf4 _N216—5 i +N232—5. (156)

By comparing (153)—(156) for C(0, 5) with the four cases of boundary conditions in appendix
D, we see that the factors f; and f, are in case 1 with cgl) and c(l) given by (D.4) and (D.8)
and from (D.20) the coefficient of #¥*3/2 is a constant which must be specified separately
for f, and f,. Similarly the factors f; and f, are in case 4 with cg) and 0(4) given by (D.7)
and (D.11) and from (D.23) the coefficient of '*+1/2 is a constant which must be specified
separately for f; and f;.

7. Discussion

In this paper we have discovered for the special case ¥ = —k and for arbitrary positive inte-
gers M < N, that the correlation C(M, N) satisfies an Okamoto sigma form of the Painlevé
VI equation (91) with parameters (100) for T < T, and (104), and (107) for T > T.. These
non-linear differential equations have been obtained using extensively Pantone’s program and
checked with a large set of exact expressions of the C(M, N) in terms of E and K. Moreover the
nonlinear differential equation for 7 < 7 is the same equation satisfied by a particular case of
the N x N Toeplitz determinants of Forrester—Witte [11] and Gamayun, Igorov and Lisovyy
[12]. This is perhaps surprising because no Toeplitz form for C(M, N) is in the literature except
for M = 0, M = N and the results of Au-Yang and Perk [23] for C(N — 1, N). We have also
investigated in appendix D the boundary conditions which must be applied to the nonlinear
differential equations to obtain solutions which are analytic at k = 0.

In the course of this investigation we have found several open questions:

1) We have seen that all the correlations C(M, N) considered are members of a one parameter
family of Painlevé VI functions but the principle for determining the specific value of the
boundary condition is not known.
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2) In section 6 we exhibited, for the row correlation functions, a remarkable phenomenon
of a Painlevé VI sigma function which satisfies an equation with one set of Okamoto param-
eters and a specific boundary condition constant is equal to a sum of four’ Painlevé VI sigma
functions which all have the same Okamoto parameters (which are different from the previous
set) and have four specific boundary condition constants. One would like to find the conditions
yielding such a remarkable phenomenon.

3) We also saw in section 6 for T < T., M + N odd and M < N, that C(M, N) with M £ 0,
always factors into rwo terms. It is not known if these terms have the Painlevé property of
having no movable critical points and, if they do have this property, are they expressible as
known Painlevé functions ? These factorizable cases need much further study.

4) The case M > N with v = —k remains to be understood. By (18) this is equivalent to
M < N with v = —1/k and, when this constraint holds, we see from (21) that 1:1(—1/ k, k)
becomes singular. This has the effect that some (but not all) correlations for M > N are no
longer homogeneous polynomials in K and E. For example for T < T

C2,00 = 1 —t +(—-1-K* —2-(1-01-EK +E° (157)
C(3,0) = V1 —t- [ =1’
+2- (-1 K +4-(¢t—-1-EK +2- (1 +0- E*]. (158)

Consequently the corresponding non-linear ODEs are much more involved than Okamoto
sigma form of Painlevé VI equations. It is not even clear that all these non-linear ODEs can
be encapsulated in closed formulae depending on M and N, like this was the case with the
two-parameters families of equations (71), (73) and (79).

More generally, the discovery of these four two-parameters families of Okamoto sigma
form of Painlevé VI equations is a strong incentive to find non-linear ODEs with the Painlevé
property, for two-point correlation functions C(M,N) that are not restricted to selected
conditions like v = —k or v = —1/k for the anisotropic model.
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Appendix A. Calculations of the a,’s

For ay, 11 of (51) we first use (36) on page 103 of [15] to write

(it b -] Lo*) = 2. LF Lt o
oF ([n E’_E]’[n+ L o) = 5 | [”_E’_E]’[” I, «

+1 —a*-,F, ([n—|— %,%],[n+ 1], a4>], (A.1)

7 A similar phenomenon for Painlevé V with a sigma function being the sum of fwo (see equation (6.23) in [24]) sigma
functions was found by Tracy and Widom [24].
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and then by use of (5) on page 111 of [15] and

2«

o=
- 14 a2

(A.2)

we find:

11 \ 1 11 ,
oF, ([n—|—§,—§], [n+ 1], a) = W'zﬂ([n—z,n-FE], [2n + 1], k>)

1 —a 7 1 1 o1l K2
+m'2 1 [n+§,n+§],[n+ 1, k2 ).
(A.3)
Using (A.3) in (51) we obtain:
2n—1
Aoy L(n+ 1) a 1 1 5
= . - F - =, =1, [2 1], k
a 2/7n! 1+a i\ ln=gont 3l o1l ks
o 2n+1 1 1
_2 2 2
+ (1—|—O¢2> (=), F; ([n+ E’n—’_ 5], [2n 4 1], k>> (A4)
Thus, by using (A.2) and the inverse
.y 24/1 — k%
o2 = 27T = (A.5)
2
>
we obtain the final result:
T+ 1) (k2" ;
azn+1=W' B3 40 —y/1 k)
1 1 5 5
x|, F [n—E,n—FE], Rn+1], k5 ) +4/1 — k2
1 1 2
-LF | [n+ §,n+ 5], 2n+1], &2 ]| . (A.6)

For aa_(2,+1y (see (52)) we proceed in a similar fashion, and use (33) on page 103 of [15] to
write:

11 11
JF, ([n+ Seoh In+2], a4> - (n+ g) - F, ([n—|— S5l 2l a4>

1 31
— <n+§> : (1—&4)' oF, ([’H‘E, 5], [n+2], Ol4> .
(A7)

Then we use (5) on page 111 of [15] to obtain
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11
oF, ([n+ ok 5]’ [n+ 2], a4) ,

3 1 3
- (n—|— 2) (1 +o¢2)72"71 - ,F, ([n—|— §,n+ —1, [2n + 3], k2>>

2
41 oo Folnt 2ont 2 2+ 3] &2 (A.8)
- n ~ N T A2 7? ~ b 9’ 9’ .
2) (1423 271 2 2 >
and thus
va _ g2 Lty
Gt 2/mn + 1)

2n+1
« 3 1 3 2
<m> . (n + E) -, F, ([n—|— E,n + E], [2n 4+ 1], k>)

o 2n+3 1 B
(ife) () e

- ,F, ([n+ %,n+ %], [2n + 3], ki)} , (A.9)

which by use of (A.2) and (A.5) becomes:

T+ (N (2K 2T
dhd-enin = o\ 2 ' K2 ’

3 1 3
X [<n+ E) <L F ([n+ E,n—|— E]’ [2n + 3], k2>)

- (n+ ;) -V1—k - ,F, ([n+ 3o+t %], [2n + 3], ki)] . (A.10)

2

To obtain the final desired result we first carry out the multiplication to write

T(n+ 1) e\ —
Q- A_Qn+1) = m (2 . T1 — 1 —k>' Tz 5 (All)

with

3 1 3

1 3 3
12 -1 <n+ 2) . ,F, ([n+ St ol 2n+ 3], ki), (A.12)
and

3 1 3

+Q2—-K)- <n+ ;) -, F, ([n—|— %,n+ %], [2n + 3], ki), (A.13)
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and then note the identities which may be discovered by use of series expansions on Maple
and then proven by the use of contiguous identities

1 1

Ty = 4. (n+1)-,F, <[”‘§’”+§]’ [2n + 1], ki), (A.14)
1 1 2

Ty = 4- (1) oF ([n+ pont o1 2n+ 11 &) (A.15)

to find the desired result

F(n+ l) k 2(n—1)
a-on+1) = Tn'z <2>> 4 (1 +4/1—k2)

1 1
X {ZFI ([n— 3n+ 5l e, k2>> —\/1-k

<o F ([n+;,n+;], [2n+ 1], ki)], (A.16)

which is to be compared with the result for @y, of (A.6).

Appendix B. Examples of C(M, N) and C(M, N) for v = —k

ForT < T,
c0,2) = %-[E2—2~(l—t)-l~?l~< +(1-0- K, (B.1)
C0.3) = —LIIZ_I.E-(E—IZ)-(E L —1- K (B.2)
4 - o~
c(1,3) = TR [(@-n-E-5-(1 -1 EK
+(1-n-Q@-0-EK* -1 -1 K], (B.3)
C(0,5) = 25687 Vltlé_t A+ E+@¢—1D-K|- [t -2 E+2(1 -1 K|
x [@—-1D-E+(1—-0-K| - [3E*> +@t—4)-EK +(1 —1)- K?].
(B.4)
ForT > T.
4 - o~
c(1,3) = ~3 57 (A -20n-E —(1-0-@3 -1 EXK,
+(1-n-@-n-EK* —(1 -0 K], (B.5)
C0,4) = —ﬁ. (6-5t—) - E' -=8-2-1n-(1-0-EK +(1 - Kk
+2-(1-0-@ -1 -3-20-EK* —4-2 -1 (1 -0* EK’]
= %-CJF-C,, where: (B.6)
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c. = (2—: +3.01 —z)l/z)-E2 +(1 -2 R
—<2-(1—z) i2~(2—t)-(1—t)'/2)-Ef(. (B.7)

For T > T, with M + N odd examples of C(M, N) of (76):

. 1 - . .
c1,2) = ;-[(t—l)-[(z—2-(t—2)~KE—3~E2], (B.8)
. 16 3 o4 2 pp3 3
4 = g5 [5-¢—1D* K* —12- (¢t —=2)- ¢t — 1" EK®> —4-(t —2)

X E°K+6-(t—1)-(=Tt+7)-E°K* —=9-(1—1t+)- E'], (B9
-~ 4 2 3 2 2
Cc(2,3) = 9P [(3t -D-¢t—-1)"-K —@—-1)-0tr—17t+3)- EK
— (07 =31t +3)- E’K +( —16t+1)- E°]. (B.10)
Appendix C. Correlation functions as Toeplitz determinants for T > T,
We have shown in section 5 that the correlation functions for T < T, and v = —k are given

in terms of Toeplitz determinants (see equations (125), (131)—(133)) using the results of
Forrester—Witte [11].
Using the same method, one can easily generalise these equations to 7 > T and v = —k-.
One verifies that

e ForT > T.and M + N even
CM.N) = (~)VM2. (1 — M/ py, (C.D)
the Toeplitz matrix elements are given for m > 1 by:

DALY (m — 1)

N—-M—-1N-M-1
><2F1<[

. (—1)m71 . t(mfl)/Z

> , 2 + m], [m], t) (C.2)

and for m < 1 by

[(N=M+1 _

N(_—M_21 m) - (—1yn. 1-m/2
r~==—)a —m)!

N-M+1N-M+1
X HF | [ s —
2 2

e For T > T, and M + N odd, we know that C(M, N) = 0. After removing the vanishing

factor (1 4 v//k=)"/?, one obtains:

Am -

m], [2 — m], t) . (C.3)

CM,N) = (—DNMED2 (L Ny. (1 — n@-M7-D/4 Do (C4)

26



J. Phys. A: Math. Theor. 53 (2020) 465202 S Boukraa et al

The Toeplitz matrix elements for m > 1 are

DASM — 1+ m)

A, = m . (_1)"1—1 . fm=D/2
x 2F1<[¥,N;M — L+ ml, [m], 1, (C.5)
and form < 1
An = w . (_1)'"*1 . f1=m)/2
D) (1 — m)!
X oF, <[N;M,N;M+l—m], [2—m], t>. (C.6)

One verifies that these expressions for the correlation functions are totally compatible
with the ones given in appendix B obtained by the quadratic difference equations (see
section 2.4).

Appendix D. Boundary conditions

The study of solutions of PVI analytic at# = 0 was first done be Kaneko [25] for generic param-
eters in the Hamiltonian formalism where four solutions were found. Here we concentrate on
the non-generic cases which allow one parameter families of solutions. This is most system-
atically done by determining the allowed boundary conditions on the canonical equation of
Okamoto (91) which are analytic at t = 0. Thus we set in (91)

h(t) = > o 1 (D.1)
n=0

From the constant term we find

2,22 2.2 2 222 2,22
ninyny + ninang 4 ninsng +nanzng —4co - nnanzng

+cp - (nind + n%n% +nind + n%n% +nind + ngnﬁ — 2n1nyn3ng)
+c%~ (n%+n%+n§—|—ni) —4 - cocy- (cg+cp) = 0, (D.2)
and from the ¢ term:
—2-c- [4c3 +8coc1 —2cy - (n%—i—n%—&—n%—&—nf)
2.2 2.2 2.2 2.2 2.2

2.2
— nyn; — NNy — NNy — Nan3 — ony — N3Ny + 2n1n2n3n4] = 0. (D.3)

We solve (D.3) for ¢; in terms of ¢y and n; by setting the term in brackets to zero and using
this in (D.2) we find that the resulting fourth order equation in ¢, factors into four factors linear
in ¢o and thus we have the four solutions for ¢ of

cgl) = (—mny —mng + (m +na) (n3 + ng)) /2, (D4
e = (mny +n3ng + (1 — m) (n3 — n4)) /2, (D.5)
¢ = (mum +nsng — (m —na) (n3 — na)) /2, (D.6)
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) = (—mmy—n3ng — (m +ny) (3 + na)) /2, (D.7)
and thus for c¢; the companion values are:

(ny +ny) - m3ng —nyng - (n3 + ng)

(1)

C = D.8

! n+ny—n3—ny ( )

& = (n1 —ny) - m3ng —nng - (n3 — n4)’ D.9)
—ny+ny+n3 —ny

O = (ny —no) - mang +mniny - (n3 — n4)’ (D.10)
—ny +ny —nz +ny

W = (ny +n) - m3ng +nng - (n3 + n4). D.11)

ny+ny+n3+ny

Case 4 is invariant under all permutations of the n;. Case 1 is obtained from case 4 by changing
the signs of n3 and n4. Case 2 is obtained from case 4 by changing the signs of n; and n4. Case 3
is obtained from case 4 by changing the signs of n, and n4. These sign changes are symmetries
of the equation but not of the solutions.

The values of ¢y and ¢ for each of the four solutions may now be used to compute the term
of order #? in the series expansion of (91) and we find that (91) holds if ¢, satisfies a linear
equation. Thus we obtain:

O (n1 +mp)(ny — n3)(ny — ny)(ny — n3)(ny — ng)(n3 + ny) (D.12)
: (mi+ny—n3 —ng)?>(my+ny—ny —na+ Dy +no —ny —ng — 1)’ '

FON (n1 — n2)(ny — n3)(ny + ny)(no + n3)(n2 — ny)(n3 — ng) D.13)
2 (n —ny —n3 +nmg)?(ny —nay —nzy +ng + D(ny —ny —n3 +ng — 1)

O (n1 — np)(ny + n3)(ny — na)(ny — n3)(ny + ng)(nz — nyg) (D.14)
2 (m—nm+n3—ng)*(ny —na+n3 —ng+ D(my —np +n3 —ng — 1)’

o — (n1 + na2)(ny + n3)(ny + na)(na + n3)(n2 + na)(ns + na) (D.15)

C(m+m+ny ) (n +ny+ny+ng 4+ D(ng +na s +ng— 1)

Continuing the recursive procedure we find from the ¢} term in (91)

(1) (D
RORN Ny e
3 - 9
(m+ny—n3 —ng)(ny +ny—n3 —ng +2)(n) +ny —nz —ng —2)
(1 2 2 2 2 2 2
N3’ = niny — ninz — ning — nsn3 — N3Ng — N304
2 2 2 2 2 2
+ niny + nin3y + ning + npnz + npny — n3ny
— NNoN3 — NNNy + MN3Ng + Nohsng — ny — hp +n3 +ng,  (D.16)
(2) (2)
O s Ny -
3 - 9
(ny —ny —m3 +ng)(ny —ny —n3 +ng +2)(ny —ny —n3 +ng —2)
@ _ 2 2 2 2 2 2
N;” = niny +nin3 — ning + nyn3 — nsng — n3ny

2 2 2 2 2 2
— nny — niny — Ny + nony + nony + n3ny
— nnahz + ninony + nin3ng — nanang +ny —ny —n3 +ny,  (D.17)
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(3) 3)
Ny

3)
cy) = —2-
3 9
(m —ny+n3—ny) (g —ny+n3 —ng +2)(ng —na+nz —ng —2)
3 2 2 2 2 2 2
Né ) = niny — N3 + NNg — N5N3 + N3Ny + N3Ny
2 2 2 2 2 2
— nn; — N3 — NNy + Npns + nony — n3ng
+ ninonz — ninghy + nyn3ng — npnang +nyp —ny +n3 —ng,  (D.18)
(4) 4)
W Ny e
3 =

(A nans+ng) (A ny+ns+ng +2) (0 +ny+ns+ng —2)
N§4) = n%nz + n%n3 + n%n4 + n%n3 + n%m + n§n4
+ nln% + nlng + nlnﬁ + ngng + ngnﬁ + n3nﬁ
+ ninans + nynong + ninsng + nonsng — Ny — Ny — N3 — Ny. (D.19)

This recursive solution may be extended to arbitrary order and for the general case cﬁfﬂrl will
have factors in the denominator of

()]

Cop1: Mt+n—n3—ny +n, (D.20)
cf}rl Tony—ny—n3 —ng £, (D.21)
cﬁ?}rl T on—ny+n3—ng £n, (D.22)
cﬂl Ton+ny+n3+ng £n. (D.23)

We thus conclude that as long as there are no vanishing factors in the denominator there are
four distinct solutions of the equation (91) which are analytic at = 0 and have no arbitrary
constants. These form a four dimensional representation of the symmetry group of the equation.
The statement that the solution is analytic at # = 0 is the boundary condition. This corresponds
to the case (18) on page 7 of [26] where the subgroup of the monodromy group generated by
MyM, and M, is reducible.

D.1. Arbitrary constants

This recursive solution will break down at an order n where ¢! has a zero in the denominator.
This will give a solution only if there is a corresponding zero in the numerator which indi-
cates that the corresponding recursive equation is automatically satisfied independently of the
value of ¢ which now becomes an arbitrary parameter that must be specified as an additional
boundary condition.

_There are two ways in which these vanishing factors in the numerator can happen. Either
¢’ = 0 or N = 0. In this paper we will apply this analysis to the correlations C(M, N) with
v = —k. The behaviors of solutions of cases 1 and 4 are quite different from cases 2 and 3 and
we treat them separately.

D.1.1. Cases 1 and 4 for T < T.. For T < T, the Okamoto parameters for C(M, N) are given
by (100) so that

n+n =N, and n3+ns = 0, (D.24)
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and thus from (D.4) and (D.7)

1 1 — MV
@ == 5 <N2_M2 —i“z) ) (D.25)
and from (D.8) and (D.11):
M?
A= @ - (D.26)

Furthermore we see, from (D.12), (D.15), (D.16) and (D.19), that, because of the factor of
n3 + ng4, the recursive solutions for cases 1 and 4, cf(l) and c,(f), will always vanish unless there
is also a vanishing factor in the denominator. When for some k the denominator in c{"** does
vanish then c,((1 “) for that k is not determined from the recursive procedure and is an arbitrary
constant. For k =2 and T < T, we explicitly see from (D.12) and (D.15), and for k = 3 from

(D.16) and (D.19), that the factor in the denominator
ny +ny :|:(I’l3—|—l’l4) —k+1 = N—|—1 —k, (D27)
vanishes for k = N + 1. This pattern continues for all k£ and thus

V=W =0 for2 <k <N, (D.28)

and the coefficients cj\}irl and c}éﬂrl are arbitrary.

To compute the coefficients c,({l’4) for k > N + 1 anew recursive solution must be computed

which uses the term ¢y - £V as input.
Thus fort — 0

1 s (=DM
h = ] (N M 5
M2
-t tova A o) (D.29)
Thus from (101) we find for r — 0
CM,N) = (1-p"* +KM,N)- 1 + 0@V, (D.30)

which agrees with the series expansions of C(M, N) for T < T..

D.1.2. Cases 2 and 3 for T > T, with M + N even. For T > T. with M + N even we see with
the Okamoto parameters for C(M, N) of (104) that for cases 2 and 3 we have from (D.5) and
(D.6)

1 N 1 N
2 3
) = 3 (M* —N*—1) — 5 & = §~(M2—N2—1) T3 (D.3D)
and from (D.9) and (D.10)
N N+1-M N N—-1+M?
(2) 3)
_ ) S S el D.32
‘i 4 1+N ‘i 4 1-N ( )

Furthermore the denominator in ¢?) vanishes when n = N + 2 and the denominator of ¢
vanishes when n = N and thus cﬁ)ﬁ and cﬁ) are arbitrary. By using the definition of % in
(103) and comparing with the series expansions of C(M,N) we see for T > T. and M + N
even that C(M, N) is in case 2.
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D.1.3. Cases 2 and 3 for C(M, N) for T > T, with M + N odd. For T > T. and M + N odd we
see with the Okamoto parameters of (107) that for cases 2 and 3 we have from (D.5) and (D.6)

1 N 1 N
) = g MP-N) -2 ) = o =N+, (D3)

and from (D.9) and (D.10)

O N> —1 - M- 1N O N -1 HMZ_I)N. (D.34)
: 4-(1+N) ! 4-(1-N)

Furthermore the denominatorin ¢ also vanishes when n = N + 2 and the denominator of
¢ vanishes when n = N and thus cﬁiz and ¢} are arbitrary. By using the definition of /
in (106) and comparing with the series expansions of C(M,N) we see for T > T, and M + N
odd that C(M, N) is in case 2.

D.2. Determination of A when v = —k

It remains to determine the values of the arbitrary parameter which are appropriate for C(M, N)
when v = —k. To do this we first examine the behavior C(M, N) at t — 0 for several values of
M and N. We consider T < T, and T > T separately.

D.2.1. T < T, ForT < T, the correlations are in case 1 = 4 where the arbitrary constant is
at order V1. Several examples are

1

CO,1;0) = (1—n"* |1 =X (26 r +0(z3)> : (D.35)
C0,2; ) = (1—p"* |1 +A2. (218:3 +0(t4)> , (D.36)
] | ]
C(1,2; N = (1—p'*. |1 =X\ (281‘3 +0(z4)> , (D.37)
C0,3; N) = (1—p'*. |1 =\ (2914# + 0() } (D.38)
1/4 2 (3:54 5
CL3 0 = (1 =n" 1T+ X (St +00) )], (D.39)
where ) is chosen so that A = 1 agrees with C(M, N).
In general one has:
CMN; \) = (1= [1 + D"V N (Kyn T + 0 ))]. (D.40)
We note for A = 0 that
C(M,N; 0) = (1 —p'/4, (D.41)

is an exact solution to the non-linear differential equation.
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D.2.2. T > T, for M+ N even. These correlations are in the class 2 where the arbitrary
constant is at order £2V/2+2, Several examples are

c&mx>—(1-#“-Q{1+jz+3;Z2+5;ﬂ3+P§§%4+o@ﬂ
= (1 -n'* é [zFl <[;,;], 31, t) + A2 (2314# +0<t5)>}, (D.42)
C1,3:0) = (1 —n'/4. P2 T16 {1 +32%45t N 3.257.7t2 n 3-251(-)72 2,
+}y;]1%4+p2235ﬁ +aﬁ]
= (1 -+ P2 % {ZFI ([%,g], [4], t) + A2 (% £ +0(t6))]
(D.43)
C&&M==ﬂ—#”ﬂ~;~b+;t+§;;2+y£7ﬁ
N 32.52.12.112 p +7. 157. 132 5o 5.422291431 ﬂ
= A [QFI ([%%1, 51, t) ey (% s +0<t7)>},
(D.44)

where both \ and ) are chosen such that, when A = 1 and A= 1, there is agreement with
C(M,N). In general:

N-M+1 N+M+1
2 | 2

CM,N; N) =1 —p'* N2 K, {ZFI ([ 1, [N+ 1], t)

Ly (K}j?,v- A2y O(HV“))} . (D.45)

We note that A and ) are not the same. When A = O the term O(¥*+3) does not in general
vanish. This is in contrast with the case A\ = 0 where, for some constant p

N-M+1 N+M+1
2 ’ 2

C(M,N; 0) =p-(1 —p'/* N2 F, ([ I, [N + 1], t) ,

(D.46)

is an exact solution to the nonlinear differential equation. The constant K,(V?N is a normalization
constant which cannot be determined from the non linear equation.

In the specific examples (D.35)—(D.39), (D.42)—(D.44) the numerical coefficient of A\? has
been chosen so that A = 11is the desired correlation where C(M, N) is given as a finite homogen-
erous polynomial in K and E, and in the case of C(0,N) as an N x N Toeplitz determinant.
However, in general no explicit formula for K,y or Kﬁ)N is known which allows A =1 to
reduce to the desired result C(M, N).
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D.2.3. T > T; for M+ N odd. Similarly, one can see that

~ - N—-M N+M
CM,N; \) = (1 - N2k, [ZFI ([ s b IV, r)
2. (K,(j?N- N2 +0(z”+3))], (D.47)
and, for some constant p, that
~ N—-M N+M
CM,N; 0) = p- (1 —p'* N2 F, ([ > ; I, [N + 11, z), (D.48)

is an exact solution to the nonlinear differential equation (79).
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