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In chapter 7 we discussed superfluidity in a dilute Bose gas in the framework of the Bo-
goliubov theory. We found a low-energy mode with linear dispersion (the Bogoliubov sound
mode) and computed the equation of state. In this chapter we show that perturbation the-
ory beyond the Bogoliubov theory is plagued with infrared divergences (Sec. 13.1.2). Even
though it allows us to derive the equation of state in the low-density limit, the Bogoliubov
theory violates some exact identities satisfied by the self-energy and does not enable us
to obtain the infrared behavior of the one-particle propagator (Sec. 13.1.3). In particular,
it misses the divergence of the longitudinal propagator. In this chapter, we discuss two
different approaches which do not suffer from the shortcomings of the Bogoliubov theory:
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858 Chapter 13. Interacting bosons

Popov’s hydrodynamic theory (Sec. 13.2) and the non-perturbative renormalization group
(NPRG) (Sec. 13.3)." In section 13.4, we use the NPRG to compute the superfluid transi-
tion temperature to leading order in the interactions. Except in this last section, and unless
otherwise specified, we focus on the zero-temperature superfluid phase.

13.1 Breakdown of Bogoliubov’s theory

In section 7.4, we computed the equation of state of a Bose gas and other thermodynamic
quantities to one-loop order (Bogoliubov theory). To do so, it was sufficient to compute the
self-energy to leading (zero-loop) order. In this section, we focus on the self-energy and show
that in the superfluid state perturbation theory breaks down at one-loop order. Predictions
of the Bogoliubov theory regarding the infrared behavior of the one-particle Green function
are therefore not correct.?

Interacting bosons are described by the (Euclidean) action

S—/OﬁdT/ddr [W‘ (afu Z;) ¢+g(¢*¢)2], (13.1)

where 1)(z) is a bosonic (complex) field. The interaction is assumed to be local in space and
the model is regularized by a momentum cutoff A. We consider a space dimension d > 1
and restrict ourselves to zero temperature (I' = 1/5 — 0).

It is convenient to introduce the two-component field

_( @ i
v = () e = @@ u), (132)

where & = (r, 7). The one-particle (connected) propagator becomes a 2 x 2 matrix whose
inverse in Fourier space is given by

1y = (Wi~ ) —San(p)
g (p) = < _E;n(p) —iw o — e — En(—p) ) (13.3)

(with p = (p,iw) and w a bosonic Matsubara frequency), where ¥, and 3,,, are the normal
and anomalous self-energies, respectively, and e, = p?/2m.?
Alternatively, we can write the boson field

1

V2

in terms of two real fields ¢; and ¢ and consider the (connected) propagator G;;(z,z’) =
—(;(2)y;(z"))e. The inverse propagator G;jl(p) then reads

P(x) [t1(x) + 122 ()] (13.4)

iy (e tu—2ulp)  —w—En(p)
G = < w — ¥21(p) —ep + it — Xaa(p) ) . (13.5)

IThe NPRG approach is used in the following chapter to study strongly correlated bosons and the
superfluid—Mott-insulator transition in the framework of the Bose-Hubbard model.

2More precisely, we shall see that the predictions of the Bogoliubov theory are essentially correct for the
transverse propagator but not for the longitudinal one.

3See Sec. 1.7.2.
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13.1 Breakdown of Bogoliubov’s theory 859
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Figure 13.1: Normal and anomalous self-energies to zero-loop order [Eq. (13.11)]. The
zigzag line stands for 1y or v§ and the dot for the interaction vertex g.

The self-energies in (13.3) and (13.5) are related by

£11(p) = 3(5alp) + Sa(—p)] + R 0],

S22(p) = 5[Za(p) + Sa(—p)] — R (o)), .

S12(p) = 5[Za(p) ~ Sal-p)] + S[Zanp)],
Za1(p) = ~5[Za(p) = Zu(=p)] + S[Tun(p)].

Note that ¥,,(p) is real when the superfluid order parameter (1)(x)) is real.

13.1.1 Bogoliubov’s theory

The Bogoliubov theory is a Gaussian fluctuation theory about the mean-field solution
(Sec. 7.4). The latter is obtained from a saddle-point approximation of the partition func-
tion. For a uniform and time-independent solution ¥ (x) = o,

Sur = pV (—,WLO + %”(2)> ) (13.7)
where ng = [1g|? is the condensate density (at the mean-field level). Without loss of

generality, we can take 1y real. Requiring Sur to be stationary, Syr/9ng = 0, we obtain
U= gny. (13.8)

To include Gaussian fluctuations about the mean-field solution, we expand the action
to quadratic order in the fluctuation field ¢'(z) = ¥ (x) — vy,

SE™, v = Swie + D {8 (1) (=i — 1+ € + 2gm0) ' (p)

gno; ’
+ T2 () (—p) + e} (13.9)
The action can be put in the form
ST 0] = S — 5 308 (), ¥/ (-p) G (0) ( P ) 7 (13.10)

p

where G~1(p) is the inverse propagator (13.3) with the zero-loop self-energies (Fig. 13.1)
SO (p) =2gn0 =2p, =0 (p) = gno =, (13.11)
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860 Chapter 13. Interacting bosons
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Figure 13.2: Normal and anomalous self-energies obtained from figure 13.1 by replacing
the bare interaction vertex g by a renormalized vertex gr obtained by summing bubble
diagrams.

or, equivalently,
0 0 0
SO0 =3 IRE) =n  ZHE) =0 (13.12)
Equations (13.11) were previously obtained in section 7.4. They yield the propagators

G (p) = —(W(P)¢* (p))e = %

G ) = ~WO(p)e = 35

)

(13.13)

where E, = [ep(ep + 2)]'/2 is the Bogoliubov quasi-particle excitation energy. When |p|
is larger than the healing momentum p; = (2mﬂ)1/2, the spectrum Ep >~ €, 4 v is particle-
like, whereas it becomes sound-like for |p| < py with a velocity ¢ = \/u/m (pn, = V2me).*
In the weak-coupling limit, we can neglect (to leading order) the condensate depletion, i.e.
ng ~ n and p ~ gn (7 is the mean boson density), so that ps can equivalently be defined
as pp, = (2gmn)'/2. In the hydrodynamic regime |p| < pp,

€ 2 w
G0 =l R0 = o (B0 = g (319
Note that in the Bogoliubov approximation, the occurrence of a linear spectrum at low
energy (which implies superfluidity according to Landau’s criterion, see Sec. 7.1), is due to
Yan(0) being nonzero.

In section 7.4, all thermodynamic quantities were expressed in terms of the s-wave
scattering length a with no reference to the (bare) interaction g. This was achieved by
eliminating all dependencies on the ultraviolet cutoff A and the interaction g in favor of the
scattering length a = a(g,A). A similar procedure can be followed here. We may replace g
by a renormalized interaction gr defined by the sum of the bubble diagrams (Fig. 13.2). In
the low-density limit, these diagrams can be evaluated in the vacuum limit (¢ = 0), which

gives
1 1 1 1 1
7:,+/ ‘ . :7+/7. (13.15)
gr 9 Jp(iw—ep)(—iw—ep) g Jp 26

In a three-dimensional system gr = 4ma/m is simply related to the scattering length a,
and we reproduce the results of the Bogoliubov theory to leading order in ma?u: pu =
grn = 4man/m, ¢ = \/grn/m = V4wan/m, etc. In a two-dimensional system, gr vanishes
logarithmically in vacuum. At finite density, the vanishing is cut off by the nonzero chemical
potential. We will see that gg(u) ~ (27/m)/|In/2ma?u| (Sec. 13.3.3) which again gives
the results of Bogoliubov’s theory.

4p;1 is nothing but the healing length &} introduced in Sec. 7.3.1.

© N. Dupuis, 2022



13.1 Breakdown of Bogoliubov’s theory 861

Figure 13.3: One-loop correction (1) to the self-energy.

13.1.2 Infrared divergences and the Ginzburg scale

Let us now consider the one-loop correction E( )(p) to the Bogoliubov result E (p) (we use
the representation (13.4) of the boson field) (Flg 13.3). The first diagram in ﬁgure 13.3,°

g
- 5 / Z Gllw ,J Z1 2 + 61 11(Sj,l2 + 62 1257,11) (13’16)
q Zl 12

is always finite. For d < 3 the second one,
1
—592110/ > Girin(@)Gigis (D + @) (3181 i + 81y 10i55 + 0iy 1014,)
o

X (5]"151‘4’2'1 -+ 51‘4’15.7"2‘1 -+ 61'1,15',2'4)7 (1317)

gives a divergent contribution when the two internal lines correspond to transverse fluctua-
tions (i1 =42 = 2 and i3 = iy = 2). This is possible only for ¥11, so that o9 is finite at the
one-loop level. Thus the normal and anomalous self-energies exhibit the same divergence,

21 (p) ~ = (p) 9 no/G(o)(q G(O)(p—i-q) (13.18)

where we use the notation ¢ = (q,iw’) and f I dz‘;’r

bution to the integral in (13.18) comes from momenta |q| < < pr, and frequencies |w'| < cpp,
so that we can use (13.14) to obtain

f For small p, the main contri-

50 (p) = 50 (p) = —29 ”0 (13.19)

/ QQ(Q +P)%’

where Q = (q,w’/c) and P = (p,w/c) are (d + 1)-dimensional vectors. The momentum
integral in (13.19) is restricted by |Q| < pr and is given by (for p — 0)

/ Auet (1P +WZ/}LC2)(d73)/2 Ly (13.20)
QQQ(Q+P)2 - A4ln\/ﬁ if d:3, .

where a1y
2 m L2 gy,

Ag = _1sin(7fd/2) I'(d—-1) (13.21)
it d=4,

82

5We do not write explicitly the convergence factors etiw0™ Eq. (13.16) (see chapter 1).
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862 Chapter 13. Interacting bosons

(see Eq. (10.324)).

The one-loop self-energy correction (13.19) diverges for (p,w) — 0 when d < 3 so that the
perturbation expansion about the Bogoliubov approximation breaks down. By comparing
the one-loop result to the zero-loop one, |2511)(p)| ~ ZEIO)(p) or \ESI) (p)| ~ Eg%)(p) for
Ip| = pe and |w| = ¢pg, one can define a characteristic (Ginzburg) momentum scale pg

above which the Bogoliubov approximation remains valid,

Aqrgmpy)t/ 3= if d<3,
+
~J 1
pa Dh, €Xp ) if d=3. (13.22)
V2As9mpn

This result can be rewritten as

ph(Ad+1§d/2)1/(37d) if d< 3,

PG ~ 1 . (13.23)
exp(—————) if d=3,
DPh XP< A4\/§g3/2>
where
d— .
= gt/ o (B (b/pn)”" 7 it d <3, (13.24)
ni/d Mn(pn/pc)] >° if d=3,

is the dimensionless coupling constant obtained by comparing the mean interaction energy
per particle gi to the typical kinetic energy 1/m#? where 7 ~ 7~1/? is the mean distance
between particles. A superfluid is weakly correlated if § < 1, i.e. pg < pr < #'/%. In this
case, the Bogoliubov theory applies to a large part of the spectrum where the dispersion is
linear (i.e. |p| < pn) and breaks down only at very small momenta |p| < pg < pr.® When
the dimensionless coupling g becomes of order unity, the three characteristic momentum
scales pg ~ pp ~ i'/% become of the same order. The momentum range [pG, pr] where the
linear spectrum can be described by the Bogoliubov theory is then suppressed. We expect
the strong-coupling regime § 2 1 to be governed by a single characteristic momentum scale,
namely n!/4.7

13.1.3 Hugenholtz-Pines theorem and infrared limit of the self-energy

Although the one-loop correction (1) diverges when p — 0 for d < 3, it is nevertheless
possible to obtain the exact value of ¥(p = 0) using the U(1) symmetry of the action, i.e.
the invariance under the field transformation

P(z) = e%(x) and P*(z) = e Op*(x). (13.25)

Let us consider the effective action

B
I[¢] = —In Z[Jy, Jo] +/ dT/ddr(Jlngl + J22), (13.26)
0

where J; is an external (real) source which couples linearly to the boson field 1; and ¢;(z) =
(i(x)) the superfluid order parameter (see Secs. 1.6.2 and 1.7.2). The U(1) symmetry

6In the next sections, we shall see that the weakly correlated superfluid bears many similarities with
the ordered phase of the classical O(/N) model away from the critical regime (Secs. 10.7.3 and 11.3.3). The
healing scale p;, plays the role of the hydrodynamic scale p. introduced in Sec. 10.7.3.

7This situation is realized in the Bose-Hubbard model near a quantum multicritical point where the
transition occurs at fixed density (chapter 14).

© N. Dupuis, 2022



13.1 Breakdown of Bogoliubov’s theory 863

of the action implies that I'[¢] is invariant under a uniform rotation of the vector field
(¢1(x), p2(x))T [Eq. (13.25)]. For an infinitesimal rotation angle 6, this yields

/ /dd Z ¢ U¢j ) = (13.27)

where ¢;; is the totally antisymmetric tensor.
Taking the functional derivative 6/d¢;(y) and setting ¢;(x) = J;1v/2no (which corre-
sponds to (¢ (z)) = y/ng real) leads to

r?(p=0)=0, (13.28)
where FEJQ-) denotes the two-point vertex (Sec. 1.6.2). T'® is related to the one-particle

propagator by the (matrix) equation I'® = —G~'. For I = 2, equation (13.28) yields the
Hugenholtz-Pines theorem

F(Q)(P =0)=%p0(P=0)—pu=3(p=0)—-ZmpP=0)—pn=0, (13.29)

which is nothing but the Goldstone theorem associated with the spontaneously broken U(1)
symmetry in the superfluid state.

If we now take the second-order functional derivative (2 /3¢y (y)d¢m(2) of (13.27) and
set ¢;(x) = 0;,1v/2ng, we obtain the Ward identity

ZF( )(y,z)ezl —l—ZFEl) (z,9)€im — V200 / dT/dd I‘gh)n(x,y,z) =0. (13.30)

Integrating over y and z and setting [ = 2 and m = 1, we deduce

1 10,0
FS)Z(O,O,O):\/W% (13.31)

in Fourier space,® making use of (13.29).

Let us now consider the exact diagrammatic representation of the self-energy shown in
figure 13.4 (see Sec. 1.6.2). We know from perturbation theory that the third diagram is
potentially dangerous when the two internal lines correspond to transverse fluctuations. We
therefore write the self-energy >11 as

n
S11(p) = S (p W/Qﬁ(;/ ZG22 )Gaa(p+ L5 (—p, —a,p + q), (13.32)

where ill(p) denotes the regular part of the self-energy (i.e. the part that does not con-
tain pairs of lines corresponding to Go2Ga2). If we assume that the transverse propagator
Gaa(q) ~ —1/(w? + c*q?) at low energies (this result will be shown in the following sec-
tions), the integral fq G22(q)? is infrared divergent for d < 3. To obtain a finite self-energy

311(p = 0), one must therefore require FIQQ(O 0,0) to vanish. The Ward identity (13.31)
then implies Fﬁ) (p=0) =0 and in turn

Sap=0)=pt 5 M =0+ THE=0)] =p
(13.33)
Sulp=0) = 5 [ =0 - 1@ =0)] =0,

8Tn Eq. (13.31), T{2(0,0) = 7% (p1 = 0, p2 = 0), etc.

© N. Dupuis, 2022



864 Chapter 13. Interacting bosons
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Figure 13.4: Exact diagrammatic representation of the self-energy in terms of the three- and
four-leg vertices I'® and T'¥. Dots represent the bare interaction, zigzag lines the order
parameter, and solid lines the exact propagator.

A

using the Hugenholtz-Pines theorem (13.29). In marked contrast with Bogoliubov’s approxi-
mation, we find that the anomalous self-energy 3,,(p) vanishes for p — 0 (Nepomnyashchii
identity). We shall see in the next section that this result is not incompatible with the
existence of a sound mode with linear dispersion (Sec. 13.2.3).

13.2 Popov’s hydrodynamic theory

Popov’s hydrodynamic theory is based on the phase-density representation of the boson
field, 1) = v/ne'®, and bears some similarities with the analysis of the (¢?)? theory using the
amplitude-direction representation (Sec. 10.7.3). It is free of infrared divergence and yields
a simple derivation of the infrared behavior of the normal and anomalous propagators of
the boson field.

13.2.1 Perturbative approach
In terms of the density and phase fields, the action (13.1) reads

B . 2
Sln, 0] = / dr/ddr {me + %(V&)Q + (:Tni —pn+ grﬁ} . (13.34)
0

At the saddle-point level, n(z) = 7 = u/g and 6 = const. Expanding the action to second
order in 0n = n — 7, 6 and V6, we obtain
g ) (Vén)? g
S[on,0] = [ dr [ d*r<iond + —(V6)* + ——— +=(0n)* ;. 13.35
om0y = [ ar [ atr fisnd 52902+ G 4 S (13.35)
The equations of motion deduced from the action (13.35) have been discussed in sec-
tion 7.3.1. The dynamics of the system can also be deduced from the correlation functions

2

G2, (p) = Gn(p)in(-po = =P
G (p) = (Gn()O(=P)ho = ~ 5~ 5 (13.36)
Gho(p) = (0()0(—p))o = 2227

© N. Dupuis, 2022



13.2 Popov’s hydrodynamic theory 865

Go(p) = (0(p)0(—p))o =
a) G, (p) = (on(p)on(—p))o =
Gh.(p) = (B(p)on(—p))o = —=—=

P1

— _Pb1'pP2
b) >< “Pr—P2 T T 2m

D2

Figure 13.5: (a) Diagrammatic representation of the propagators obtained from the Gaus-
sian action (13.35). (b) Interaction vertex defined by equation (13.39).

O O O O

Figure 13.6: Self-energy corrections to the propagators GY,, G2, and GY, .

where Ej, is the Bogoliubov quasi-particle excitation energy defined in section 13.1.1. The
average (---)g are taken with the Gaussian action (13.35). In the hydrodynamic regime

Ip| < pr = 2gma,

2 2 1

n P w mc
Gon(p) = ama Gho(p) = Goo(p) = — —5—5= (13.37)

n w?+ c2p?’
where ¢ = \/u/m = \/gn/m is the Bogoliubov sound mode velocity (p, = v/2mc).
Contrary to the perturbation theory discussed in section 13.1, the perturbation theory
based on the phase-density representation is free of infrared divergences. Let us consider
the terms not included in the Gaussian action (13.35),

B on (Vén)? 1 1
. = d -~ 2 T =
Smt [677" 9] /0 dr / dr { 2m (V@) + 8m <5n +n ﬁ) }

_/oﬁdT/ddr{;Z(Ve)Q‘W+"'}- (13.38)

The most important term in Sin is the first one since it involves the (Goldstone) phase
variable. Thus, in Fourier space, we obtain

w2 + 62p2’

1 :
Sing[0n, 0] = — 7 Z p12mp2 0(p1)0(p2)on(—p1 —p2) + -+ - (13.39)

\/ﬁi P1,p2

The basic ingredients (propagators and interaction vertex) appearing in the perturbation
theory are shown diagrammatically in figure 13.5. The one-loop self-energy corrections

© N. Dupuis, 2022
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866 Chapter 13. Interacting bosons

to GYy, G2, and GY, are shown in figure 13.6. It is easy to show that the perturbation

theory has no infrared divergences. The singularities of the propagators are canceled out
by the factor p; - p2/2m coming from the vertex. Let us consider for example the one-loop
correction to G2, (p) (which is the most dangerous one since it involves GY,GY,). It is
proportional to

1
m23V >l (p+ PG () Goe(p + 1) (13.40)
p/
and is manifestly convergent.

13.2.2 Exact hydrodynamic description

Equations (13.37) are in fact exact in the low-energy limit |p|, |w|/c < py, provided that c is
the exact sound mode velocity and 7 the actual mean density (which may differ from p/g).
Let us consider the effective action

B
[[n,0] = —1n Z[J,,, Jo] +/ dr/ddr(JnnJrJg@) (13.41)
0

defined as the Legendre transform of the free energy —In Z[J,,, Jo|. J,, and Jy are external
sources that couple to n and 6.° Since the microscopic action (13.34) is invariant in the
(semilocal) transformation

b(x) = P(x)e ™™, Y (z) = ¢ (@)e D p— p+id-a(r) (13.42)

(a(7) is an arbitrary time-dependent phase), the effective action I'[n, 6] must be invariant
in the transformation

0(z) = 0(x) + ar), p— 1+ 10-a(T) (13.43)

and the chemical potential must appear in the combination i0,60 — u. Moreover, at zero
temperature, Galilean invariance implies the invariance of the effective action in the trans-
formation

n'(2') = n(x), o' (z') = 0(z) — %vaT —mv-r (13.44)
(see Sec. 2.2.5), where r' =r + ivr and 7’ = 7. n(z) and its space derivatives are invariant
(but O;n is not) as well as 0.0 + 5 (V)2

Thus, including all second-order derivatives, the most general effective action compatible
with symmetries reads!’

Tln, 6] :/OB dT/ddr{};gz)(Vn)g—l-U(n)—i-icp(n) {z’BTG—u—i-Q?ln(VG)Qr}, (13.45)

p=1
up to an additive (field-independent) term. Y'(n), U(n) and ¢,(n) are arbitrary functions
of n. By considering the mean boson density'!
1 dlJ,, Jo)
pvV  dp

_ 1 dI'[n, 0]
=Jp=0 BV d'u

JIn=

3

, (13.46)

n(x)=n,0(z)=const

9To alleviate the notations, we use the same symbols (n and 6) for the density and phase fields in S[n, 6]
and their average values in I'[n, 6].

10%729 is also invariant in the (semilocal) U(1) and Galilean transformations but is odd under time-reversal
symmetry.

Since §T'[n, 0]/én(x) vanishes for n(x) = A and 0(z) = const, dI'[A, 0]/du = OL'[R, 0] /O where 9, does
not act on . = A(p).

© N. Dupuis, 2022



13.2 Popov’s hydrodynamic theory 867

we obtain ¢;(n) = n and c3(n) = 0. We conclude that

Tln, 0] = /OB dr/ddr{i(z)(Vﬂ)Q +UM) +n [mre o+ (W)T } (13.47)

2m

to second order in derivatives.
From (13.47), we obtain the two-point vertex in constant fields n(z) = n and 6(z) =
const (with 7 the actual boson density),

Y(a) 4 _
1@ (p) = F%Z(p) Ffze)(p) | am R tU@ e (13.48)
TS (p) T (p) W D
m

By inverting T'®(p), we recover the propagators (13.37) in the small momentum limit
Ip| < pr = [2mU" (R)/Y (7)]*/? but with a sound mode velocity ¢ given by

c= \/%/(ﬁ). (13.49)

Noting that the compressibility & = 7 ~2dn/du can also be expressed as'?

1

" Ry

(13.50)

we conclude that the Bogoliubov sound mode velocity c is equal to the macroscopic sound
velocity (mak)~1/2.

The superfluid density can be defined as the rigidity of the system wrt a twist of the
order parameter (see Eq. (7.41) in Sec. 7.2.2), i.e.

N
Tgy (p,0) = Epz (p—0). (13.51)

From (13.48) we then deduce that the superfluid density ns = 7 is given by the fluid density
at zero temperature (see also Sec. 7.1).
13.2.3 Normal and anomalous propagators

To compute the propagator of the 1 field, we write
¥(x) = /no + on(z)e?@, (13.52)

where ng = |(¢(2))]? = |(y/n(x)e??@)|? is the condensate density. For a weakly interacting
superfluid at zero temperature, ng ~ 7, and we expect the fluctuations én to be small.
Let us assume that the superfluid order parameter (¢ (x)) = y/ng is real. Transverse and
longitudinal fluctuations are then expressed as

51/}2:\/27100+"'

13.53
o0 = on _ /@92+... ( )
vV 2710 2

12Equation (13.50) is the usual expression of the compressibility of a system with free energy density U(#)
in the canonical ensemble [Eq. (3.108)].
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868 Chapter 13. Interacting bosons

where the ellipses stand for subleading contributions to the low-energy behavior of the
correlation functions. ; and s refer to the real and imaginary parts of the boson field
[Eq. (13.4)]. For the transverse propagator, we obtain

2ngme? 1
~ —2 =— 13.54
G22(p) nOGOO(p) 7 w2 I 62p2 ( 3.5 )
to leading order in the hydrodynamic regime, while
w
~ -G, = — 13.
G12(p) G 9(p) w2 ¥ 02p2 ( 3 55)
The longitudinal propagator is given by
1 no 2 2
= 5 LUnn - (0 0 c
Gi1 (@) = — 5= Gun(z) = S 0(2)*0(0)%)
1
= ——Gpn(r) — noGoa(x)?, (13.56)
27’10

where the second line is obtained using Wick’s theorem (which is justified since the Gold-
stone (phase) mode is effectively non-interacting in the hydrodynamic limit). In Fourier
space,
Gi1(p) n___p Goo % Goo(p) (13.57)
= ———F——-"n .
11(P 2mmng w? + 2p2 0760 00\P),

where

Gog x Gog(p) = /Gee(Q)Gee(P +q) (13.58)

with the dominant contribution to the integral coming from momenta |q| < pp, and frequen-
cies |w'|/c < pp. Using (13.21), we find

2 (d—3)/2
Agyic (%) (p2 + C—;) if d<3,
As, (M) i - _

2C(ﬁ> ln(p2+j§) if d=3.

By comparing the two terms in the rhs of (13.57), we recover the Ginzburg scale (13.22).
For |p| > pg or |w|/c > pg, the last term in the rhs of (13.57) can be neglected and we
reproduce the result of the Bogoliubov theory (noting that i ~ ng),'3 while

1
- (w? + 2p?)B-d)/2

€

Gog * Goo(p) = (13.59)

G11(p) ~ for |pl,|wl|/c < pe (13.60)

is dominated by phase fluctuations. The longitudinal susceptibility G11(p,iw = 0) ~
—1/|p|>~? diverges for p — 0 in contrast to the Bogoliubov approximation where G (p, iw =
0) = —1/2mc? for |p| < pn. The divergence of Gy; is similar to that of the longitudinal
propagator in the broken-symmetry phase of the classical O(N) model [Eq. (10.337)].14

13 The Bogoliubov theory predicts G11(p) = —ep/(w? + ¢2p?) for |p| < pp-

14 Equation (13.60) follows from G)j(p — 0) ~ —1/|p|*~% (longitudinal propagator in the ordered phase
of the classical O(N) model) by replacing d by d + 1 (which accounts for the imaginary-time dimension)
and p2 by p? 4+ w?/c2. Note that the definition of G;; in chapter 10 differs from that used in this chapter

Y J
by a minus sign.
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13.2 Popov’s hydrodynamic theory 869

From these results, we deduce the hydrodynamic behavior of the normal propagator

Gn(p) = —(¥(p)y*(p)),

Galp) = 5 G11(p) ~ 20G12(p) + Ga(p)]

2 .

ngmc 1 iw 1
= - - -G 13.61
o wl+cp? w?+?p? *a 1(p), ( )

as well as that of the anomalous propagator Ga,(p) = —(¥(p)y(—p)),

nomec? 1

Gan(p) = % [G11(p) — Ga22(p)] = n W+ p?

1
+ §G11(p)’ (13.62)

where G11(p) is given by (13.57). As will be shown in section 13.3 the leading order terms
in (13.61) and (13.62) (coming from Gag) are exact. They coincide with the predictions
of the Bogoliubov theory if ng is identified with 7. The iw term is also obtained from the
Bogoliubov theory but a factor (mc?/n)dng/dp is missing in (13.61) (see Sec. 13.3.1). On
the other hand, the Bogoliubov theory misses the divergence of the longitudinal propagator.

13.2.3.1 Normal and anomalous self-energies

To compute the self-energies X, (p) and Y., (p), we use the relations

— Gn(fp)
Za(p) = Go ' (p) — :
( ) 0 ( ) Gn(p)Gn(fp) 7Gan(p)2
(13.63)
- Gu(p)Ga(=p) — Gan(p)?’
with Gy'(p) = iw — €p + p and
Gu(p)Gu(=p) = Gan(p)* = G11(p)Ga2(p) + G12(p)?
= G22(p) |noGeo *x Goe(p) + o | (13.64)
Setting
1 1
Gn(p) = §G22(p)7 Gan(p) =~ _§G22(p) (1365)
in the numerator of equations (13.63), we obtain
Ean(p) = En(p) - Gal(p)
-2
™M 2 2p)B-D/2 i g
_ 244414 dngm? (w* + c*p?) 1 <3, (13.66)
. L “i )] if d=3 .
A4cn0m2 |:1I1 (w2+c2p2):| ! o

in the infrared limit |p|, |w|/c < pe. Equations (13.66) agree with the exact results (13.33),
and show that ¥,,(p) — Gy ' (p) and X,,(p) are dominated by non-analytic terms for p — 0.

Let us now show that these results for the self-energies yield a sound mode with linear
dispersion in the low-energy limit. In the low-energy limit, the self-energies (13.63) can be

written as
Sa(p) — Gy ' (p) = AS(p) + S (p),

(13.67)
Yan(p) = AX(p)
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where AY(p) denotes the singular part (13.66) while 539 (p) and San(p) are regular contribu-
tions of order p2,w?. Using AX(p) > ¥, (p) — Gy (p), Zan(p) for p — 0 and inverting (13.3),
we obtain
B AS(p) + Za(p)
2A%(p)[Xn(p) = Ban(p)] + Za(p)* — Zan(p)?
1

. . (13.68)
2[En(p) - Ean(p)]

Gn(p) =

R
|

and
_ A+ Yan (p) )
2A%(p)[Xn(p) — Xan(p)] + Xn(p)? — Xan(p)?
1

~ § (13.69)
2[Zn(p) - Zan(p)]

to leading order. Since both ¥, (p) and Say (p) can be expanded to order p%,w?, we conclude
that equations (13.68) and (13.69) predict the existence of a sound mode with linear disper-

sion. Of course, these equations are nothing but (13.54) and (13.65). As for the longitudinal
propagator, we obtain

Gan(p)

L
2Xan(p)

for p — 0. Thus we conclude that the singularity of the longitudinal propagator is directly
related to the vanishing of the anomalous self-energy. A similar result has been obtained in
the ordered phase of the classical O(N) model (Sec. 10.7.3).

A crucial point to obtain a sound mode despite the vanishing of X,,(p = 0) is the
cancellation of the iw term of Gy '(p) by the self-energy ¥, (p). In the following section, we
shall see that indeed the superfluid phase exhibits a relativistic (Lorentz) invariance at low
energies.

Gu(p) = %[Gn(p) + Gn(=p)] 4 Gan(p) ~ — (13.70)

In deriving the low-energy expression (13.66) of the self-energies, we have assumed
that the hydrodynamic description holds up to the momentum scale p, and ignored
the contribution of the non-hydrodynamic modes. In Popov’s original approach [13],
one introduces a momentum cutoff pg satisfying pec < po < pn. Since po > pa,
modes with momenta |p| > po can be taken into account within standard perturbation
theory (see Sec. 13.1). On the other hand, low-momentum modes |p| < po < pp, are
naturally treated in the hydrodynamic approach discussed in this section. The final
results are independent of pyo. The only difference with our results (13.66) is that py,
in the expression of the self-energy for d = 3 [Eq. (13.66)] is replaced by a smaller
momentum scale.

13.2.4 One-dimensional interacting bosons
13.3 Non-perturbative RG approach

In this section, we show how the NPRG enables us to overcome the difficulties of the
perturbative approach (Sec. 13.1) and determine the exact infrared behavior of the one-
particle propagator. We closely follow the NPRG approach to the classical O(N) model
(chapter 11).'°

15 As in the preceding sections, we focus on the T' = 0 superfluid phase (unless otherwise specified).
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18.8 Non-perturbative RG approach 871

To implement the NPRG approach, we add the action (13.1) the infrared regulator term

B
ASR[W*, 9] = /0 drdr’ / drdr'* () Ry (z — 2')ip(z")

= ¢ () Re(p)¥(p) (13.71)
P
and consider the k-dependent effective action
B
Tilp*, 9] = —In Zx[J*, J] +/ dT/ddr(J*gb—i- c.c.) — ASi[¢*, 8], (18.72)
0
where
B 0l Zz[J*, J]

o(z) = (¥(z)) = i@ (13.73)

is the superfluid order parameter. J denotes a complex external source that couples linearly
to the boson field v. T, satisfies the RG equation'®

o0 6] = 3T [BeRe (T2 (6%, 0] + Re) ] (13.74)

where F,(f) is the second-order functional derivative of I'y. In Fourier space, the trace
in (13.74) involves a sum over frequencies and momenta as well as a trace over the two
components (real and imaginary parts) of the complex field ¢.

As in chapter 11, we choose the cutoff function Ry such that all fluctuations are sup-
pressed for k = A (so that Tp[¢*, ¢] = S[¢*, ¢]) and Rr—o(p) = 0. Ri(p) can act only on
momenta or on both momenta and frequencies, i.e.

2
p
Rk(p) = ZA,kar (1{72> (1375)
or
ZA & 9 UJ2 p2 UJ2
R = —= — —+ 5 |- 13.76
k‘(p) 2m <p + C% r kz + c%kg ( )

The k-dependent variable Z4 j, is defined below. A natural choice for the velocity cp would
be the actual (k-dependent) Goldstone mode velocity ¢ as in the quantum O(N) model
(Sec. 12.4). In the weak coupling limit, however, ¢ renormalizes only weakly and is well
approximated by its initial value ¢y = y/p/m. In general it is preferable to use a frequency-
independent cutoff function which not does violate the causality of the propagator in the
vacuum (p < 0 and T = 0).!7 This is true in particular when one studies the thermody-
namics of the dilute Bose gas, whose universality follows from the existence of a quantum
critical point between the vacuum (p < 0) and the superfluid phase (u > 0) (see Sec. 7.4.4).
On the other hand, we will see that the infrared behavior of the propagator in the superfluid
phase is best understood using a “relativistic” cutoff such as (13.76).

16The derivation of Eq. (13.74) is similar to that of (11.30).
17In vacuum, the propagator G(p,7) o< ©(7) is retarded.
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872 Chapter 13. Interacting bosons

13.3.1 Derivative expansion

We consider the ansatz
Ti[6*, ] = / dT/dd ZCka —Vard? — ‘::VZ)¢>+Uk(n)} (13.77)

based on a derivative expansion.'® It is similar to the LPA’ discussed for the classical O(N)
model in section 11.3. The effective action (13.77) contains a second-order time-derivative
term which is not present in the initial condition. We shall see that this term plays a
crucial role when d < 3. Because of the U(1) symmetry of the microscopic action (13.1),
the effective potential Uy (n) is a function of the condensate density n = |¢|?. Its minimum
determines the condensate density ng ; and the thermodynamics potential per unit volume
U(no,x) in the equilibrium state. The initial condition is given by'?

Un(n) = —pn + %rﬂ, Zan=7Zca=1  Vap=0. (13.78)

It is convenient to write the boson field

1 .
\ﬁ(d)l + ig2) (13.79)

in terms of two real fields ¢; and ¢5. The effective action then reads
B g! )
= /O dr / d 7"{2 %; ¢j [ZGjJ'/ZC’kaT

V2
_ 5]'7]'/ <VA,kaz + ZA’k2’171>]¢j/ + Uk(n)}7 (1380)

¢ =

where €/ is the antisymmetric tensor and n = 3(¢3 4 ¢3). The two-point vertex is defined
as

@r
e) BTy [¢]
r Pl = 13.81
and is related to the one-particle propagator by?°
Gile] = = (T[] + Ri) ™ (13.82)

(see Sec. 11.1.1). Because of the U(1) symmetry, the two-point vertex in a constant (i.e.
uniform and time-independent) field takes the form?!

F;i)] ;@) = 0;;Tak(p;n) + ¢id; g r(pin) + € ;T ok (pin), (13.83)

18For a discussion of the symmetries of the effective action, see Appendix 13.A.1.

19 Stricto sensu, the initial condition of the RG flow is not given by the mean-field solution I'y = S since
Rp < oo (see remark 1 in the discussion page 726). In the end, however, all physical properties will be
expressed in terms of “infrared” quantities (boson density, superfluid density, scattering length, etc.) with
no reference to the microscopic action.

20The minus sign in (13.82) is due to the definition of the one-particle propagator Gjj(w,z’) =
—<¢z($)¢g (z")) which differs from that used in chapter 11.

25, j» ®id; and €; ; are the three tensors that one can form from the two-dimensional vector (¢1, ¢2)T.
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18.8 Non-perturbative RG approach 873

where I'g i, I'p and I'c ), are functions of the condensate density n. Parity and time-
reversal invariance imply??

Cak(p;n) =Tar(—=p;in) =Tak(p, —iw;n),
Tpi(p;n) = Lpr(=pin) = Tpi(p, —iw;n), (13.84)
Lor(pin) = —Tor(=p;n) = —Tor(p, —iw;n).

With the ansatz (13.80), we find

Lar(pin) = Zarep + Varw? + Up(n),

13.85
I k(p;n) = Uy (n), Tor(pin) = Zopw, ( )

in agreement with the general symmetry properties (13.84).
The functions I'4, I'p and I'¢ can be related to the normal and anomalous self-energies.
For a constant and real field ¢(z) = /n, i.e. ¢;i(x) = d;1v2n,

Ska(pin) — Gy'(p) =Taw(pin) + nlpr(p;n) — ilc(pin)
= U,/C(n) + nU,;/(n) + ZA,kep — chkiw + VAykWQ, (1386)
and the anomalous self-energy
Sk,an(pin) = nLp(p;n) = nU}(n) (13.87)

is real.

13.3.1.1 Hugenholtz-Pines theorem, sound mode velocity and superfluid den-
sity

From the effective action (13.80), we can extract the main physical properties of the super-
fluid phase. The condensate density ng x is defined by U}, (no %) = 0. Using equations (13.86)
and (13.87), we then deduce

Een@=0;n0%) — Zkan(® = 0;n0.1) = 11, (13.88)

which is nothing but the Hugenholtz-Pines theorem (Sec. 13.1.3).
The excitation spectrum is obtained from the zeros of the determinant of the 2 x 2 matrix

F,(f)(p; nok) (after analytic continuation iw — w 4 i07"),
det F;(f)(P; no.e) = D ae(p;noe) T ak(p;nok) + 2n0,6T 5.k (93 n0.k)] + Tow(p; no,k)?
~ 2n9 1T 4% (p; 10,1)T B,k (D3 0,6) + Dk (p3 m0,1) (13.89)

The last result is valid in the low-energy limit |p| < pp (pp is the healing momentum
scale; see Sec. 13.3.3) where (as we shall see) T4 x(p;nox) < 2101 B,k(P;10,%). Using
Ui.(nox) = 0, we obtain

det ].—‘](62)(]7; no,k) = 2n07k)\k(ZA7kep + VA,kMQ) + (Zc7kw)2, (1390)

22Time-reversal invariance follows from the invariance of the microscopic action (13.1) under 3(r,7) <
. I 2 . 2 - *
o*(r, —7). This implies I'{") (p, iw; §) = (26, ; — 1)T'\"), (p, —iw; ¢*) where ¢ = (61, ¢2) and ¢* = (¢1, —2).
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where A\, = U}/(no,). We deduce the existence of a Goldstone mode (the Bogoliubov sound

mode) with velocity
1/2
ZA k/2m
ck = : . 13.91
F (VA,k + Z2 1./ 2 Km0,k ( )

From det F;f) (p;mo,k) = 0, we also obtain a gapped mode, with a gap which is larger than ¢k
and therefore outside the domain of validity of the derivative expansion (|p|, |w|/ck < k).
The existence of two modes in the superfluid phase follows from det Ff) (p) being of order
w?. Pushing the derivative expansion to higher order in w? would yield additional modes,
beyond the domain of validity of the derivative expansion.

The superfluid density ns j is defined by the rigidity against a (static) twist of the phase
of the order parameter. If ¢(r) = /2ngx(cosf(r),sinf(r)) varies slowly in space, the
effective action increases by

ATy, = % Z L4 k(5 0,1)P2(—p) P2(p)
p

no k Z I'ak(p,iw = 0;n0%)0(—p)0(p)

p

Z A kM0.k d 2
=pf——— [ d 0 13.92
pranor [ giv(ve) (13.92)

to lowest order in V0. Comparing with (7.41), we deduce

Nk = LA KN0k- (13.93)

13.3.1.2 Symmetries and thermodynamic relations

At zero temperature and in the superfluid phase, Galilean invariance and gauge invariance
imply the following Ward identities (see Appendix 13.A.2)

0 Nk
Zag=7—T ; ’ =—,
Ak des Ak(P310,1) o Ton
0 1 92U,
Vi = o 5Taxines)|  =- :
Ak =575 Ak(P;nok) =0 Znor OR2 |, (13.94)
0 92Uy,
ck =5 c.x(P;no,k) o yidn

n0,k

where we consider the effective potential Ug(u,n) as a function of the two independent
variables p and n. The condensate density ng j = no k(1) is then defined by

OUj,
o =0, 13.95
on |, . ( )
while the mean boson density 7y is obtained from
d U oUu d ou
ik == Uk(nog) = — 5| —— > e I (13.96)
dp 7z N0,k on 10,k dp I N0,k
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where d/du is a total derivative. Equation (13.95) being valid for any u, we deduce

d U, 0*U 02U, d
0= 7# -3 ak 5 L Mok (13.97)
d'u n 1o,k pon no,k n 10,k d'u
From equations (13.94) and (13.97), we finally obtain
1 9°U d
Ns ke = ZAKN0E = Ty, Var=— Qk , Zok =AMk ROk (13.98)
2nok Op® |, , dp

We recover the fact that the superfluid density is given by the full density at zero temper-
ature (see Secs. 7.1 and 13.2.2).
The compressibility x, = ﬁ,;%lﬁk /du is given by

2
P21 = 0 U2k
o

B 0%U;,
ouon

9
Zék
b
Ak

dno,k

13.
" (13.99)

=2n0kVar +

no,k no,k

which implies that the Bogoliubov sound mode velocity (13.91) takes the form

n 1/2
ck( s”“) . (13.100)

megi;

Since ng 1 = Ny at zero temperature, the Bogoliubov sound mode velocity coincides with
the the macroscopic sound velocity 1/(m#ygng)'/?.

13.3.2 Infrared behavior in the superfluid phase

As pointed out in section 11.2, the derivation expansion is correct only for momenta and
frequencies satisfying |p|, |w|/cx < k. It is nevertheless possible to obtain the infrared
behavior of the one-particle Green function by stopping the flow at a finite value k of order
max(|p|, |w|/ck). In this section, we show that this can be done without actually solving
the RG equations (this will be done in Sec. 13.3.3).

Let us consider the anomalous self-energy Xi an(p;nox) = Axnor in the equilibrium
state (Eq. (13.87) with U}/(no k) = Ak). Since Xg—g,an(p = 0;n0,=0) = 0 [Eq. (13.33)], Ak
must vanish when k& — 0. Furthermore, assuming that the result obtained from Popov’s
hydrodynamic theory [Eq. (13.66)] is correct, we expect that

3—d
)\kN{ k for d < 3,

[Ink|~! for d=3, (13.101)

when & — 0. If we assume that the p dependence of the anomalous self-energy can
be retrieved by stopping the flow at k ~ /p?+ w?/c?, then equation (13.66) follows
from (13.101) (¢ = ¢k=0). The hypothesis (13.101) (which will be confirmed in section 13.3.3)
is sufficient, when combined with the thermodynamic relations (13.98), to obtain the ex-
act infrared behavior of the one-particle propagator. Furthermore we will see that this
hypothesis is internally consistent.

Since thermodynamic quantities, including the condensate “compressibility” dng x/dpu
must remain finite in the limit ¥ — 0, we deduce from (13.98) that Zcj ~ A\p ~ k>7¢
vanishes in the infrared limit. It follows that

Zar \?
%13(1) cr = %13(1) (QmVA,k) . (13.102)
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Both Z4 = fix/no,r and the macroscopic sound velocity ¢ being finite at k = 0, Va
(which vanishes in the Bogoliubov approximation) must be nonzero when & — 0. The
suppression of Z¢ i, together with a finite value of Vy j, shows that the effective action
I, exhibits a “relativistic” (Lorentz) invariance in the infrared limit and therefore becomes
equivalent to that of the classical O(2) model in dimension d + 1. In the ordered phase, the
coupling constant of this model vanishes as Ay ~ k*~(4+1) (Sec. 11.3.3), which is nothing
but our starting assumption (13.101). Thus, for k¥ — 0, we find that the existence of a linear
spectrum is due to the relativistic form of the action rather than a nonzero value of \; as
in the Bogoliubov theory.

We are now in a position to obtain the k¥ — 0 limit of the propagator in the zero-
temperature superfluid phase. The one-particle propagator in a constant field can be written
in a form similar to (13.83) or in terms of its longitudinal and transverse components,

e szj Cratp) * ((5,-7]- d)éz ) Gr(p;n) + €;Gre(p;n), (13.103)
where2?
Gru(p;n) = f%(z;;)n)’
Gr(psn) = %(Z;)n)’

with D, =T%, +2nl 44Tk + FCk For a real field (¢; = ;1v2n), Gn, Gy and Gy, can
be identified Wlth G11, G22 and G2, respectively. Using (13. 80) and (13.98), we obtain

1
G ; =—
Jc,u(p, no,k) ONkTO K )
1 2meZng g 1
G ; = — = — k 2 s .
k.t (23 10,%) Var(@ +2p?) e Wt p? (13.105)
1 2o pw _dng mci w

G16(p; o,k = — :
ol )= 2Xkn0, Vak(w? + ¢2p?) dp g w? + c2p?

Since thermodynamic quantities are not expected to flow in the infrared limit (see Sec. 13.3.3),
they can be approximated by their k = 0 values. As for the longitudinal propagator G—o i,
its value is obtained from the replacement Ay — C(w? 4 ¢?p?)3~9/2 (with C' a constant).
We finally obtain

mec2ng 1 dng mc? w 1
Gr(p; =5~ — 555 + 2Gul»
n(p510) 7 ErEp  du n P tpl 2 u(p;mo),
) 1 ) (13.106)
mcTng
Gan(p;n0) = n Wl cp? + §G11(P; no),
for k£ =0, where
1
Gu(psno) = — (13.107)

2n0C (w? + 2p?)B-d/2

23 As discussed in chapter 11 (see, e.g., footnote 29 page 749), we define here the physical propagator as
—1"1(62)_1 rather than —(l"](f) + Ry)~ L
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and ng = ng k=0, ¢ = Ck=0, etc. The divergence of Gy(p;ng) for p — 0 is logarithmic when
d=3.

13.3.3 RG flows

The conclusions of the preceding section can be obtained more rigorously from the RG
equation satisfied by the effective action. To simplify the analysis, we truncate the effective
potential,

A
UO,k -+ —k(n — no’k)2 if no,k > 0,
Ug(n) = 20 (13.108)
Uo,k + 5kn + Tan if nok = 0,

where 6 = U, (no k) and A\, = U}/ (no,x) (% vanishes in the superfluid phase). The derivation
of the flow equations is similar to the case of the (classical) O(N) model and we only give
the final results:?*
3 1 .
Onok = §Ilc,11 + §Ik,tt if mnor >0,
O = — 22Xy if nor =0, (13.109)
Ok = — An[9k1,1(0) — 611616 (0) + Jisee 1 (0)],

and
9 0
O Zagy = — 2)\;@”0,1@? [Tisee () + Jrsee,n(p) + 2Jk;1t,1t(p)]’ )
p =
0
OtZcy = 2)\in07k% [Tste,16(P) — Tste,se(P) — 3Tksuie (p) + 3Tksen(p)] ’ 5 (13.110)
0
OVar = — 2)\ino,kﬁ [T et () + Jisee,u(p) + 2Jk;1t,1t(p)]. )
W p=0
where
Ilc,a = /étGk,a(q;no,k)a
I (13.111)
Jiap(p) = /[atGk,a(q;no,k)]Gg(p+ q;10.k),
q
with «, 8 = 11, tt,1t and 8, = (01 Ry)OR,,- It is sometimes convenient to rewrite these
equations with the dimensionless variables
fio e =k~ Zc kmo ok = Z 3k er o, (13.112)
- : - ’ Nl
A = k:de,;lZ;_’lkZalk)\k, VA,k = EkZAwkZ&ZkVA’k.
We then obtain
) i 3. 1. .
0o = — (d+nek)nok + ijk,ll + ilk,tt if 7o >0,
D10k = (ak —2)0k — 2\ Iy if gk =0, (13.113)

O = (d— 2+ nak +10k) M — Ap [9jk;11,11(0) — 6Jp16.14(0) + jk;tt,tt(o)]7

24 — —
Ik,ll = Ik,tt when nok = 0.
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and

I I . .
NAk = 2>\in0,kfay [Jismee (P) + Jisten(p) + 2Jka6,1(p)] ‘ o
e

_ o - - - -
— N2 [ — J. —3J, 3. ‘ :
ne,k 10,k B [ st 16 (D) st et (D) wi1e (P) + k,lt,ll(p)] =0 (13.114)

O Var =2 —nar+2nck)Vak

Y o .. - -

- QAino,kﬁ [Jrsinet (P) + Jrseen(P) + 2Jk;16,10(P)] ‘p:O,
where

"7A,k> = —3t In ZA,k7 77C,k = —6t In Zc,k, (13.115)

y=p?/k? and @ = wZc /Za kex. The expression of the threshold functions Iy o, Jk.as(p),
Iy o and Jy o5(p) can be found in Appendix 13.B.

13.3.3.1 RG equations in vacuum

The set of parameters 7ig = 6 = A = 0 and V4 = 0 corresponds to a fixed point of the flow
equations (13.113) and (13.114). We shall see that for d > 2 this non-interacting (Gaussian)
fixed point is the only fixed point in vacuum where both the density and the condensate
density vanish. When ng, =0, 0:Z4k = 0:Zc ik = 0Var =0, ie.

Zax=7Zcr=1 and Vap=0. (13.116)

We then have T'4 1 (p) = ep + Ri(p), I'sx(p) = Ak, T'ok(p) = w in a vanishing field (n = 0),
and

€p + Ri(p) w
_T@’ Gk,h(p) = 7Dk(p)’ (13.117)

where Dy (p) = [ep + Ri(p)]* + w?. From these expressions, we deduce

Grulp) = Gr(p) =

w? — [ep + Ri(p))?

0:Grn(p) = 0,Gri(p) = — Di(p)? O¢Ri(p),
]  2uley + Bulr) (13.118)
O1G1(p) —Dk E 0:Ry(p)
and
DM = A2 %f(’“;;) {10[ep + Ri(p)]* — 22w°[ep + Ry (p)]}- (13.119)

With the frequency-independent cutoff function (13.75), the frequency integral can be done
analytically and we obtain

A 0; R (p)
O\, = 2k | TR 13.120
T p lep + Ri(p)]? ( )
i.e.
1 1 1 1 1
e — , 13.121
Ab A 2/p <ep+Rk(p) €p+RA(P)) ( )
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where Ay = ¢ is the bare interaction. If we take the function r(y) = (1 — y)(1 — y)/y
in (13.75), we finally obtain

1 _1_ l/ <@(|p| —k) | Ok—lp) 1> . (13.122)

Ak g 2 €p €k €A

In three dimensions, equation (13.122) gives

1 1 m (2N 2k
———=— = =—=. 13.123
A g 272 ( 3 3 ) ( )
The renormalized value A
Mo = —2 (13.124)
m

of the interaction defines the (s-wave) scattering length

m g

=——"\ (13.125)
g
Thus, the interaction
4ma 4 -1
=—|(1-—k& 13.12
)\k m ( 3 a) ( 3 6)
is fully determined by the boson mass and the scattering length.
In two dimensions, we obtain
1 1 m A
—=—-+4+—In|—). 13.127
A g + o (k) ( )
Introducing the two-dimensional scattering length
2 2m 1
= — -—=C+ = 13.128
a= 4 exp ( g + 2) ( )

(C is the Euler constant), we can rewrite (13.127) as

1 m ka 1
L Y - . 13.12
M 27T[n<2>+0 2} (13.129)

Both in three and two dimensions, the dimensionless interaction constant S\k = ke i
vanishes for £ — 0. The only fixed point of the RG equations (13.113) and (13.114) in
vacuum (ng = 0) then corresponds to A = § = 0 (the latter condition implies p = 0). We
recover the fact that the upper critical dimension of the vacuum-superfluid transition is
df = 2.25 Since the one-particle propagator is not renormalized at the quantum critical
point (Zar = Zcy =1, Vap =0 and 0, = 0) the dynamical critical exponent is z = 2. If
we linearize the T' = 0 RG equations about the fixed point § = X\ =0, one finds a relevant
variable () in the vacuum phase with scaling dimension [§] = 2 so that the correlation-
length exponent is v = 1/2.

250ne easily verifies that the RG equations in vacuum admit a non-trivial fixed point X >0ford< 2
(see Sec. 7.4.4).
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Scattering length in the NPRG approach. In vacuum one can compute the
renormalized interaction A directly from the action S + ASy; without solving the
RG equation. Summing the ladder diagrams (the only ones that contribute to the
interaction in vacuum), one finds

11 1 1
I R 13.130
e g 2 /p ep + Ri(p) ( )

with a frequency-independent cutoff, which differs from the result (13.121) obtained
by integrating the RG equation Ox A unless Ra(p) = co. When the latter condition is
not fulfilled, the initial condition I's is not given by the microscopic action (13.1), i.e.
Ar # g. As noted in chapter 11, this fact does not matter as long as we are interested
in the long-distance physics which is here entirely determined by the scattering length
a. However, one has to properly define the latter [Eqgs. (13.125,13.128)] in order to
reproduce the correct expression of Ay = Ax(a) [Eqs. (13.126,13.129)].%°

13.3.3.2 The healing momentum scale

In the dilute limit, the finite condensate density can be ignored as long as € > 2)\1@710,1?27

This defines the characteristic (healing) momentum scale py,
€pn = App 10,y - (13.131)

The flow is governed by the Gaussian fixed point A = fig = 0 for k > py, and is driven away
from that fixed point when k& < p; because of the finite boson density. For k > p;, we
can solve the RG equations to leading order in p? /k? ~ Ay, 1o p, /€x. The coupling constant
A can then be approximated by its value in vacuum. To obtain 0yng j to leading order in
AkNo,k, We use

&+ Ri(p) | 2\knok
Di(p) Di(p)?

Gru(p;nok) = [ep + Ri(p))” + O(”%,k)?

(13.132)
) . _Ep + Rk(p) . 2)\kn0’k 2 2
Gk,tt(pa no.,k) - Dk(p) Dk(p)2 w* + O(no,k)
(Dy(p) is defined after Eq. (13.117)) and®® Zax = Zc = 1, Va, = 0. This gives
0y Ri.(p) 2 2
dnor. = 2 ArE {Di(p)([ep + Ri(p)]* — w?)
+ Axno.klep + Ri(p)] (5W2 — 3lep + Rk(P)]Q)}
)\knok/ atRk(p)

_ Mo, , 13.133
2 ), o + RGP (15:133)

where the last result is obtained using the frequency-independent cutoff function (13.75).
From (13.120) and (13.133) we deduce that

at()\kno,k) =0 (13.134)

26Equation (13.129) is obtained by solving (13.130) and using the known expression a = %672"/7”970 of
the two-dimensional scattering length in a system with a ultraviolet violet momentum cutoff A (see Sec. 7.4).

2"For k 2, pp, and with the cutoff function Rk (p) = (€5 —€p)©O(ex —€p), no k. enters the threshold functions
in the combination € 4 2Agng -

28For a justification of this approximation, see Appendix E.4 in Ref. [30].
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18.8 Non-perturbative RG approach 881

to leading order in k?/p7. This equation allows us to relate A, ngp, to the chemical
potential,
Api 0.y, 2 AATOA = JL. (13.135)

This yields

Ph = \/2mAp, 10 py, =/ 2mu, (13.136)

which is the standard expression of the healing momentum.
For a three-dimensional system, since A, ~ 4wa/m for ppa < 1, we find

pr = V8man, (13.137)

where we have used ngp, ~ 7 in the dilute limit.> In two dimensions, the logarithmic

vanishing of )\j, in vacuum plays a crucial role. From equation (13.129), we obtain3*
2 2
Ap, = — m/m ~ _ 2m/m (13.138)

In(P5%) +C — 3 ‘ln\/mcﬂu‘

for pra = v/2ma?p < 1, and therefore

41 4

n N T
ln\/maQ/i‘ |In Vna?|’

P = 2mA,, no.p, ‘ (13.139)

using ng p, ~ 7 and na? < 1.
In the weak-coupling limit Ay < 1, i.e. 2mgA < 1 (d = 3) or 2mg < 1 (d = 2),°

Apn =2 G, DPh = £/ 2mgn, (13.140)

except, in two dimensions, when the density is exponentially small.

13.3.3.3 Numerical solution of the RG equations

In section 13.1.2 we pointed out that perturbation theory breaks down below the Ginzburg
momentum scale pe (pg < pn). We therefore expect the RG flow to be non-trivial for
k < ppn, and the Ginzburg scale pg to manifests itself as a characteristic momentum scale.

We can improve the perturbative estimate of pg given in section 13.1.2 [Eq. (13.23)]
by replacing the bare interaction constant g by A, in order to include fluctuations at
momentum scales k 2 pp. This gives

Dr, €Xp (—COHSt/W) (d=3), (13.141)
9 .

pc ~ Pn (d

| In vVia?|

where py, is defined by equations (13.137) and (13.139).
The numerical solution of the flow equations is shown in figure 13.7 for a two-dimensional
system in the weak-coupling limit mg < 1. We can clearly distinguish two regimes

29The result ng,p, = N is correct to leading order in the dimensionless parameter S\Ph‘

30The two-dimensional scattering length a is then exponentially small.

31For a three-dimensional system in the weak-coupling limit, the Ginzburg scale pg is exponentially small
so that deviations from Bogoliubov theory appear only at extremely small energies.
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nok/Moj=A ]
ns.k‘/ns k=A ]
S Mg 498 Cr/Ch-n
Zok T o e ]
Vak/Va k=0
0 PR P S | P | 0.57 n P | PR I A PR N -
10 5 hl(p(?/k) 5 10 10 5 hl(pc(}k'> 5 10

Figure 13.7: RG flow in a two-dimensional system: (left) Ay, Zcox and Va i vs In(pg/k)
where pg = /(gm)3n/4n (n = 0.01, 2mg = 0.1 and In(pg/pr) ~ —5.87). The inset shows
pe vs 2mg obtained from the criterion Vj ,, = Va r=0/2 (the Green solid line is a fit to
pc ~ (2mg)®/?). (right) Condensate density ngj, superfluid density n,; and Goldstone
mode velocity ¢ vs In(pg/k).

separated by the Ginzburg momentum scale pg ~ /(gm)3n (see the inset in the figure).
In the (perturbative) Bogoliubov regime k > pg, Zar ~ Zcy ~ 1 and Va ~ 0, while
A\ remains nearly equal to its initial value Ay = ¢.%2 In the (non-perturbative) Goldstone
regime k < pg, we find that both Ay and Z¢  vanish linearly with k in agreement with
the conclusion of section 13.3.2 [Eq. (13.101)], while V4 j takes a finite value. This regime
is dominated by phase fluctuations and characterized by the vanishing of the anomalous
self-energy Xp an(p = 0) = A\gnox ~ k and the divergence of the longitudinal propagator
(Secs. 13.2.3 and 13.3.2).

The condensate density ng , the superfluid density ns ; and the Goldstone mode velocity
¢k are not sensitive to the Ginzburg scale (Fig. 13.7). This result is particularly remark-
able for the velocity ¢y, whose expression involves the parameters Ay, Z¢ ), and V4, which
all strongly vary when k ~ pg. Thus we see that the coupling between longitudinal and
transverse fluctuations does not affect thermodynamic quantities. More generally, all phys-
ical quantities related to correlation functions obtained as averages of local gauge-invariant
operators (like the density-density correlation function) are expected to be free of infrared
divergences and insensitive to the Ginzburg scale.

13.3.3.4 Analytical solution of the RG equations in the infrared limit

In the Goldstone regime it is possible to solve analytically the RG equations. When k < pg,
the physics is dominated by the Goldstone (phase) mode and longitudinal fluctuations can
be ignored. If we take the cutoff function (13.76) with 7(Y) = ©(1 —Y)(1 —-Y)/Y,*
the threshold functions I~;€7a and jlc,aﬁ (p) can be computed exactly and one obtains (see

32For the weak-coupling value 2mg = 0.1, the flow of A\j for & > p; can be neglected, i.e. App = g
[Eq. (13.140)].

33In the infrared limit, it is natural to choose a cutoff function Ry (p) acting on both momenta and
frequencies and satisfying the Lorentz invariance of the effective action I'y.
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Appendix 13.B)

_ _ < - v A2
Ao = —(d+nck)fok,  OAk = (d—2+nck) Ak + 8ddjll ‘71];2,
5 Ak (13.142)
v - -
Nnek = —8 el %, OVar =2+ 2nck)Var,
d+1yt/
Ak

while 4., ~ 0. The first and last of these equations can be rewritten as ng = ng x=o and
Va.k = Va k=0, respectively. From (13.142), we deduce

atj\k = (1 - G)S\k, 6,5’/]0,]c = —€NCc,k — n%’m (13.143)

where € = 3 — d. This yields

~ —1 3 ~ ~ -1 =
{nqk k™' Ae~k, Zog, A~ |Ink[Th i d=3, (13.144)

nNe,k — —E, A ~ klfe, Zc’k, A ~ k€ if d<3,

for £ — 0 in agreement with conclusions of section 13.3.2 and the numerical results shown
in figure 13.7. The anisotropy between time and space in the Goldstone regime k < pa
(where the action Ty, takes a relativistic form) can be eliminated by an appropriate rescaling
of frequencies and fields: @ — V,; ,16/ %% and b — ‘N/Aj ,16/ 4(5. We thus obtain an isotropic
relativistic model with dimensionless condensate density and coupling constant defined by

Aibge = Ve ok, =V (13.145)

N, satisfies the RG equation

~ ~ ’Ud 1 ~
AN, = —eN), + 8d++1A;€2, (13.146)

which is nothing but the RG equation of the coupling constant of the classical O(2) model in
dimensions d+ 1 (Eq. (11.114) with N = 2 and 14(0,0) = 4/d for r(y) = (1 —y)(1 —y)/y).
The corresponding fixed-point value A, * is given by (11.117). In the infrared limit, we find

Mo = k™ Zagen)*2VIEN, ~ kX (13.147)

if we approximate Z4; ~ Z4 k=0 and V4 1 ™~ V4 x—o. The vanishing of A\; ~ k¢ is therefore
the consequence of the existence of a fixed point X'* for the coupling constant of the effective
(d + 1)-dimensional O(2) model that describes the Goldstone regime k& < pg. (In three
dimensions, \* = 0 and \j, vanishes logarithmically.)

13.3.4 Thermodynamics
13.3.4.1 Mean-field theory

The Ginzburg scale is crucial to understand the infrared behavior of the one-particle prop-
agator but is irrelevant for thermodynamic quantities. As a result, the leading-order results
for small ma®p (see chapter 7) can be obtained by approximating I'y—o by T, , i.e. by
ignoring any additional renormalization of the effective action as k decreases from pj to
zero. This is equivalent to mean-field theory but with the renormalized interaction constant
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Ap, rather than the bare interaction constant g. We expect this approximation to be valid
for thermodynamic quantities if the dimensionless coupling constant \,, is small,

Ap, = 2mpi 2N, < 1, (13.148)

where we assume Z4, ~ 1 and Z¢ ~ 1.
Let us first consider a three-dimensional system. From equations (13.136) and (13.137),

we deduce

.
p= (13.149)
m

so that3*

Apy, = 8Tpra ~ \/pma? ~ vVna?, (13.150)

where we have used ng p, ~ 7 in the dilute limit (to leading order in X, ) and \,, = 4wa/m.
We thus recover the small parameter fia® ~ pma? of the three-dimensional dilute Bose gas.
The sound mode velocity (13.91) and the superfluid density (13.93) are then given by3®

e <)‘phn0,ph ) 1/2 _ Viman

m m

, Ng = Z A p,N0,p, =T (13.151)

to leading order in A,,. Equations (13.149) and (13.151) are the standard results for the
thermodynamics of a Bose gas in the dilute limit to leading order in 7ia® (Sec. 7.4).
For a two-dimensional system, one finds

2n/m 2n/m

= ~ —. (13.152)
‘ln (\/ma2,u)’ | In Vna?|
using no x ~ 7 and na? < 1. The sound mode velocity is given by
Apr10,p; 1 2mn 1 2mn
R PR o~ ~ . 13.153
m\ |ln/ma?p] M\ |InvVna?| ( )

Again we reproduce the mean-field results obtained in section 7.4.36

13.3.4.2 Beyond mean-field theory

One can go beyond the mean-field theory by numerically solving the RG equations. All
thermodynamic quantities can be derived from the pressure P(u,T) = —Uk=0(n0,k=0);
which is obtained by solving the RG equation

1 3 —iw
OUk(nok) = —5/@13%(17) {gk,u(p; no,k)fiw"0+ + Gr22(p; ok e n0* (13.154)
p

34The dimensionless parameter S\Z,h can be related to the ratio v = Qm/\phﬁl_z/d between the mean
interaction energy per particle A\p, 7 and the characteristic kinetic energy ﬁ2/d/2m. In three dimensions
App ~ 732, while Ap, ~ 7 in two dimensions.

35The result ns = 7 is exact (to all order in Ap, ) due to Galilean invariance (Sec. 13.3.1).

361n the weak-coupling limit mg < 1, where the scattering length (13.128) is exponentially small, u ~ gn
and ¢ ~ y/gn/m except for exponentially small values of the chemical potential or the density.
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Figure 13.8: Pressure P(u) vs ma?p in a three-dimensional Bose gas at zero temperature
(2m =1 and a ~ 0.035619). The circle show the NPRG result obtained from (13.155). The
dashed line shows the mean-field expression mu?/8ma and the solid one the result including
the Lee-Huang-Yang correction [Eq. (7.176)].

(here we consider an arbitrary temperature), where G11(p) = —((p)¢*(p)) and Gaa(p) =
—(*(—p)¥(—p)) [Eq. (13.3)]. Since G11(p) = Gaa(—p) ~ 1/iw,, for |w,| — oo, it is neces-
sary to introduce convergence factors 9" to make the Matsubara sums well defined.?”
Equation (13.154) can be rewritten as

1 . W
O Ui(nok) = *5/3tRk(p) (Grn(p; no,k) + Grse (D3 10,5) — 20Gr 10 (p; M0,1)] € n0,
P

(13.155)
The Matsubara sums for G 1 and Gy ¢ are convergent and do not require the convergence
factor. This is not the case for G, which decays as 1/iw, for large |wy|. Since Gy is
odd in w,, the Matsubara sum would vanish without the convergence factor. This means
that the sum is due to large frequencies for which Gy 1; is equal to its noninteracting value,
ie.

E G ,L 0 E /L et = — = (13 156)
(3 p n . .

Here we assume a frequency—independent cutoff function. As for the contributions of Gy 1
and Gy i, they can be computed using the LPA’ approximation. At zero temperature,
the pressure can also be obtained from d?P/du? = dn/du and the thermodynamic rela-
tion (13.99), without solving the flow equation 0;Uy.

Figure 13.8 shows the pressure as a function of ma?u in a three-dimensional system
at zero temperature. In the dilute limit ma?y < 1, deviations from the mean-field result
mu?/8ma are very well described by the Lee-Huang-Wang correction (see Sec. 7.4). More
generally, the pressure takes the form

m\ 4/2 ac
P(uT) = (5) 'G5 (Aéi >) (13.157)

. /2 d/2+1 (d) 3 (vac)
P(u,T) = (%L) T FDBG( AL ) (13.158)

37See the discussion page 70 in chapter 1.
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(pr = V2mT) in the universal regime ma?|u|, ma?T < 1 (Sec. 7.4.4). 5\,(:“) is the di-
mensionless interaction in vacuum [Egs. (13.126,13.129)]. The universal scaling functions

ggigg and }'ggg, characteristic of the d-dimensional dilute-Bose-gas universality class, are
deduced from the numerical solution of the flow equations.®

13.4 Superfluid transition in a dilute Bose gas

Appendix 13.A Ward identities in a superfluid Bose gas

In this Appendix, we discuss the symmetry properties of the effective action 'y, (Sec. 13.A.1).
We then derive the Ward identities that follow from the gauge invariance and the Galilean
invariance of the microscopic action (13.1) (Secs. 13.A.2.1).

13.A.1 Symmetries of the effective action I'j

The microscopic action (13.1) is invariant in the (semilocal) U(1) transformation
(@) = b)), (@) St (@)eT T, p o ptideal), (13.A.1)

where «(7) is an arbitrary time-dependent phase. The invariance holds because the the
combination 0, — p in the action (13.1) acts as a covariant derivative. At zero temperature,
the microscopic action is also invariant in the Galilean transformation

’l,[)/(r/,T,) — e%7nv2'r—i7nv~r,l/}(r77_)7 d)/*(r/77_/) — e—%1'nv2‘I'-Q—i’mv~r,l/)>i<(1_77_)7 (13A2)

where r' = r 4+ iv7 and 7/ = 7 (Sec. 2.2.5). The invariance is ensured by the fact that the
derivative terms appear in the kinetic term in the combination 9, — V2 /2m. The interaction
term is clearly Galilean invariant for a local interaction.

Since the transformations (13.A.1) and (13.A.2) act linearly on the field, they also leave
the effective action I'[¢*, ¢] invariant (Sec. 2.3.3). For I' to be invariant, the derivative
operators J;, V and the chemical potential must appear only in the combination

V2
Dy =40, —p——, (13.A.3)
2m
with D, acting on ¢ and D_ on ¢*. Thus we can write I' as an expansion in the operator
Dj:7

B
ritol = [ ar [ar{Un)+ 5200 Do+ 0D-0)

1
+322(n)(¢" D36 + 9D 6") +} (13.A.4)
The action may also contain terms of the type n?(Vn)" (p,q,r integers) since both n
and Vn are Galilean invariant (with ¢r even to ensure parity invariance). Note that at
finite temperature, Galilean invariance does not hold since it is broken by the thermal

38In three dimensions, the scaling functions QS’%G and flgggc can be computed from a loop expansion in
some regimes (Sec. 7.4) but not near the superfluid transition temperature (Sec. 13.4). The calculation is
much harder in two dimensions where the loop expansion breaks down in the finite-temperature superfluid
phase (the superfluid phase at 7' > 0 has a vanishing condensate density (no = 0) and algebraic order) [29].
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bath.?® The U(1) invariance (13.A.1) still holds but does not lead to a useful Ward identity
(Sec. 13.A.2.1).

When the regulator term ASy, is invariant in the transformations (13.A.1) and (13.A.2),
the scale-dependent action I'y[¢*, @] is also invariant. This is not the case in the approach
discussed in section 13.3. On the one hand, the cutoff functions (13.75) and (13.76) are
not Galilean invariant (the function (13.76) also breaks the semilocal U(1) invariance). On
the other hand, the ansatz (13.77) is not of the form (13.A.4). Nevertheless, the numerical
solution of the flow equations shows that the Ward identities associated with the (semilocal)
U(1) and Galilean invariances (Sec. 13.A.2) remain very well satisfied.

13.A.2 'Ward identities
13.A.2.1 Gauge invariance

Let us consider the microscopic action
() — Y A ()2 9 ()4
S = / [ (@) (00 — ula) — 5[V ~ iAW) )p(@) + 5[() (13.A.5)

in the presence of external sources p(z) and A(x) and at zero temperature (8 — 00). S is
invariant in the gauge transformation

P(x) = P(@)e @, (@) = p*(x)e @), (13.A.6)
pw(z) = p(z) + i0ra(x), A(x) = A(z) + Va(x),

where «(z) is an arbitrary real function. This implies that the effective action satisfies
T[R(a)¢; i+ i0-a, Ay + O] = Tlo; p, Ay, (13.A.7)

where ¢ = (¢1, ¢2) is a two-dimensional vector and

R(a) = ( cos(a) - —sin(a) ) (13.A.8)

sin(a)  cos(a)

is a rotation matrix. Differentiating (13.A.7) with respect to a(x) and setting a(z) = 0, we

obtain
25 e”gbj ) + i, —+Z M (I . (13.A.9)

Differentiating now with respect to ¢;(z2) and pu(x2) and setting ¢ = (v/2n0,0), p(z) = p
and A(z) =0, we deduce

_,/2n0I‘g) (.%'27.%'1; no) + l.aﬁrl(?o)(l'g,.’ﬂl;ng) + Z@ Fl( b (.Z'Q,.fl;no) = 07

V1

—\/ZnOI‘%(xl, x9;mo) + i@Tlng())(xl, x2;m0) + Z@VII‘SEO(xh x2;m0) =0,

Vi

(13.A.10)

39 At nonzero temperature (3 < o), the transformation (13.A.2) is not allowed since it does not conserve
the periodicity of the field: ¢ (r,7 + 8) = ¥(r, 7).
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where we have introduced
sAr
r® . _
0 B 0) = 5 o)
sAr
Sp(x2)dp(z1)

and similar definitions for Fl(;zy)(iﬂg,xl;’ng) and Ffz())(azg,xl;no). In Fourier space, equa-
tions (13.A.10) lead to the Ward identities

)
n=ng,u(z)=p,A=0

(13.A.11)

T30 (@2, w15m0) =

)
n=ng,u(x)=pn,A=0

V21 F§2) (p;mo) + wF(l o(Psmo) + Zzpl, (p, ng) =0, (13.A.12a)
\/Qnofé; (p;no) + wF(Q;()J(p; ng) + Zipl,l"g;l),(p; ng) =0, (13.A.12b)
\/Qnol’é?g(p; ng) — wF;(g()J(p; ng) — Zipyfffg(p; ng) = 0. (13.A.12¢)

174

From (13.A.12a), we deduce®”

0 1
yr(m(}?, no)‘ = \/— 52())(17 = 0;m0)
1 9*U o*U

(13.A.13)

- V2ng 06104 "  Ondp e

where the effective potential U(u,n) is considered as a function of both p and n. From
(13.A.12b) and (13.A.12c), we obtain

0 1 0

Y (2 ’ _ (2) ‘
F =
a (pv TL()) p=0 \/%8 (pv ) :07 ALl
9 1@ LE) 1 U (3419
) o(p; 0)’ o Vo L'0(05m0) = N
and therefore*’ 5 52
@, __ 1L ovu
ﬁFZQ (p, TLO) p:()i Qno au2 (13A15)

13.A.2.2 Galilean invariance

Another Ward identity can be obtained from the Galilean invariance of the microscopic
action. The latter is invariant in the transformation 1 (z) — ¢(x)e'd™, *(z) — Y(z)e 9T
if we shift the chemical potential u by q2/2m, which implies

L[R(e)¢, p+ q®/2m] = T[g, (13.A.16)

where a(z) = q-r and the chemical potential u is taken uniform and time independent. To
order g2, equation (13.A.16) gives

2 6F[¢] 1 (2) ’ /
0=——"+n [ deda'T55 (z — 2'sno)a(z)a(a’)
2m 8?[¢] / ) . (13.A.17)
_ q* 9rfd] =
om oy OV 04’ op? 2155 (pimno) o’

40For ¢ = (v/2n0,0), we can identify 1"< ) to I'c and 1"22) tol4.
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where we have set ¢ = ¢ = (v/2ng,0). Since

or'[¢] oUu _
—Z =BV—| =-8Vn 13.A.18
alie (13.A.18)
(see Eq. (13.96)), we finally obtain*’
0 (2) n
—T ; = 13.A.1
op? 22 (P no)‘pzo omng’ (13.A.19)

where n is the mean boson density.

Appendix 13.B Threshold functions

In this section, we give explicit expressions for the threshold functions I, and J,(p) involved
in the NPRG flow equations. We assume a cutoff function Ry acting both on momenta and
frequencies [Eq. (13.76)]. Similar results can be obtained for a cutoff function acting only
on momenta.*!

13.B.1 Dimensionful threshold functions

With the notations

Ak(p) = Zakep + Varw® + Ri(p), By(p) = Ax(p) + 210 1 Ak

(13.B.1)
Ck(p) = Zeww,  Di(p) = Ci(p)® + Ar(p)Br(p),
we have A B o
Ghn = —D—i, G = —D—i, G = D—z, (13.B.2)
and 2 _ 42 2 2
- . (2 — ~ . Cf—-B
0Gx1 = *Rk%, 0;Gx 1t = *Rk%v
k (A + By) k (13.B.3)
0,Gyx 1 = _Rk%7
i
where
' p?  w?
Ry, = O0:Ry, = 7ZA)]€E]€Y(T]A)/€T + ZYT/)7 Y = ﬁ + 212 =y+ @2, (13.B.4)
A

with r = r(Y) and ' = 9r/9Y. All propagators are evaluated in the equilibrium state
n = ng . Equations (13.B.2) and (13.B.3) can be used to compute Iy o and Jy op(p), as
well as 8ka,a5(p)|w:o and awz Jk’ag(p”w:o.

Following the same lines as in the classical O(N) model (see Appendix 11.B), we find

0 Ud , 4 o0 o
— ko =422y // dyy*?{ K2y 2V 1) — G
8€ka, 5(p) oy Ak || dyy (makr + T)aRkG’““

41In this case, the expression of Ry and its derivatives should be changed: Ry(p) = Z A kexyr(y),
OtRir(P) = —Za keryna,kr(y) + 2yr’ (y)], ete.
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0
+ Marr + (Mak + Y7 + QYQ’F”] 55 ;€7a} ;c,[i’ (13.B.5)
k

The function G}, ,(p) = 9p2G,a(p) can be expressed as

1 1
GL,H = _ﬁ(cle;c - AiBz'c% Gi(,tt = _ﬁ(CZBllc - A;cBl%)a
k o k (13.B.6)
lt = —D*S(AQBIC + ArBy),
k
where
Al =02 A = ZA7’“(1+T+W) B, = 02By = @(HHW). (13.B.7)
k P 2m ’ k p 2m
We also have
19} 2 )
R, i = D3 [CR(ARBy, + AL B + AL AL) — AYBL],
0 2
TRk {(,tt = H}:z [C,?(AkB;c + A;ch + BkB;c) - A;Bi’}’ (13~B~8)
iG’ = - @[(C? — ApBy) (A, + By,) — 2A3B;, — 24, B}
Ry el D? k k Dk Pk
and P 1 ) |
7G/ — CQ _A2 , 7G/ - C? _B2 ,
8R§C k11 Di( k k) BR;C k,tt DI%( k k)
5 o (13.B.9)
' k (Ak + Bk).

o Ukt T T2
OR;, M D?
Equations (13.B.6), (13.B.8) and (13.B.9) are used to compute O, Jos(p)|p=o0 [Eq. (13.B.5)]
and in turn 0;Z4 k.
13.B.2 Dimensionless threshold functions

We introduce the dimensionless propagators

(13.B.10)

where
Ay = (Zaper) " Ap = Vapd® +y + Y,
By = (Zager) "By = Ay + 22t 4, (13.B.11)
Cr = (Zager) 'Cl, = &.

The dimensionless coefficients fk,a and jk,aﬂ (p) are then defined by

i 9Gk.a
Do =k "ZcxIn e = —2vd/ y 2 (nagr + 2Yr’)Tk’ (13.B.12)
Y,w r
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and*?

= ZAkZC kEk
Jk,ap(p) = Tjk,aﬁ (p)

aék,a(Q) 2

| d/2—1
= — 5 ; df sin H/y@y / (makr + 2Yr’)TG57k(p+ q),
7 d/2—1 / aék,a a
Jk’ag(O) = — 2uq . Yy (nA,kT +2Yr )TGkﬁ (13.B.13)
v,
(d =3 or d=2). To evaluate (13.B.13), we use
G Y 5 s Dl Y -~ o
? = — A — C 2 - == B - C 3
ar Di( k k)? 871 Di( k k)
o e (13.B.14)
k.1t k7 =
— =—-——"(A By).
or D2 (Ay, + By)
In dimensionless form, Eq. (13.B.5) becomes*?
0 = ZA kZC kE% 0
—Jia ’ =220k 2 Jew ‘
G 5(p) o Pl s(p) o
oG,
Vd d/2 / ko
=4— 2Y
y /W y {(m,w +2¥r)—- .
oG, )
+ [asr + (ag +4)Yr +2v3" Y ar;a } vg  (13B.15)
where (C:’;Cd = 0,Gr.a)
! 1 ~2 A1 12 p/ ~¥! 1 ~2 R/ P2 A/
Gy = *E(CkAk — Ay By), kbt = *E(CkBk — BpAL),
k & F (13.B.16)
Gy = —D—Z(A;Bk + A By).
k
We also have®?
oG} ) 2 e
ot =5 |CRABL+ LB+ Acdy) — 4By
r+Yr/ k
olel ) 2 .
et == [cg(AkB; + A By, + BpB}) — A;CB;Z’} : (13.B.17)
T r+Yr/ Dk
oG, o/ SR - -
T o YOG 2By (A, + BY) - 242 —24,5),
r r+Yr! Dk

42In Egs. (13.B.13), y = q?/k? and cos§ = q - p/|d||p|-
43In equations (13.B.15) and (13.B.17), the derivative 9/r is taken with r+ Y7’ (i.e. R}, = 8,2 Ry) fixed.
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and B -
aG{(ll Y =2 2 8Gi{tt Y =2 52
o’ = _ﬁ(ck — Ap), o’ _ﬁ(ck - By),
K i k (13.B.18)
1t Yy, -
- — — (A B
o % (Ag + By)
We have introduced
A, =0, Ay =14+r+Yr, B, =0,By=1+r+Yr. (13.B.19)

13.B.3 Threshold functions with the theta cutoff

The threshold functions can be computed exactly in the limit & < pg if we take r(Y) =
(1-Y)O(1-Y)/Y and ¢ = (Za1/2mVa1)'/? ~ ¢q instead of ca (cy, is nearly k independent
for k < pg). For Y <1, one then has

Ak =Y + YT(Y) =1, Bk =1+ 25\k’fL07k, Dk =1+ 25\1€T~L0’k + &2 (13.B.20)

We also observe that the condition Y < 1 implies

Z,
@] < ok ~ K2 (13.B.21)
Z A K€k
On the other hand, R
)\kﬁo,k = (ZAJCEIC)_l)\kTLO,k ~ ke, (13.B.22)

In equations (13.B.21) and (13.B.22) we have anticipated that Zc x, A, ~ k379 for d < 3.
We can therefore neglect &? with respect to By, and

Dy, ~ By, ~ 2\ k (13.B.23)

becomes frequency independent. For d = 3, |&| < 1/|kInk| and A\gfig , ~ 1/|k*Ink|, so that
(13.B.23) holds.

We are now in a position to compute the infrared limit of the coefficients I, k,o and jk,ag.
Since 14, — 0, we have

N A2 — &2
Ipyn = —4'Ud/ yd/2_1Y2T/k~72w’
y,w Dk
. (13.B.24)
Toge = —4Ud/ y 2y 2y ko u
y,w Di

Since |&], flk < Bk, we can neglect INM with respect to IN;mt and approximate

. B2
Tote —4vd/ yd/2*1Y2r’~7’; = 4vd/ y? 91— v). (13.B.25)
y,w D, Y,

For any function f(Y),
o B o) Ao - o) B
ud/o dy y?? 1/ 2 ) :VA,Ilc/QUdJrl/O Ay Y@=D/2fy), (13.B.26)
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so that we finally obtain

F Vd+1 v7—1/2
Iy > 13.B.2
k,tt 8d+ 1VA,k ( 3 7)

and

- - 1.
0ok =2 —(d + no k) Mok + ilk,tt
Vd+1 v,—1/2
d+1 4F
~ —(d + nc,k) o ks (13.B.28)

~ —(d+nck)for + 4

where we have used the fact that the condensate density ng j flows to a finite value when
k — 0 (so that the flow of 729 ) is determined by the purely dimensional contribution).
With a similar reasoning, we find

12
Vd+1 >\k

atj\k ~ (d — 2+ nC,k)j\k — S\ijk;tt,tt(o) ~ (d -2+ 7]C,k)5\k + 8d 1 W/lg,

oy O Var1l Ak (13.B.29)
~ -2 A2 J. ~ — ,
nck 0,5k 5 kstt, 1t (D) o FE V,i/;f

O Vak = (24 2nck)Va .

All the integrals involved in the derivation of (13.B.28,13.B.29) are d + 1-dimensional
integrals of the type (13.B.26). This is a direct manifestation of the relativistic invariance
which emerges in the low-energy limit (Sec. 13.3.2).
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Guide to the bibliography

© N.

For references on the Bogoliubov theory, see the bibliography in chapter 7.

Early attempts to improve the Bogoliubov theory and the occurrence of infrared di-
vergences are discussed in Refs. [1—1].

The leading infrared behavior of the one-particle Green function [Eqgs. (13.106) with-
out the G); term] was obtained by Gavoret and Nozieres [41]. The vanishing of the
anomalous self-energy Y., (p = 0) was proven by Nepomnyashchii and Nepomnyashchii
(NN) [5]. Using diagrammatic techniques, NN then showed that the spectrum remains
linear at low energy despite the vanishing of the self-energy [6]. Furthermore, they
associated the infrared divergences of the perturbation theory to divergence of the
longitudinal propagator [7].

The necessity to develop a perturbation theory free of infrared divergences was actu-
ally realized by Popov before NN [3-10]. Popov’s hydrodynamic theory is reviewed
in [11,12]. The infrared behavior of the one-particle propagator obtained by NN was
reproduced in Ref. [13].

The infrared behavior of the one-particle Green function is also discussed in Refs. [14,

]

The (non-perturbative) RG approach to interacting boson systems is discussed in
Refs. [16-23] (zero temperature) and [24-29] (finite temperature). The spectral func-
tion of the one-particle propagator is discussed in [20-23].

Refs. for the computation of 7. with the BMW approach.

Dupuis, 2022
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