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From neutron stars to high-temperature superconductors,
strongly interacting many-body systems at or near quantum
degeneracy are a rich source of intriguing phenomena. The
microscopic structure of the first-discovered quantum fluid,
superfluid liquid helium, is difficult to access owing to limited
experimental probes. Although an ultracold atomic Bose gas
with tunable interactions (characterized by its scattering
length, a) had been proposed as an alternative strongly
interacting Bose system1–8 , experimental progress9–12 has been
limited by its short lifetime. Here we present time-resolved
measurements of the momentum distribution of a Bosecondensed gas that is suddenly jumped to unitarity, where
a = 1. Contrary to expectation, we observe that the gas lives
long enough to permit the momentum to evolve to a quasisteady-state distribution, consistent with universality, while
remaining degenerate. Investigations of the time evolution of
this unitary Bose gas may lead to a deeper understanding of
quantum many-body physics.
A powerful feature of atom gas experiments that provides access
to these new regimes is the ability to change the interaction
strength using a magnetic-field Feshbach resonance13 . In particular,
at the resonance location, a is infinite. For atomic Fermi
gases14–20 , accessing this regime by adiabatically changing a led to
the achievement of superfluids of paired fermions and enabled
investigation of the crossover from superfluidity of weakly bound
pairs, analogous to the Bardeen–Cooper–Schrieffer theory of
superconductors, to Bose–Einstein condensation (BEC) of tightly
bound molecules16,17 . For bosonic atoms, however, this route to
strong interactions is stymied by the fact that three-body inelastic
collisions increase as a to the fourth power21–23 . This circumstance
has limited experimental investigation of Bose gases with increasing
interaction strength to studying either non-quantum-degenerate
gases24,25 or BECs with modest interaction strengths (na3 < 0.008,
where n is the atom number density)9–12 .
The problem is that the loss rate scales as n2 a4 whereas the
equilibration rate scales as na2 v, where v is the average velocity.
Thus, it would seem that the losses will always dominate as a is
increased to 1. Even if we were to forsake thermal equilibrium

or, equivalently the trap parameters, can provide a length scale,
although one that is not intrinsic to the system. In addition, we
are ignoring here any explicit three-body interactions, which could
provide an additional length scale.) The gas behaviour should then
be universal in the sense that it is characterized only by the density n.
This means that energies scale as n2/3 , momenta as n1/3 , and times as
n 2/3 , which we parameterize respectively by En ⌘ h̄2 (6⇡2 n)2/3 /2m,
kn ⌘ (6⇡2 n)1/3 and tn ⌘ h̄/En .
The universality that makes the unitary gas so remarkable also
provides a reason to hope that rapid three-body loss will not necessarily be an insurmountable barrier to experimental exploration
of bulk (as opposed to lattice-confined) degenerate Bose gases with
unitarity-limited interactions. For the degenerate unitary Bose gas,
both the loss rate and the equilibration rate must scale as n2/3 . The
comparison of the two rates then hinges on unknown numerical
prefactors, and it becomes an experimental question whether losses
dominate or a local equilibrium can be reached. In addition, we
note that on resonance, the shallow bound state that exists for
finite positive a disappears, so that loss requires atoms to decay
to deeply bound molecular states29 . For 85 Rb atoms, the previous
experimental observation of a relatively narrow, and therefore
long-lived, Efimov resonance (characterized by a dimensionless
width, ⌘ = 0.057 ⌧ 1; ref. 11) is indicative that atoms close together
do not decay instantaneously to deeply bound molecular states.
Our experiments (Fig. 1a) begin with a 85 Rb BEC of between 5
and 7⇥104 atoms confined in a 10 Hz spherical magnetic trap30 . The
magnetic field, B, is set approximately 8 G above the 85 Rb Feshbach
resonance at B0 = 155.04 G (ref. 31). This sets the initial a to 142
a0 , which gives the BEC a Thomas–Fermi density distribution with
an average density hni = 5.5(3) ⇥ 1012 cm 3 . With a typical initial
temperature <10 nK, the thermal de Broglie wavelength is large
compared with hni 1/3 and is not a relevant length scale in the
physics of the ensuing experiment. Starting with this BEC in the
extremely dilute limit, with hnia3 < 10 5 , we then decrease B to B0
in 5 µs. During the final 3 µs of the ramp of B, hnia3 goes from an
essentially dilute value of 10 4 to hnia3 1.
After allowing the cloud to evolve at unitarity for a time t ,
we measure the momentum distribution of atoms by ramping,
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Figure 1 | The experimental geometry and loss rate at unitarity.
a, Schematic showing the geometry of the imaging. The magnetic-field
direction (ŷ), the imaging beam ( x̂) and the direction of gravity ( ẑ) are
mutually perpendicular. b, Number of atoms measured using absorption
imaging as a function of the time at unitarity. The number measured
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Momentum distribution calculation

”High temperature” expansion : small parameter nλ3th  1
Two phenomena :
3-body losses
Interactions
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3 body losses
(F. Chevy, D. Petrov, C. Salomon, F. Werner ...)

Figure –

3-body recombination-Courtesy L. Pricoupenko.

Use classical Boltzmann equation with 2-body elastic collisions and 3 body
losses :
∂t f

= Icoll [f ] − L3 [f ]

Icoll [f ] is two-body elastic collision integral at unitarity.
L3 [f ] is loss rate operator for unitary Bose gas :
Z
L3 [f ](p1 ) =
d3 p2 d3 p3 K3 (p1 , p2 , p3 )f (p1 )f (p2 )f (p3 )
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3 body losses
2-body collision rate (s−1 ) (Icoll ) γ2 ∝ n
3-body loss rate (L3 ) γ3 ∝ n2 =⇒ γ3 /γ2 ∝ n  1
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3 body losses
2-body collision rate (s−1 ) (Icoll ) γ2 ∝ n
3-body loss rate (L3 ) γ3 ∝ n2 =⇒ γ3 /γ2 ∝ n  1
B. S. Rem et al., PRL 110, 163202 (2013) :
γ3 /γ2 = (1 − e −4η )nλ3th
η : ”coupling” to deeply bound molecule
η ≥ 0 (7 Li : η = 0.2,

85 Rb

: η = 0.06).

=⇒ Treat L3 [f ] perturbatively.
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3 body losses
Treat L3 [f ] perturbatively.
∂t f

= Icoll [f ] − L3 [f ]

f = f0 + f1 + · · · , f0 : gaussian with time dependent energy(temperature)
and particle number :
2

f0 (p; t) =

n(t)λ3th (t) − 2 m kp T (t)
B
e
h3

Icoll [f0 ] = 0
0
∂t f0 = Icoll
[f1 ] − L3 [f0 ]

Idea of the method :
0 , find
Eliminate term with f1 by projection on the kernel of Icoll
differential equations for n(t) and T (t)
In order to find f1 , project onto space orthogonal to kernel (use
gaussian× orthogonal polynomials).
Order of magnitude : f1 ∼ L3 [f0 ]/γ2 ∼ (nλ3th ) f0 .
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3 body losses : results 1

Rate equations :
∂t n = −L3 n3
√
L3 ' 36 3π 2
∂t E

~5
(1 − e −4η )
m3 (kB T )2

(1)

5
= − E L3 n 2
9

Temperature T (t) : E = 32 kB n(t) T (t).
n(t) &, E (t) & ... but T (t) %.

Eq.(1) : L3 obtained in B. S. Rem et al., PRL 110, 163202 (2013).
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3 body losses : results 2

~
λth
expansion, the leading order term corresponds to the ideal
Boltzmann gas. In thefgrand canonical
ensemble,
=
f
+ fthis
1 term
reads ρ ðpÞ ¼ ze
, where z is 0
the fugacity
and
p

P H Y S I C A L R E V I E W L E T T E R S th

PRL 113, 220601 (2014)
1.0
0.8

ð1Þ

week ending
28 NOVEMBER 2014

−βεp

εp ¼ p2=2m. The next order term is the sum of two
p2
contributions. The first one corresponds to Bose’s statistics −
2 m kB T (t)
and is simply ρ ð2;aÞ ðpÞ ¼ z2e−2βεp , while the second one is
more involved and is due to interactions. Following [26], it
0
is given by

0.6
0.4

e

f (p, t) = n(t)

0.2
0.0

=

2

1

0

1

2

FIG. 1 (color online). Deformation of the momentum distribution of a unitary Bose gas due to three-body losses. From top to
−4η Þ ¼ 0 (blue, Boltzmann gas), nλ3 ð1 −
bottom: nλ3
th ð1 − e
th
−4η Þ ¼ 0.1 (red).
e−4η Þ ¼ 0.05(orange), and nλ3
th ð1 − e

(2π m kB T (t))3/2

ρ
3 (t) 2
n(t)λ
th
e
f1×(p, t) =
ξ(p/pth (t))
;
½s þ − −
&½s þ − − h 3&
ð18Þ
× (1 − e −4η )
where C is a Bromwich contour [27]. We note that this
ð2;bÞ

Z
Z
8πz2
ds þ∞ dPP2 e−βs
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðpÞ ¼
m Cγ 2πi 0
2π 2 −ms
−βðP2=4mÞ

P2
4m

p2
2m

ðP−pÞ2
2m

P2
4m

p2
2m

ðPþpÞ2
2m

γ
flattening of the momentum distribution when the threeexpression is simply twice that obtained for spin 1=2
body losses strength is increased.
fermions [26]. To convert this momentum distribution to
In the experiment described in [18], the cloud is not
the canonical ensemble, we use the virial expansion of the
directly prepared in the quasistatic, strongly interacting
equation of state of the unitary
Bose gas, nλ3
state. Rather, the experimental sequence starts with a the
th ¼ zþ
pﬃﬃﬃ
2b2z2 þ ' ' ', with b2 ¼ 9=4 2[13]. We thus obtain
weakly interacting Bose-Einstein condensate in a regime
where losses can be neglected. The magnetic field is then
−βεp þ ðnλ3Þ2½ξðλ p=ℏÞ − 2b e−βεp &; ð19Þ
ρðpÞ ¼ nλ3
th
2
th e
th
ramped quickly to unitarity where the system can relax
towards the quasiequilibrium described above. To get some
where
we
took
ρ ð2Þ ðpÞ ¼ ρ ð2;aÞ ðpÞ þ ρ ð2;bÞ ðpÞ ¼
insight on the relaxation of the system towards equilibrium,
2
z ξðλth p=ℏÞ.
we consider the simpler case of a noncondensed gas for
In Fig.
2, we
comparelosses
the effect of three-body losses with
Xavier
Unitary
and
3-body
which
the Leyronas
momentum distribution before the
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Virial expansion-thermal equilibrium
small parameter : fugacity z = e βµ  1,
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Viriel
expansion
Virial expansion-thermal
equilibrium

Viriel expansion

X. Leyronas

X. Leyronas

small parameter : fugacity
z = e βµ
1, z ' nλ3th , λth =
January
30,2018

30, 2018
Expand ρp = January
hcp† cp i in powers
of z.

q

2π~2
kB T m .

Diagrammatic approach :

Éric
BRUNET
ρp =
−G (p, τ = 0− ).
Xavier LEYRONAS
BRUNET

p

LEYRONAS

"

"

0

time

Z
i Z i30+ efif0+ ef f 0
i
0
3
d qd⌦
(k!++q,⌦)
!+⌦
!)⌃F=(k, !) =
d qd⌦
V e (q,V ⌦) (q,
GF ⌦)
(k G
+Fq,
4 e
4
(2⇡)
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1.2 Introduction

Virial expansion-thermal equilibrium

• High temperature expansion, principle of the method
Principle of the method
:
•

Method : Feynman diagrams

Feynman diagrams : building blocks are free particle (boson)
Building blocks are free fermions propagators G and interaction coupling
constant
g (e.g. for BEC-BCS
crossover)
propagators G 0 and
coupling
constant
g.
0

•

Ex. :
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1.2 Introduction

Virial expansion-thermal equilibrium

• High temperature expansion, principle of the method
Principle of the method
:
•

Method : Feynman diagrams

Feynman diagrams : building blocks are free particle (boson)
Building blocks are free fermions propagators G and interaction coupling
constant
g (e.g. for BEC-BCS
crossover)
propagators G 0 and
coupling
constant
g.
0

•

Ex. :

Expand G 0 in power of fugacity :
G 0 (p, τ ) = e µτ

X

G 0,n (p, τ ) z n

n≥0

G

(0,0)

(p, τ ) = −Θ(τ )e −εp τ , retarded

G (0,n≥1) (p, τ ) = −e −εp τ e −n β εp
p2
εp =
2m
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YRONAS
"
High-temperature expansion-thermal
equilibrium
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0

time

Z
Z
+
i =
+
ef f 0
0Propagation of
(0,0) 3i
i30qd⌦
ef
(k,
!)
eif0(q,
V ⌦)
(q,
⌦)
G
(k!++q,⌦)
! + ⌦)
G
(p,qd⌦
⌧4) ed=
F=
d
V
G
(k
+
Fq,
a particle
in vacuum
F
4
(2⇡)(0,1)(2⇡)
G
(p, ⌧ ) =

G (0,2) (p, ⌧ ) =
3

5/2

T /a

….

A diagram with n slashes is of order z n .

+ ↵P G (0,0) cannot got backward in (imaginary) time.
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Results-comparison to experiment
Uniform gas :
p2

ρ(p) = z e −β 2 m + z 2 [ρlosses (pλth /~) + ρvirial (pλth /~)]
Trapped gas :
Assume
Thomas-Fermi (1 − r 2 /R 2 ) profile unchanged during ramping
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Results-comparison to experiment
Uniform gas :
p2

ρ(p) = z e −β 2 m + z 2 [ρlosses (pλth /~) + ρvirial (pλth /~)]
Trapped gas :
Assume
Thomas-Fermi (1 − r 2 /R 2 ) profile unchanged during ramping

Local heating =⇒
2
)2/3
T (n(r ); a−1 = 0; m; ~) = C ~ n(r
m
=⇒ n(r )λ3th (r ) = constant = f (z).
Fugacity z is uniform.
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Results-comparison to experiment

JILA’s experiment
parameters :
hni ≡ 6π 2 kn3

κ ≡ p/kn
Z
n(κ) ∝
d 3 r ρ(p; µ(r ); T (r ))
r <R
Z +∞
1
1 =
dκ κ2 n(κ)
2 π2 0
One parameter : fugacity z
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Results-comparison to experiment
PRL 113, 220601 (2014)

PHYSICAL REV

JILA’s experiment
parameters :
hni ≡ 6π 2 kn3

κ ≡ p/kn
Z
n(κ) ∝
d 3 r ρ(p; µ(r ); T (r ))
r <R
Z +∞
1
1 =
dκ κ2 n(κ)
FIG. 3 (color online).
2 π2 0
One parameter : fugacity z
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The dimensionless momentum occupation number
for the –
unitary
in a semilog
scale. κ ¼
Figure
PRLBose
113,gas220601
(2014)
p=ℏkn with kn ≡ ð6π 2hniÞ1=3 and hni the spatially averaged
12
−3
density (hni ¼ 5.5× 1012 cm−3 and hni ¼ 1.6×
R 10 cm ).
The
occupation
number
is
normalized
so
that
nðκÞ4
πκdκ
¼
Best fit for z ≈ 0.6.
8π 3. The continuous line is the experimental result from
Losses
weak line
here.
Ref.
[18] , are
the dashed
is the result of Eq. (19) averaged
over the initial density profile for z ¼ 0.6, and the dotted line
includes the effect of three-body losses. The fit is restricted to
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Conclusion

Unitary (a−1 = 0) Bose gas with 3-body losses
Controlled calculation if small parameter z ' n λ3th  1.

Effects of 3-body losses and interaction/statistics O(z 2 ).
Comparison with experiment : z ' 0.6. Small ?
' Ok for Equation of State of Unitary Fermi gas.

Efimov physics ? Needs 3-body correlations (”T3 ”) :
J. Hofmann and M. Barth PRA 93, 061602 (2016) (good agreement
with experiment if Efimov trimers states not populated).
Project : losses for spin 1/2 fermions.
3-body contact : g (3) (r1 , r2 , r3 ) if R → 0.
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