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Abstract

We describe a new path integral approach to strongly correlated fermion systems, considering
the Hubbard model as a specific example. Our approach is based on the introduction of spin—
particle—hole coherent states which generalize the %pmherent states by allowing the creation
of a hole or an additional particle. The action of the fermion sys§¢nt, y; £2] can be expressed
as a function of two Grassmann variables,{ | ) describing particles propagating in the lower and
upper Hubbard bands, and a unit vector fi®#ddvhose dynamics arises from spin fluctuations. In
the strong correlation limit§[y *, y; £2] can be truncated to quartic order in the fermionic fields and
used as the starting point of a strong-coupling diagrammatic expansig®/ify being the intersite
hopping amplitude and@ the on-site Coulomb repulsion). We discuss possible applications of this
formalism and its connection to the/ model and the spin-fermion mode&l.2001 Elsevier Science
B.V. All rights reserved.

PACS:71.10.Fd; 71.27.+a; 71.30+h

1. Introduction

Understanding the properties of strongly correlated fermion systems remains one of the
main goals of condensed-matter physics. In narrow-band electron systems, the interplay
between strong Coulomb repulsion (which tends to localize the electrons) and band
structure effects (which favor their itinerant character) leads to a variety of different
behaviors ranging from metallic Fermi liquid to Mott—Hubbard insulator. Standard weak-
coupling approaches fail to describe these phenomena so that no general theoretical method
is available to analyze strongly correlated fermion systems. Even for the Hubbard model
[1-4], which is supposed to be one of the simplest (realistic) models of strongly correlated
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fermions, exact solutions or well-controlled approximations exist only in a few special
cases, like in one dimension [5] or in the limit of infinite dimensions [6]. We describe
in this paper a new approach to strongly correlated systems, with the (two-dimensional)
Hubbard model as primary example.

Various weak-coupling theories have been applied to the Hubbard model and its
extensions. The simplest of these approaches, the Hartree—Fock theory, supplemented by
the random-phase approximation (RPA) for the calculation of susceptibilities, correctly
predicts an antiferromagnetic (AF) ground-state at half-filling in both limits of large and
small on-site Coulomb repulsioti [7]. However, it also predicts long-range AF order
at finite temperature in a two-dimensional (2D) system, in contradiction with Mermin—
Wagner theorem [8]. Many attempts to improve on Hartree—Fock/RPA theory can be found
in the literature: paramagnon-like theories [9,10], fluctuation exchange approximation
(FLEX) [11,12], pseudo-potential Parquet approach [12,13], two-particle self-consistent
theory [14]. Most of these approaches meet with serious difficulties regarding a correct
description of the physical properties of the 2D Hubbard model: absence of long-range
order at finite temperature, exponential divergence of the magnetic correlation length in
1/T at low temperature, existence of Hubbard bands and/or precursors of the AF bands in
the density of states, pseudo-gap at low energy, etc. Besides, irrespective of their success
at weak Coulomb repulsion, it seems that weak-coupling theories are doomed to fail in the
strong-coupling regime when the Coulomb repulsion exceeds the bandwidth4Dr
with ¢ the intersite hopping amplitude ard the dimensionality). [See Ref. [14] for a
detailed discussion of weak-coupling approaches to the Hubbard model.] As emphasized
early on by Mott [15], a characteristic property of strongly correlated systems is the
existence of local moments already in the metallic phase [4]. Weak-coupling theories fail
to properly describe these local moments. For instance, within Hartree—Fock theory, local
moments are totally absent in the metallic phase and appear only in presence of long-range
magnetic order.

On the other hand, the perturbation expansion around the atomic limit [16—24], which
is expected to provide a reliable starting point in the strong correlation limit, also presents
its own difficulties in spite of recent progress [25,26]. It is not completely clear how to
handle the degeneracy of the ground-state in the atomic limit [25]. Moreover, the expansion
involves two dimensionless parametersl/ andt/ T, and therefore, breaks down when
the temperature is much below the electronic bandwidth.

Nonetheless, it is possible to derive an effective Hamiltonian to a given ord¢iin
[27-29]. At half-filling, the Hubbard model reduces to the Heisenberg model in the strong-
coupling limit. This model describes local spins (i.e., local moments) coupled by short-
range exchange interactions. Away from half-filling, the effective Hamiltonian in the strong
correlation limit is given by the-J model. So far, no satisfying description of a doped Mott
insulator has emerged from the/ model. The Schwinger-boson slave-fermion mean-field
theory, which provides very good results at half-filling [30], has not been as successful in
the doped case [31).0n the other hand, the slave-boson mean-field theory [32] does not

1in particular, charge carrier motion and spin fluctuations are essentially uncoupled at the mean-field level.
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even reproduce the known results at half-filling, so that its predictions (near half-filling)
are highly questionable.

A very appealing path integral formulation of the/ model, based on the spin—hole
coherent-statd$2, ¢), has been introduced by Auerbach and Larson [33,34]. The existence
of local moments is obvious in this formulation, since a singly occupied sgeescribed
by a spin-coherent stat@2,). The set of Grassmann variables= {¢;} allows for the
presence of holes. The spin—hole coherent-state path integral was used to study spin
polarons in the (larges) semiclassical limit of the-J model.

Schulz has derived a path integral formulation of the Hubbard model which also
exemplifies the existence of local moments [35,36]. The Coulomb repulsion is treated
within a large¥/ Hartree—Fock approximation, whereas 814(2) spin-rotation symmetry
is maintained by introducing a fluctuating spin-quantization axis in the functional integral.
The resulting effective actiorf[y*, y; 2] is expressed in terms of two Grassmann
variables {4,y,) which describe particles propagating in the lower (LHB) and upper
(UHB) Hubbard bands, and a unit vector figdd[37]. A singly occupied site corresponds
to a local moment pointing in the direction &;. Similar ideas, in view of Monte Carlo
simulation, have been recently discussed by Bickers and Scalapino [38].

In a previous publication, Pairault and the present author have reported a systematic
t/U expansion of the Hubbard model [39]. As in Schulz’s work, central to this approach
is the introduction of a fluctuating spin-quantization axis. By adapting the method of
Refs. [25,40], the/ U expansion was generated by a Grassmannian Hubbard—Stratonovich
transformation of the hopping term. As in Ref. [35], the effective ac$ipr®, y; £2] of the
Hubbard model in the strong-coupling regime is expressed as a function of two Grassmann
variables and a unit vector field. We found, however, that the Hartree—Fock treatment of the
Coulomb repulsion is not sufficient in the strong correlation limit, since it misses processes
of ordert/U. In particular, it does not allow to recover the/ model when the UHB is
integrated out [39].

The aim of this paper is to further develop the strong-coupling expansion introduced in
Ref. [39]. (i) The functional integral formulation is derived from a completely different
perspective, starting from spin—particle—hole coherent states (Section 2). The latter
generalize the spir%—coherent states by allowing the creation of a hole or the introduction
of an additional particle. This new derivation emphasizes the connection with the spin
coherent-state path integral formulation of the Heisenberg model. (ii) As in Ref. [39],
the strong-coupling expansion is generated by two successive Hubbard—Stratonovich
transformations of the intersite hopping term. The resulting adieri, y; £2] is obtained
toall ordersins/U (Section 3.1). This action contains interaction terms to all orders which
are determined by the (exact) atomic vertices. In the strong correlation Sippit, y; £2]
can be truncated to quartic order in the fermionic fields (Section 3.3). The action is then
entirely determined by the single-particle atomic Green’s function and the two-particle
atomic vertex. (iii) We discuss in detail the strong-coupling perturbative expansion and
briefly point out possible applications of our formalism which are developed in detalil

Presumably, a correct description of their mutual interaction would require to go beyond mean-field theory.
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in separate publications [41,42] (Section 3.4). Finally, we discuss the connection of this
formalism to ther-J model and the spin-fermion model.

2. Spin—particle-hole coherent-state path integral

In this section, we define the spin—particle—hole coherent states and derive a path integral
representation of the partition function. To be specific, we consider the Hubbard model
defined by

H=—1 Y (&l évs +c) + U iy, (2.1)

(r.r’),o r

wherec,, is a fermionic operator for a-spin particle at siteé (o =1, ), firg = é?aéw,
and(r, r’) denotes nearest neighbors. For simplicity, we consider a bipartdenensional
lattice. We denote by the chemical potential and consider only hole doping (ue<
U/2). We takeii = kp = 1 throughout the paper.

2.1. Spin—particle—hole coherent-states

2.1.1. Definition

We first consider a single site. A basis of the Hilbert spad8 is {|0), |1), [1), [11)},
where|0), 1) = 61|0), ) = EI|O) and|t]) = 6161|0) are the empty, singly occupied
(with spin up and spin down) and doubly occupied states, respectively. Instead of using the
stateg1) and|| ) to describe a singly occupied site, we introduce the Werent state

|2) = ¢ 299209 5V x p)
6 _i 0 i

= cosze—wﬂ”)m + sinze?(‘p_‘”)u), (2.2)
where6 andg are the polar angles determining the direction of the unit ve@i@t, ¢).
The choice ofy is free and corresponds to a “gauge” freedom [#3].= {|0), [2), [11)}
will be used to construct the spin—particle—hole coherent states. Although it is not (for fixed
2) a basis of the Hilbert space, we will show how the whole Hilbert space can be described
by varying 2.

We now enlarge the physical Hilbert space by introducing three bosonic opei&atgrs (
andd ) and rewrite the states &, as

10)=¢é"Ivag =74112), 12)=p"f{Ivag,
1ty =d'f] flivag = —p[ 1), (2.3)

where [vag denotes the vacuum of the enlarged Hilbert space. The latter contains
unphysical states which can be eliminated by imposing the constraints

oW =cet ptp+dld-1=0, QP =jf—p'p-dli=o,
A2 A ~ A ~
0P =flf -d'd=o. (2.4)
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The (slave) bosonic particles are similar to those introduced by Kotliar and Rucken-
stein [44] although here thg boson is spinless. Once we have introduced the %pin-
coherent stat@f2), we need two operatorg; andy,, to allow for the creation of a hole or
an additional particle. These two operators are Hubbard operatorsp}d5 |0)(£2| and
7, = —12)(1!1]), and have the following expression,
n=h. n=p'df, (2.5)

in terms of the slave bosons and the fermionic operafgrsNote that all the operators
are defined with respect to the spin-quantization #&jsso that afT- (or p4-) particle
has its spin pointing alon. Thus, the LHB is populated only with up-spin particles (in
the spin reference frame defined ®). This also implies that only down-spin particles
can be introduced in the UHB. The operatggsplay a fundamental role in our approach.
Although they appear at this stage as composite operators [see Egs. (2.5)], we shall show
in Section 3 how the partition function can be written as a functional integral expressed in
terms of theelementaryfieldsy, and the unit vector field2.

The spin—particle—hole coherent states are defined by

12.¢) =explee” + ppT+dd" — f; fT - £, 1) Ivag, (2.6)

where f;, f, are Grassmann variables aadp, d, c-numbers. We use the short-hand
notation¢ = (f4, f,.e, p,d). By using the constraints (2.4), we can rewrite the spin—
particle—hole coherent states as

12,¢) = el0) — pfr[82) —dfy fLI)- 2.7)

Egs. (2.6) and (2.7) extend the definition of the séinoherent states by allowing for the
presence of a hole or an additional particle.

2.1.2. Scalar product

We consider the scalar product between the stgBes) and |2/, ¢/). If 2 = 2’ all
fermionic variables are defined with respect to the same quantization axis. We then have
the standard result [46]

(.Q, c|, §/> - exp(g»*;/) = exp(e*e/ +p*p +d*d + Z fa*fé) (2.8)
When2 # 2', we use Eq. (2.7) to obtain

(2,619, &) =" + p" i f{p +dd [} 1]

+p AP ((R12) - 1). (2.9)
For 2 = 2/, this expression should be equivalent to Eg. (2.8), so that
exp(c*¢’) =€ + p* fEfLp +drd [T IS (2.10)

provided the constraints (2.4) are satisfied. Similarly, by keeping only the terms which are
compatible with the constraints, we obtain

exp(¢*¢ + fEp* fLp' ((R12") - 1))



622 N. Dupuis / Nuclear Physics B 618 [FS] (2001) 617—649

= et + p L (RIR) +dd [ 1 f (2.11)
a result valid whatever the value & and$2’. Comparing Egs. (2.9) and (2.11), we arrive

at the following expression for the scalar product of two spin—particle—hole coherent states
in thephysicalHilbert space:

(2,012, )y =exp(c™¢" + f{p" [P ((212') - 1)). (2.12)

2.1.3. Resolution of the identity
We seek a resolution of the identity in the form

a2 ~ A
N/E/ds“*dce‘“'“zuz,;)uz,;|P=1, (2.13)
where/ is the unit operator and
altP=aclel+ pl° +aqld P+ ) f7 fo (2.14)

N, o, anday are constants to be determined in order for Eq. (2.13) to be satisfied. The
projection operator

P= 5@1),0]_[5@72%0 (2.15)
ag

ensures that the resolution of the identity acts only in the physical Hilbert space. The
measure in Eq. (2.13) is defined by

de*de dp*dp dd* dd
* e * * 2.1
dgtdg 2ir 2w 2w iy dfydfpdfy. (2.16)
where
dz*d 1
L9 2 dRez)dIm(z) (2.17)
2imw b4
for a complex variable. Integrating over , we rewrite Eq. (2.13) as
df (10)(0 2)(2 R
N/— | 3( |+| ) |+ |N)<T2¢| i (2.18)
Ar \ afoy Aty ooy

Since the spin coherent states satis@rr@—lfdmm(m =M+ )] (resolution
of the identity in the space of singly occupied states), we conclude that Eq. (2.13) is
satisfied for

N=8  a=as=2 (2.19)

The constants, = «y (% 1) are necessary to avoid an over-counting of the empty and
doubly occupied states: for a givéh By, already contains the stat@ and|1). Varying
£ with «, = a4y = 1 would lead to an over-counting of these states.

Note that Eq. (2.13) bears some similarities with the resolution of the identity in
the Hilbert space with no double occupancy obtained from the spin—hole coherent
states [33,43].
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2.1.4. Trace

The resolution of the identity (2.13) allows to compute the trace of a given opeapator
in terms of the spin—particle—hole coherent states. The derivation is standard [46] and one
obtains

Tro = N[ /d; dr el (@ 71P0\12,¢), (2.20)

where; = (=fr,—fi.e,p.d).
As a simple application of Eq. (2.20), we calculate the partition function for a single
site. Imposing the constraints (2.4) by using Eq. (2.7), we easily obtain

O B B2u-U)
Zat=Tre_ﬁ(H_“N)=N< L, a7 )

dlag ey Ole0t§

=1+ 2ePH 4 P10, (2.21)

whereN is the total number of particles aid= 1/ T is the inverse temperature.
2.2. Path integral for a single site

In order to express the partition function as a path integral, we use Eq. (2.20) and divide
the “time” intervalg into M steps:

ae N ~ o~ ~ o~
zatzj\ff4—fd;*d;e—“lflzm,;|Pe—€<H—ﬂN>--.e—dH—#N)m,;), (2.22)
TT

wheree = 8/M. We then introducéM — 1) times the resolution of the identity (2.13).
The details of this procedure are given in Appendix A. One finds

M
a2
Za=NM / (]‘[ i d;kdxk> exp{Z[—a|ck|2+c:ck1
k=1 k=1
+ [l PE fri-1pi-1((2k|Rk-1) — 1) — eKk,k—l]}, (2.23)
where
i, | K| 21, Tk
Kk,kfl=< ko Sk | K| 8241, S 1)7 (2.24)
(2, S| R —1, Cr—1)
Ki=H-uN+ix’0 CL)—I—ZZ)\(Z)Q(Z) (2.25)

A= (A,(Cl), )Lffk)) denotes Lagrange multipliers which impose the constraints (2.4).

An important difference with the standard path integral for a system of fermions and
bosons comes from the presence of the const@ants oy (# 1) which ensure that the
empty and doubly occupied states are not over-counted. Taking the continuum time limit
(e — 0) from Eq. (2.23) would then lead to an infinite chemical potenptiak —(a, —1) /€
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for thee boson:

B
M
> (R
e (ex—1—aeey) —> — [ dre™| 9 + . e, (2.26)
k=1 0

and a similar result for thé boson (i.e.ug = —(ag — 1) /€).

At half-filling, © = U/2 due to particle—hole symmetry. The contribution of the
empty and doubly occupied states to the partition function is exponentially small at low
temperature®l <« U/2) and can be neglected. It is then possible to take «; = 1, and
the continuum time limit is well defined. This argument fails away from half-filling in the
single-site case. However, we are interested in the full Hubbard model, where the chemical
potential is determined by the filling of the Hubbard bands in the strong correlation limit.
In presence of a small concentration of holesy W/2 is located near the top of the LHB
(of total width W). In the low-temperature limif’ <« W, the system in the atomic limit
is in its ground-state with exactly one particle per site. The contribution of the empty and
doubly occupied atomic states to the partition function is again negligible, which allows
to takea, = ay = 1. This argument is particularly clear in the strong-coupling expansion
(Section 3) where the atomic action is used only in the calculation of the connected atomic
functionsGX¢. The latter are obtained from the atomic limit=£ 0) of the full action, the
chemical potential being determined by the full Hubbard model.

Taking o, = g = 1 and ignoring the overall normalization constait!, 2 we write
the partition function as

Zar= f [T 52as doedi ) expl = >[4 — &
k=1 k=1
— [Pk fri-1pk-1((2k125-1) — 1) + éKk,k—l] } (2.27)

The continuum time limit can now be taken without difficulty (see Appendix A):

zatzfpsz/m/mf,e,p,d]e*Sat, (2.28)

where the action is given by

Su=SP + [ de 110 Fro@1).

Sa = /dr [—ik‘” + 3 £ (0 — n+i2P) fo + (0 +inD)e
o

2The origin of the infinite normalization constahf™ (3 — o) can be traced back by considering Eq. (A.3).
At this stage, it is still possible to compute exactly the partition function. For the contribution of the singly

occupied state, the integration ové gives the factor/ (I, %)]‘[}("’Zlmkmk,l) = 27M+1 50 that
M
we obtaineﬂ“ﬁ = 2¢P* which is the correct result. Thus the infinite normalization constant is
2 (aead)

suppressed when “spin fluctuations” are properly taken into account. In the context of spin-coherent-state path
integrals, this issue has recently been considered in Ref. [47].
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+p%&44km—4Af5p+1ﬁ<&_FU+iMn_i§:k§vd]
o
(2.29)

Sé?) is similar to the action obtained from the Kotliar-Ruckenstein slave bosons [44] with
pr = p and without thep, boson. The difference betweesy; and Sg?), which arises
from the dynamics off2, is nothing but the Berry phase term [48P = (2|2) of a
spin (12) = 9;192)). The Berry phase term is alive whenever the state is singly occupied

(fT*fT =1landp*p=1).
2.3. Path integral for the Hubbard model

The definition of the spin—particle—hole coherent states can be extended to the lattice
case:

12.¢)= eXp<Z<eréJ +pepl +ddf =Y fmf?g)) vag, (2.30)

r

where the unit vectof2, is now site dependenff = {2} and¢ = {¢}]. The fermionic
operatorf;, is defined with respect to the local spin-quantization aXis

The procedure to write the partition function as a path integral is similar to the single-site
case. The only contribution which is not purely atomic comes from the intersite hopping
term. The latter modifie& x—1 (or, in the continuum time limitKy x) [Eq. (2.24)]. As
shown in Appendix B

(R0, Leléfer |20, o) = Vr];(Rijrkar/kU?k, sk Rk, Sk, (2.31)
whereé, = (&4, éry)T .

Ry = e 290k = 2000y o= 3Vric: (2.32)
is aSU(2)/U (1) matrix which rotates the spin-quantization axis frano 2 (6, ¢r). It

satisfiesRy o, Rer = Ry - 0, wheres = (0, 0y, 0;) stands for the Pauli matriceg, =
1k vep) T, and

Ytk = e;kkprkfmk, Vrlk = P;kkdrkfrUc- (2.33)

The action of the Hubbard model then reads

S = Sat— Z/dt Ve Rl ter Ry (2.34)

r,r’

where Sat is the generalization t/ sites of the atomic action given by Eq. (2.29). In the
Hubbard model;,- equals if r andr’ are nearest neighbors and vanishes otherwise. Since
the constraints (2.4) are preserved under the time evolution determined by the fction
[Eq. (2.34)], we can replace the functional integral o¥ér) by an integral over a set
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A= (A(l) (2)) of time-independent Lagrange multipliers:

<1) 2/ @
/Dxa/dle_[< ﬂ‘”‘ ﬂ‘”‘ ) (2.35)
" \o

Egs. (2.29) and (2.34) provide a sp|n—rotat|0n—|nvar|ant slave-boson formulation of the
Hubbard model [49]. They have been derived recently without referring explicitly to the
spin—patrticle—hole coherent states, but by introducing a fluctuating spin-quantization axis
in the functional integral [39].

3. Strong-coupling expansion

In this section, we recast the spin—particle—hole coherent-state path integral in a form
suitable for a perturbative expansion with respeat/t. This is achieved by performing
two successive transformations of the intersite hopping term (Sections 3.1 and 3.2). The
resulting action is expressed as a function of two fermionic fiejgsand y,) which
describe the propagation of particles in the LHB and UHB, and a unit vector feld
In Section 3.3, we show that this action can be truncated to quartic order in the fermionic
fields in the strong correlation limit. Finally, in Section 3.4 we show how this effective
strong-coupling action can be used as the starting point of a diagrammatic perturbative
expansion with respect tg U, and discuss possible applications of our formalism.

3.1. Grassmannian Hubbard—Stratonovich transformations

Following Refs. [25,39,40] we decouple the intersite hopping term in Eq. (2.34) by
means of a Grassmannian Hubbard—Stratonovich transformation. The partition function
becomes

/D.Qdel(t)/l?[lﬁ exp{ Zwa[ab Tﬂb}

a,b

X /dka[f,e,p,d]eXp{—Sat+ Z(w;‘ya+c.c.)}, 3.1

whereys is an auxiliary fermionic field which couples to the (composite) fieldefined in
Eq. (2.33). We use the notation

Va = Vi 40, (Ta), Z > / dr,, (3.2)

la,0a

and denote by
frp = RrT[rr’Rr’ (3.3)

the 2-dependent intersite hopping matrix. TB&(2)/U (1) matrix R, rotates the spin-
quantization axis fronz to £, [see Eqg. (2.32)]. The diagonal elements,ef correspond
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to intraband propagation, while its off-diagonal elements describe transitions between the
LHB and UHB. Note that d&f) is a function of2 and should therefore be kept explicitly
in the functional integral.

Performing the functional integral over the fieldse, p, d and the Lagrange multipli-
ersi, we obtain

/dka[f,e, p.d] exp{—Sat+ Z(w;:ya +cC)t = Zad 21V V21 (3.4)
where
Zal@) = / i / Df,e, p,dle™ = 7501 (3.5)

is the “partition function” in the atomic limitz(= 0) for a given configuration a2. Z(O)

the partition function obtained frorﬂ(o) We emphasize here that the integration of the
Lagrange multipliers and the bosonic fields has been done ex8igflif2] is the action of
the spin degrees of freedom in the atomic limit. Treamﬂgz (2,182;) in perturbation,
we obtain to lowest order (in a cumulant expansion) [39]

Sp[£2] =Z/dt A?(fr*Tpfferr)S;?) =Z/dt AL, (3.6)
r r

Sp is a collection of Berry phase terms for spins localized at the lattice sites. In Eg. (3.4),
WI[y*, ¢r; 2] is the generating functional of the connected atomic Green’s functions
{a ,bi} =D <y"l " Yag yb*R o yb*1>atc

o SCPhWIyt 2
31/,51 .. 'SWZ‘R&/be 8P,

(3.7)

Y*=y=0
Note that theG R¢’s are defined for a given configuration of the figd
The partition function is thus written as

‘0)/2752 del(t)/D[lp —Srviel

SIY*, ¥r; R1=SplR1+ Y _Yiizyn — WiY™, v; @ (3.8)

a,b
W[y*, ¢; £] can be obtained explicitly by inverting Eq. (3.7):

o0 R /
Wl v e]=3 % DV Vi Vor UGGy (3:9)
R=1 a;,b;
The primed summation in (3.9) reminds us that all the fields in a given pragiet - v,
share the same value of the site index.
In order to completely determine the acti®n/*, ¢; £2], we need to compute the atomic
Green's functionsG X< from the actionSy. The procedure to obtain these quantities can
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be found in Appendix C and in Ref. [39]. Here we only quote the final results. The single-
particle Green'’s function is

Grit =GP —sgno) A7, (3.10)

where sgiv) = 1(—1) for o =1 ({). G© is the atomic Green’s function corresponding
to S(O) In the low temperature limit

GO =0-t+me',  GPr)=—0( —mer U, (3.11)

where n — 0T. In Fourier space, Eq. (3.11) becon@(TO)(iw) = (iow + n)~ ! and
Gio)(iw) = (iw 4+ n — U)~! wherew is a fermionic Matsubara frequency. As shown in
Section (3.3), ther-particle Green’s function&®¢ (R > 2) are involved only in (virtual)
interband transitions. The typical energy scalel() for the latter is much larger than the
typical energy scale for spin fluctuations (/ = 4r2/U) so that the effect of the Berry
phase termA® can be neglected (i.e., we can L&fﬁ) instead ofS4 to computeG X¢ for
R > 2). We find

GRC

00,00

—0 (R>2), (3.12)

which implies that there is no intraband interaction for ¢héeld. The two-particle atomic
Green’s functionG''¢ is thus entirely determined W%N’ or equivalently by the two-
particle vertex (see Eg. (C.12))

Il (for iz iwglios) =iz — iws — U, (3.13)

wherews = w1 + w2 — w3 is fixed by energy conservation. We shall show in Section 3.3
that the effective action in the strong-coupling regimél{ « 1) is entirely determined
by the knowledge o6 andG''¢ (or I'"") so that we do not require the knowledge®@f¢

for R > 3.

We could now follow Ref. [25] and use the actia${y*, ¢; 2] to perform a
diagrammatic perturbative expansion with respect to the intersite hopping amplitude
The matrix structure of, distinguishes processes that do conserve the number of doubly
occupied sites from those that involve interband transitions, thus allowing fgiUa
expansion. [In Ref. [25], the auxiliary fiel¢, couples to the original fermionic field
¢s - The resulting perturbative expansion involves two dimensionless parameétérand
t/T, and breaks down at low temperature.] However, the drawback of using the action
S[y*, ¢; 2] is that the fieldys has no direct physical meaning. It is rather the fields to
which ¥ and v, couple, namely, the composite fieldSpf; and p*df,, which have
a direct physical interpretation in terms of particles propagating in the LHB and UHB.
This suggests to perform a second Hubbard-Stratonovich transformation of the intersite
hopping term. Denoting by the auxiliary field of this transformation, we rewrite the
partition function as

(O)/DSZ/D[)/ v
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x exp{—SB[SZ] + ) vatavo + Y (Viwa +CC) + WYH, v SZ]}- (3.14)

a,b a

Integrating out the) field, we obtain

zZ= z;?)/Dsﬁ[sz]e*SB[m

x /D[y]eXp{ZVZ‘fabberW[V*,y;ﬂ]}- (3.15)

a,b

Note thaty is now anelementanfield. [We expect/ to have the same physical meaning
as the composite fields defined in Eq. (2.33), hence the same notakipr] y; £2] is the
generating functional of the connected Green’s functi6if§ calculated with the action
—WI[y*, ¥; 2]. Since the latter is local (in space), so are@&’s. Z[£2] is defined by

7Z[2]= /D[xp]eWWW” = det(—G)e 5191, (3.16)

det(—G) comes from the Gaussian paEa’b Gap¥ )y, Of the action—W[y*, ¢; 21].
Non-Gaussian terms give the contributi®in2]:

/

, . (=R ,
e S'12] <6Xp{ Z ((R‘))Z Z yh wblc{%b[} }> (3.17)
Y ab;

R=2

where the average is to be taken with the aclion, G., v, v». S'[£2] can be represented
as a sum of Feynman diagrams, the bare propagator be@hg! and the vertices the
atomic Green’s function&®¢ (with R > 2). An example of diagram is given in Fig. 2.
[The symbols used in the Feynman diagrams are defined in Fig. 1.] This diagram, as
well as the other diagrams contributing $¢(£2] does not have any physical meaning.
As will be shown below,S’'[2] does not contribute to the final result. “Physical” and
“anomalous” (i.e., without “physical” meaning) diagrams can be defined rigorously by
considering the perturbation theory based on the adjgr, ; £2] [Eq. (3.8)]. Within
the latter, all diagrams can be represented by atomic Green’s functions connected by
the intersite hopping matrik. The perturbation theory based on the actkjp*, y; 2]
generates diagrams that cannot be represented in this way. These “anomalous” diagrams
should not contribute to physical quantities. Indeed, we will find that the total contribution
of anomalous diagrams always vanishes (see Section 3.2).

Noting that det—G) = Z;1[£2], 3 we obtain

z=/D9/D[y]e*S[V*»V?‘”,

S[y*.v: 2] =S"121->_ viiwy — Wiy*.v: 21. (3.18)
a,b

3 This result is obtained by noting that detG—1) = [ D[y exp(y, , w;‘Ga‘blwb) = 70 ¢=S82] 1o first
order inA9 (in a cumulant expansion).
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G—l

60 =—O

Fig. 1. Definition of the various symbols appearing in the Feynman diagrams. Connected atomic
Green’s functions are represented by a filled circle and atomic vertices by polygons, with the
exception ofG~1 which is also shown as a filled circle. The intersite hopping matisxepresented

by a dashed line, and the propaga{ﬁ#P) defined in Eq. (3.37) by an empty circle.

G™! G™!

Fig. 2. A Feynman diagram contributing §[£2].

G71

Fig. 3. A Feynman diagram contributing 1o.

In order to completely determine the actiSfy*, y; £2], we need to compute the (local)
Green’s function&s ®¢ from the action— Wvy*, ¢; £][Eq. (3.9)].

Let us first consider the single-particle Green’s functip = — (V4 ¥, )—w. Retaining
only the Gaussian part of the actierW, i.e., >, , Gup¥;¥p, ONE obtaingG = -G~ L.
More generally, we have '

Gab=—G,} + Tup, (3.19)

wherel” can be represented as a sum of Feynman diagrams arising from the verfices
(with R > 2). An example is shown in Fig. 3. It is easy to see that all the diagrams
contributing to I are anomalous. The fact thd has no physical meaning can be
understood as follows. We can viel as a self-energy correction ® [see Eq. (3.19)].
SinceG is the exact atomic Green’s function, we do not expect any local (i.e., atomic)
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G—l G—l
G G @ -
- 7 %>.<L
G‘1<‘> G™!
G~ G~ G
@) (b)

Fig. 4. Feynman diagrams féi''¢. (a)—I""". (b) Anomalous diagram.
* E*
4. S
~ece o

(@) (b)

Fig. 5. Examples of Feynman diagrams contributingGt <. (a) Contributions tor'. (b) A
contribution to the anomalous part!' . All the filled circles with two external legs denote1.

correction. We will see in Section 3.2 that the role [fis to cancel other anomalous
contributions arising in the strong-coupling perturbative expansion.
A result similar to Eq. (3.19) holds for higher-order Green'’s functions. The simplest

diagram for the two-particle Green’s functiéﬂz'fazvblb2 = (Va1 Va, ¥, ¥, )—w (shown in
Fig. 4(a)) gives the contributior ), , , wherer,! ., . is the two-particle vertex.

All other diagrams are anomalous (Fig. 4(b)). In the same vﬁéﬁf, can be written as the
sum of ' and an anomalous contributigl! (Fig. 5). More generally, we find

Gl py=—CDR(IE oy + T8 1) (R>2), (3.20)

wherer R is the atomicR-particle vertex and”® denotes anomalous contributions.
We can then rewrite the action as

S[y*.v: R]=5121-_ v (far+ G — Tan) s
a,b

o /
1 R ~R
+ Z (R")2 Z(F{ai-,bi} + I_'{ai»bi})ya*l © Vb (3.21)
R=2 : a; bl'

Note that this result has been obtained without any approximation and gives the exact
value of the partition function if one carries out the functional integral over the figlds
and 2. By performing two successive Hubbard—Stratonovich transformations, we have
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summed the atomic contributions to the single-particle propagator an®-particle
vertices R > 2). As a result, the actio§[y*, y; £2] is essentially parametrized by the
intersite hopping matrix and the atomic vertice§ ~* and I'® (R > 2). [We show in
Section 3.2 how to deal with the anomalous vertifé%] Using S[y*, y; £2] instead of
Slf. e, p,d, »; 2] [EQ. (2.34)] orS[v*, ¥r; 2] [Eq. (3.8)] presents two main advantages.
First we now deal with only three fields whose physical meaning is clgaand y,
describe particles propagating in the LHB and UHB, respectively, while the dynamics
of £ arises from spin fluctuations. [Note, however, that the Green’s function of the
original fermions (those involved in the definition of the Hubbard model) is not merely the
propagator-(y,y,’) (see Section 3.4).] Seconsl,y*, y; £2] turns out to be a convenient
starting point in the strong correlation limitU « 1. Indeed, fortU — oo (no interband
transition), only the Gaussian part of the action needs to be considered. The lowest-
order corrections irv/U are determined by a small number of atomic vertices. In
practice,S[y*, y; £2] can be truncated to quartic order in the fermionic fields and is then
parametrized only b ~1 and """ (Section 3.3).

3.2. Anomalous diagrams

In order to understand the role of anomalous diagrams, it is useful to first consider the
atomic limit (¢ = 0) of the action (3.21). In that limit, one has to recover the known (exact)
results.

Let us consider first the partition function. Integrating out ¢hiéeld, one obtains

Zad 2] = def(—G 1)~ 5121-5"12],

o 1
e S[m=<exp{ Zya ab¥b — Z(R|)ZZ {a‘ b,}"'r{a, )J/al Vb }>

a,b a;,b
(3.22)

where the average is to be taken with the Gaussian aetidi, , v, Gab yp. In order to
obtain the correct result

Zar= f DR de(—G ) =z / DRe 5812], (3.23)

one must haves’[2] + S”[2] = 0. This result can be obtained by inspection. Consider
for instance the diagrams containing once and only once the v&fteand no higher-
order vertex). The diagram contributing 86[£2] is shown in Fig. 2 and has the overall
factor—1/2. There are two contributions t§'[£2]. They come from the terrr($f; ﬁ,by;,)
and(I) ., Ve Ve, Voo ¥i,) Where the average is taken with the actien)",, , v,°G, v»
[see Eq. (3.22)]. Both contributions correspond to the diagram of Fig. 2, but with the factors
1 and—1/2. We conclude that the total contribution§b+ S” vanishes.

In the same way, we can calculate the single-particle Green’s funetipny,’) (for a
given configuration of2) and verify that we do obtain the correct result in the atomic limit,
namely,G ;. From the action (3.21), we read off the inverse (atomic) propagatér I".
Self-energy corrections due to verticRs> 2 should therefore cancél. Again this result
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r
N /// \\\ /// Q/ b
\‘ \‘/ \\\‘r////
(@) (b)

Fig. 6. () Two anomalous diagrams for the free energy. Their sum vanishes/Wisexpproximated
by the contribution shown diagrammatically in Fig. 3. (b) The corresponding “physical” diagram.

can be proved by inspection. Consider again the diagrams containing once thelVertex
The contribution td™ is shown in Fig. 3. The one-loop self-energy correction coming from
I'"" (see Eq. (3.21)) produces the same diagram but with opposite sign.

Thus we come to the conclusion that anomalous diagrams cancel in the atomic limit.
We expect this property to hold also whegt 0, since anomalous diagrams do not have
any physical meaning. Consider for instance the anomalous diagrams shown in Fig. 6(a)
which contribute to the effective action of the spin degrees of freesig®] = — In Z[£2].

[Fig. 6(b) shows the corresponding “physical” diagram.] Working out signs and symmetry
factors, we find that the sum of the two diagrams of Fig. 6(a) vanish%fapproximated
by the contribution shown diagrammatically in Fig. 3.

As expected on physical grounds, anomalous diagrams always cancel in the calculation

of physical quantities. We can then work with the action

o0 1 /
Syt vi @] == villw +Gap)o+ 3 oz 2 TV von - (3:24)
a,b R=2

a;,b;

provided that we discard all anomalous diagrams.
3.3. Effective action of the Hubbard model in the strong correlation limit

In this section, we show that only the quadratic and quartic parts of the action
S[y*,y; £2] need to be considered in the strong-coupling limit. This is achieved by
considering the effective actio$i Hs[y;', +; 2] of particles propagating in the LHB. To
first order int/ U, SLHB[)/;(, ¥+; ] should correspond to theJ model. This result will
guide us in the determination of the leading terms in the action of the Hubbard model in the
strong correlation limit. We emphasize, however, that our primary goal is not to determine
the effective action of carriers in the LHB, but to derive an effective action for the full
Hubbard model in the strong correlation limit. As discussed at the end of this section, there
are advantages in working with the Hubbard model instead of consideringthraodel
obtained by integrating out the UHB.

SiLHB is obtained by integrating out the field [39]:

oSl vh; 2] =/D[y¢]e’s[”*”’;m. (3.25)
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Fig. 7. (a) Contributions of order/U to the effective actior§ yg. (b) An example of vanishing
diagram. Dashed lines indicate interband transitions.

At zeroth order ire/ U, interband transitions are neglected. Sifit® , = 0, diagrams
contributing toSE(,)jB must necessary contain closed loopg pparticle. In the absence of
particles in the UHB, these loops vanish (see Appendix D). As a result, the effective action
of the LHB is Gaussian to leading ordersinU :

Sl(_ch = Z/dt ey (8 — + Ay — Z/dt Yerlrq ot verp (3.26)
r r,r’
The action (3.26) describes particles propagating in the LHB and interacting with spin
fluctuationsvia the gauge fieldA® and thef2-dependent intersite hopping matrixi.e.,
SE%)B describes fermions coupled toa(1) gauge field). A detailed discussion of its
physical meaning can be found in Section 3.2.1 of Ref. [39].

We now consider the contributions of ordetU to S ys [EQ. (3.25)]. They are
represented by the diagrams of Fig. 7(a). Each of these diagrams contains two interband
transitions. The vanishing of closed loops with particles ensures that all the diagrams
to be considered are of the type shown in Fig. 7(a). An example of a vanishing diagram is
shown in Fig. 7(b).

Let us first focus on the quadratic and quartic contributions generated by the integration
of the UHB (first two diagrams of Fig. 7(a)). These terms are nonlocal in time.
However, since they involve (virtual) interband transitions, they can be approximated by
local vertices. From the equations of motion in the atomic limit, we dedyce’) =
e*/‘(’*f’)yT(r) [50]. Using the latter equation and integrating over the time differences,
the nonlocal vertices are then approximated by local vertices. For instance, the two-point
vertex (first diagram of Fig. 7(a)) is approximated as

~ 0 ~
>, / dtdt' v} (Do (DG (0 = Ty o (2 )y ()
r,r/’r//

1

2—5 Z /df )/r*T(T)frT,r/¢(T)tr’¢,r’/¢(f))/r/’¢(f), (3.27)
rolr”
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where we have used Eq. (3.11). Since we can ignore the effect of spin fluctuations on
(virtual) interband transitions, we have replacgg by G(lo). If we also approximate the
quartic term by a local vertex and neglect higher-order vertices, we end up with an effective
action which is nothing but the action of the/ model (including the so-called pair-
hopping terms) in the spin—hole coherent-state path integral [51]. [See Ref. [39] for a
detailed derivation.] It is crucial here that the effective action is local in time, otherwise
it would not derive from an Hamiltonian. It should be noted that a similar approximation is
made in the standard derivation of thg model, which starts from the resolvant operator
R(E) = (E — H)~L. Projecting out states with double occupancy yields an effective
“Hamiltonian” Hew(E) which depends on the ener@y The Hamiltonian of the-J model

is obtained by retaining terms of ordér(t/U) and replacingt by the energyEg in

the absence of interband coupling [43,52]. In our formalism, this last step amounts to
approximating the vertices df yg by local vertices (in time) using the atomic equations

of motion for they, field.

Since the quadratic and quartic terms of the actippg are sufficient to recover the
action of ther-J model, we expect higher-order vertices to vanish at the same level of
approximation. Consider the contribution of ordgt/ to S_ g due tOFT”TIMN (Fig. 7(a)).

This term involves the product

Ve (DY (22) 7704 (T3) verp () Vit (1) vy (1), (3.28)

where the fields are evaluated at different times and three differentrsitésuqdr”). If we
now approximate this term by using the atomic equation of motion, we obtain the product
[y;’}(r)]zyr’iT(r)y,//T(r)[er(r)]2 which vanishes since it involves squares of Grassmann
variables. The same reasoning holds for higher-order vertices. Therefore, using the same
approximations that lead to theJ model, only the quadratic and quartic terms of the
actionS, yg subsist.

We conclude that in the strong-coupling limit, we can truncate the action (3.24) to quartic
order in the fermionic fields:

Sly*.v: 2]

= Z/dt v (0 — 4+ AD)yry — Z/dt Verher.rt Very
r

r,r’

+ Z/df V:l (81_- —n+U- A?)Vri - Z/d'f V:lfw,r’i)/rw
r r,r’
—_ Z / df(yr*Ti\rT’r/\Lyr/\L + C.C.)

r,r’
+ Z/dfldfzdf3df4 Il (12 13, 1) v (T Y, () 1) (1) Yy (13).
r

(3.29)
Eq. (3.29) is the main result of this paper. It gives the effective action of the Hubbard
model in the strong-coupling limit/ U « 1. The fieldsy; andy, correspond to particles
propagating in the LHB and the UHB. They are coupled by the interband hopping matrix
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71, and the two-particle atomic verteR” 1.1+,» and interact with the spin fluctuations
which show up in the dynamics a®. Note that one can describe the interaction with
spin fluctuations by &U(2) gauge field with4? its time component.

The action (3.29) is suitable for a perturbative calculation of the free energy and the LHB
Green'’s functions. However, except at half-filling, it does not allow to compute the UHB
Green'’s functions. In a hole doped system, closed loops @articles do not vanish (see
Appendix D) so that the arguments used above for the LHB do not hold for the UHB. [Even
at zeroth order in/ U, the effective actiorSyys contains an infinite number of terms.]

An interesting aspect of this action is that the strong local Coulomb repulsion is already
present in the quadratic part of the action. To understand the physical meadﬁ#gg,
we rewrite Eq. (3.13) for real frequencies(— w) as

Eyns — ELHB =U+FT”l NE (3.30)

where we have identified, (w3) with the energy of the particle in the UHB (LHB).
Eq. (3.30) suggests that we can interpﬂ%‘LN as the residual interaction (given that a
part of the interaction is included in the quadratic action) between two particles siting at
the same site. Alternatively, one can view ttieterm in the action as a mean field, and
FTui +, as the correction to this mean field.

Finally, we note that the action (3.29) without the quartic term is similar to that obtained
within the largeU Hartree—Fock approximation where t8&J(2) spin-rotation-invariance
is maintained by introducing a fluctuating spin-quantization aRisn the functional
integral [35]. Omitting the quartic teerFT”i N) is, however, in general not possible
without missing processes of ordetU. For instance, this term plays a central role in
the derivation of the-J model [39].

3.4. Strong-coupling diagrammatic perturbation theory

The action (3.29) can be used as the starting point for a perturbative calculation with
respect tar/U. We discuss in the following the computation of the free energy and the
LHB Green'’s function to first order in/ U. Formally, we have

- / DRZ[2],
Z[R] =519 = / Dlyle S 7:2l (3.31)
and
gb”B(a,b)=%/Dﬂe*S[m(Ra)aT@(a,b)(RZ)M, (3.32)
Gra.b) =~ 5o [ Dlylyarye 7 7:2) (3.39)

whereS[$2] is the action for the spin degrees of freedom glﬂdz, b) the Green’s function
for a given configuration of2. Note that the Green'’s function of the original fermions
c (those involved in the definition of the Hubbard model) is not merely,y,") (see
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Fig. 8. An example of self-energy diagram for the UHB particles whiaf($) in ¢/ U.

Appendix E). Eq. (3.32) shows that the fermionic fielé™® in the LHB can be expressed
as

Clﬂ';'B = (Rr)aﬂ/rT (3.34)
=Zro¥rts (3.35)
where the last line is obtained by writing tB&)J(2) /U (1) rotation matrixR, as
%
R = (m iw) ’ (3.36)
ZT\L ZrT

with the constrainkzZ, | + 127, | = 1. Eq. (3.35) is familiar from the Schwinger-boson slave-
fermion formulation of the-J model. 4
We now introduce the propagator

GO1-G14i,,. (3.37)

To zeroth order it/ U, the LHB Green'’s function i@(o), and the partition function is

given by
zO2]=de(-G" 7). (3.38)

As discussed in Section 3@5(0) is not the UHB Green'’s function to zeroth ordertiny
exceptat half-filling. Even in the absence of interband transition, ther@ @recorrections
to G\fo) due to the nonvanishing of closed loopsyafparticles in the (hole) doped system
(see Appendix D). A finiteD (1) self-energy correction tafo) is shown in Fig. 8.

To first order inz/ U, there are three contributions $§2] shown diagrammatically in
Fig. 9:

suel= Y G\%@.bip6.0)G b )i (a.d),

a,b,a’ b’

SiR1= > > Il (@ b;a b)Gr(d', as)iry (as az)G " (az, az)iy 1 (az, a1)

a,b,a’ b’ a;,b;

xGy(ar, @)G (b, baiy+ (ba, b3) GO (b3, ba)iy | (ba, b1) G (b1, b),

4 Eq. (3.35) is more commonly written akHB = by, i where the bosonic field (Schwinger bosdn) =
2re (L= hihy /2) satisﬁesqb?“ + \ba\ +hithr =1, with ki = ey andhr = .
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Fig. 9. Diagrammatic representation of the effective action of the spin degrees of freedom at order
O(t/U). (a) S1[£2]. (b) S’l[SZ]. (c) S’l’[ﬂ]. Dashed lines indicate interband transitions.

i

S{R1=— > > I 4 (a.b: b, a)Gy (b, baiyy (ba, b3)

a,b,a’\b’ a; b

x G0 (b3, bt (b, b1)

x G (b1, b)G¢(a/,a4)fm(a4,a3)§¢(0)(613,az)fm(az,al)GT(al, a).
(3.39)

The effective actionS[$2] of the spin degrees of freedom to ord@it/U) can be
computed exactly at half-filling. The zeroth-order contribution [Eq. (3.38)] yields the Berry
phase ternsp to lowest order iMA°. When computingy, S1 ands] we may replac@o)
by G+, since the neglected terms will be of higher-order/ity. 5> Furthermore, sincés,

S; and sy describe (virtual) interband transitions, we can ignore the effect of the Berry
phase term and replacg, by G;O). We then find

S]_[SZ ——Z/df trT r/\Ltr/\L rT - 2U Ztrr//df (SZ[ SZr/ - l) (340)

r,r’

In Eg. (3.40), the exchange interaction is assumed to be instantaneous, since the
characteristic spin fluctuation energy= 4r2/U is much smaller thaw/. The last line

of Eq. (3.40) is obtained fromy / i1y 14 = (1 — £2; - £2,)/2 [39]. SinceS; vanishes at
half-filling, while S turns out to be of orde® (t3/ U3), we verify that the effective action

of the spin degrees of freedom at orde(:/U), Sg + S1, is nothing but the action of the
(quantum) AF Heisenberg model expressed in terms of spin coherent states:

-2y 1
SHeis 2] = Sp[£2] -I—JZ/ ( ! —21) (3.41)

The self-energﬁ of particles in the LHB is defined b@?l = Q\T(O)’l -3, Whereé}
is the propagator for a given configuration$f It has three contributions to first order in
t/U (Fig. 10):

Ti(a,d) =) iy (a,b)G (b, D)y (b, a),
b,b'

5For a half-filled system, there is no difference (as far as the free energy is concerned) betwdén a
expansion and an expansion around the atomic limit (i.eexansion).
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Fig. 10. Diagrammatic representation of the LHB self-energy at o@ey U). (a) £1. (b) Z.
(c) fi’ (the symmetric diagram is not shown). Dashed lines indicate interband transitions.

Sia.ay= Y Il (a.bid . B)G (b by (b1, b2)G,” (b2, b3)
b,b',b;

x iy, (b3, b4)G | (ba, b),

S(a,a)y=" Y i (a,a)G (a1, a2l 4 (b,az a’,b)G (B, b1)
b,b, aivbi

x 1y1(b1, b2)G,” (b, ba)irt (b3, ba) G (ba, b)

A (0
+3 31 (@, b b a2) Gy (b, b1)iyy (b, b2)G,O (b2, ba)
b,b’ aivbi

X f¢¢(b3, ba)G (b4, D)G (a2, al)tA¢¢(a1, a)). (3.42)

31 describes indirect hopping processes between next-nearest-neighbor sites which occur
via virtual transitions to the UHB. In the-J model, these processes show up in the pair-
hopping term.

So far our discussion has been confined to a formal framework. For practical
calculations, further approximations will be necessary. Whereas the fermionicfietds
be integrated out in a systematicU expansion, one still has to carry out the functional
integral over the unit vector fiel®.

The simplest approach consists in expanding around a broken-symmetry ground-state
by making a saddle point approximation on the spin variali?s Different choices,
corresponding to AF, ferromagnetic or spiral orders, are possible. This approach, which
is discussed at length in Ref. [41], can be justified by taking a “l&fggemiclassical limit
of the Hubbard model. The spi%moherent states can be promoted to spioeherent
states (withS arbitrary) by writing theSU(2) /U (1) rotation matrixR; as in Eq. (3.36) and
generalizing the constraifd, 1|2 + |zry 1% = 1 t0 |zr4 |2 + |zr} |2 = 2S. The latter equality
allows to writezr 4 = /25 cog(6; /2)e~ 2 ¥ andz, | = /28 sin(gr /2)e2# YD) where
the choice ofy; is free and corresponds to tli&(1) gauge freedom. The action of the
Hubbard model is obtained from (3.29) with the replacemght> 25SA° and7 — 257.

[Note that the creation of a (fermionic) hole corresponds to a total removal of the local
moment.] In the limitS — oo (with zS = constant), the Berry phase term suppresses
quantum fluctuations of2. The spin variables become classical and do not fluctuate at
zero temperature. The leading correction it Igives the spin-wave modes around the
broken-symmetry ground-state.
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At half-filling, one can also try to compui@ by directly averagin@ with S[£2] [see
Eq. (3.32)], since the effective action of the spin degrees of freedpai[£2], can be
analyzed by various methods [43]. SinSgeig[ 2] is not a Gaussian action, this seems
a priori a very difficult task. We show in Ref. [42] how this technical difficulty can be
circumvented by using the Schwinger-boson mean-field theory of the Heisenberg model.
The advantage of this approach is that one starts from a good description of the magnetic
properties of the system (which are describedShyis): absence of long-range order at
finite temperature, exponential divergence jt¥'1lof the magnetic correlation length, etc.
Moreover, this formulation is a good starting point to study how spin fluctuations affect
hole motion [42].

It should be pointed out that Egs. (3.32) and (3.33) cast the Hubbard model in the form
of a spin-fermion model, which can be seen as the strong-coupling counterpart of the
“weak-coupling” spin-fermion model that has been studied so far [10]. There are, however,
important differences between the latter and our formalism:

(i) Inthe “weak-coupling” spin-fermion model, the effective action of the spin degrees
of freedom is generally assumed to be Gaussian. In our approach, the effective
actionS[$2] is obtained exactly (to orde? (z/ U)) by integrating out the fermionic
degrees of freedom.

(i) The spin-fermion model omits coupling between spin fluctuations and charge
degrees of freedom. Fermions interact with spin fluctuativiasa spin—spin
interaction. In our approach, there is an intimate coupling between charge degrees
of freedom (i.e., hole motion) and spin fluctuations, which shows up in the
£2-dependence of the intersite hopping matrix.

(iif) The spin-fermion model is restricted to the weak-coupling regime, whereas our
approach is appropriate to the strong-coupling regifne.

Finally, we would like to discuss the relation to the/ model. Starting from the
effective action (3.29) and integrating out the UHB, one recovers the action of.the
model in the spin—hole coherent-state path integral [51]. A further change of variables
yields the action of the-J model in the slave fermion formalism [53]. [See Section 3.2.3
of Ref. [39].] The connection between the action (3.29) andrttiemodel is, however,
not straightforward and involves some subtleties regarding the proper time ordering in
the functional integral [39]. As a result, both formulations should be considered as two
different descriptions of the strong-coupling limit of the Hubbard model. For instance,
indirect hopping processes between next-nearest neighbors appear in the Gaussian part of
the action (3.29), while they are described by the pair-hopping term in thenodel (this
term involves a three-body interaction in the standard formulation of-thenodel). But
the most interesting aspect of our formulation is the use of spin—particle—hole coherent
states. By clearly distinguishing between charge and spin degrees of freedom, spin—
particle—hole coherent states open up new possibilities for analyzing hole motion in
presence of strong spin fluctuations [42].

6 See also the discussion in Ref. [38].
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4. Summary and conclusion

There are two main ingredients in the derivation of the Heisenberg model from the
Hubbard model at half-filling: first, one should deal with spin operators (instead of the
original fermionic operators) in order to account for the local moments that appear in the
Mott insulating phase. Then, the effective Hamiltonian for these spin operators is derived
by expanding with respect tg U [27].

In this paper, we have proposed a generalization of this procedure to the doped case.
Our approach is based on the introduction of spin—particle—hole coherent states which
generalize the spir%— coherent states by allowing the creation of a hole or an additional
particle. They also generalize the spin—hole coherent states introduced in the context of the
t-J model [33]. The spin—particle—hole coherent states can be used to derive a path integral
and naturally lead to a spin-rotation-invariant slave-boson formulation of the Hubbard
model (Section 2). By performing two successive Hubbard—Stratonovich transformations
of the intersite hopping term, the path integral can be recast in a from which is suitable
for a perturbation expansion ity U. The actionS[y*, y; £2] can be expressed in terms
of two Grassmann variableg(, y;) and a unit vector field. A singly occupied site is
described by a spir%—coherent stat¢s2, ), while y4 (y,) describes a particle propagating
in the LHB (UHB). The fermionic action has interaction terms to all orders, given by the
atomic vertices"® [Eq. (3.24)]. The fermions also interact with spin fluctuations which
show up in the dynamics o2. In the strong-coupling limit <« U, the action can be
truncated to quartic order in the fermionic field [Eq. (3.29)] and used as the starting point
of a diagrammatic expansion. At half-filing and to orde¢t/U), we recover the action
of the (quantum) Heisenberg model.

Since the fermionic field can be systematically integrated out withinlaexpansion,
the main practical difficulty comes from the dynamics @f (spin fluctuations). The
simplest approach consists in expanding about a broken-symmetry ground-state my
making a saddle point approximation on the spin variakis Different choices,
corresponding to AF, ferromagnetic, or spiral orders are possible. This approach is
discussed in detail in Ref. [41]. The spin—particle—hole coherent-state path integral turns
out to be a very convenient tool for studying spin waves about a broken-symmetry ground-
state in the strong-coupling limit.

The main characteristic of the spin—particle—hole coherent-state path integral lies in the
clear distinction between chargg)(and spin £2) degrees of freedom. This opens up
new possibilities for the computation of the Green’s functions. One can first calculate the
Green'’s functions for a given (time-dependent) configuratio®aind then perform the
average with the effective actidfj$2] of the spin degrees of freedom [see Section 3.4 and
Egs. (3.32), (3.33)]. This program is carried out in Ref. [42].

Appendix A. Path integral for the single-site Hubbard model

Introducing(M — 1) times the resolution of the identity (2.13) in Eq. (2.22), one obtains
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M

2
Zat= /(H d—kdgk d§k>ezlly=1altk|2

M
< [ [(2 &kl Pre =102y 1, gia), (A1)
k=1
with € = 8/M and the boundary condition®2¢ = 2y, ey = eo, py = po, du = do,
and foy = — fs0. The projection operatoP; is defined by Eqg. (2.15) with the spin-
quantization axis determined by the unit vec®y. It can be written as

2 /e J 21 /e J
~ € S D 5@ € k @52
P — k Sk ienT Oy / —i€hg; Qo A.2
= [ <5 Il (A.2)
0

Since the constrain®@® and 02 commute with the Hamiltoniail — N, we obtain

Za=N" /(H d4—kd§k dik dM)eZ/iw:laltklz

k=1
M o~
< [ [(2k, &l Pee™ X241, 1) (A3)
k=1
d
:NM/<H—4 Lag d;kdxk>e Tilaelal?
k=1
M
< [ [(Rk. cx1Rx-1. —1)e™<Krit (A.4)
k=1

in the limite — 0, where

2/

(@8] (2)

edk edk
/d}»k—/ g ||f

Kk—H MN+1)\(1)Q(1)+IZA(2)Q(2)

2 Ki|2k— _

(R4, 0| Kk i1, & 1)_ (A.5)
(R, Ck|2k—1, Lk-1)

Using the expression of the scalar product [Eqg. (2.12)], the partition function is finally

written as

Kir-1=

M

” i a2y |, 2 a%
Zat=N / H?dg dgidig | exp Z[—alékl + G Sk-1

k=1 k=1

+ [Pk fr-1pk-1((2kRx-1) — 1) — EKk,kfliI } (A.6)
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Taking o, = ag = 1 and neglecting the overall normalization constafif (see the
discussion in Section 2.2), there is now no difficulty to take the continuum time limit.
Ki x—1 =~ K is evaluated by writing the Hamiltonian as

ﬁ—uﬁ=Uc?Tc?—qume (A7)
ag

where the spin-quantization axi2; is chosen. The constrain@® and 0P being also

defined with respect to the spin-quantization a®ig we obtain

.. (1
Kk =Uldil? = Y i ok +ir (1wl + [ pil? + 1di? — 1)
o

+ i3 (fifre = el = Vi) + 23 (£ f ok — Ldil). (A.8)
e\ kUL

We also note that2;|2_1) — 1= (2¢|R2x_1) — (2|82;) yields a term—(£2|£2) in the
continuum time limit. Here the dot denotes a time derivative. The final expression of the
action Syt in the atomic limit is given by Egs. (2.29).

Appendix B. Evaluation of (£2, ;|636r,|.{2, Z)

In this appendix, we prove Eq. (2.31) (we do not write explicitly the time indeXVe
introduce the operator

(ﬁ;ro- = Z(Rr)o’aé;—rﬂ/ (Bl)
lT/
which creates a particle with spinin the spin reference frame determined®y. In the
space spanned HS/{SM, we havezf&m = }ro. We then deduce

(2.¢16fen12.0) = (2. 195 (RIR),  9ver 2. €)

0,0’

=¥ RI Ry (2,212, 7)., (B.2)

whereyrt = ef pr fry andyr, = pidr fry. The intersite term in the action (2.34) follows
from Eq. (B.2).

Appendix C. Green’sfunctionsin the atomic limit

In this section we compute the connected atomic Green’s functions

- s ~ T
G{Iizf,b,v} = (_1)R<Tr Yai " Vag VJR e ybl)atc’ (C.1)

written here in the operator formalisnii( is the imaginary-time ordering operator). We
consider a single site and drop the site index.
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Let us first consider the Green’s functions determinedsg@. In the basisBy,, the
operatorg’, and the Hamiltonial — N can be written as (in matrix form)

010 00 O
m=(0o o o], gy =00 -1],
000 00 O
0 0 0
H-uN=|0 —u 0 . (C.2)

0 0 U-2u

We easily find the time dependence of the operafdf&(r) = U (—7)7s U (r) (where
U(r) = e "H-1N) js the evolution operator):

o=, o=y,

(n=U)t —(u=U)t 5

P =erVp 0 Pl =e P (C3)

The single-particle Green’s functic(hf,o)(r) = —(Tfﬁ(r)ﬁj(r)) is found to be

et

GO (r) = W[@(—r)eﬁ“ —6(0)] = "0 (—1),
at
©) e 2
G (1) = — g [0(—0)e’ H™D —o(0)efH] = —e D6 x). (C.4)
Zat

The final expressions are obtained in the low-temperature limit and we haviéﬁ%ed

1+ P 4 ePCr=U) ~ oB1t_The latter approximation neglects the contribution of the empty
and doubly occupied sites, in agreement with the discussion of Section 2.2. As expected,
Z;?) is the partition function for a given spin direction. In Fourier space, we obtain

Gl =Go+w™  GPlw)=(w+p—U)" (C.5)
In the same way, we can calculate the two-particle Green’s function. For instance, we

have

GY4 44 (T1. 721 13, T4)
=§e“m+wT3T4)Tr[ﬁ(ﬂ)(l7;%)2]
x[6(7a — 12)6(12 — 13)0 (13 — T1) — 0(13 — T2)0 (12 — T2)0 (T4 — T1)
—0(ta — 1)0(11 — 13)0(13 — T2) + 6(13 — T1)0 (11 — T4)0 (14 — T2) ],
(C.6)

where T[ﬁ(ﬂ)(ﬁ%)z] = eP*. We do not distinguish betweed'"'© and G", since the
effect of the Berry phase term agf¢ (R > 2) can be ignored (see Section 3). One can
verify thatG*MT(rl, 72; T3, T4) coincides with its disconnected part

G 1 (11, 72: 3. 72)
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=6 -w6 (2 -1 - 6P (- G (2~ 13)
= BTG (— 1y 4 13)0(—T2 + Ta) — O(—T1 + )0 (-2 + 13)],  (C.7)

S0 thatG% ++ = 0. Similarly G'{ ,, =0. By using the definition of the third cumulant

SOW[Y*, y; 2]

Ggllfzza3,b1b2b3 = oY oy,
ay 1 *=r=0
= Ggllaza&blbzbg - G;?Lﬁgf%bzm - Gfg;;ngfa&bm
- G;223G2fa2,b1b2 + Gfg)blGlzlfa3,b2b3 - sz?bngfaz,bm
+ Gig)bzGlleCaz,blbg + G;?LZGLI;%,/JM + 65122362;3,/;11;2
G Gl — G, G5, G0, + 60,610,615
G0, G065, - 69,65,6%, - 65,6%,6%,
+G, 60 G . (C.8)
one also obtains;}}';ama = 0. [Note that this verification requires to considée6360
different time sectors.] It is clear that this result holds to all orders, i.e.,
G¥ . yg=0. (C.9)
The Green’s functiord}'T'j,N can be calculated in the same way:

GY| 4, (T2, 72: 13, T4)
— eM(T1*T3)+(M*U)(72*T4){e*ﬁﬂg(fl — 12)0(12 — 14)0 (14 — T3)
—0(t2 — 14)0 (13 — 1) [0(11 — 72) + 0(14 — 73) ]
+ P00 (14 — 13)0 (13 — 11)0 (11 — ) ). (C.10)
In Fourier space, we obtain from Eq. (C.10) the connected part

GYS 4, (i1, iwg; iw3(ioms))

= —G;O) (iwl)G‘f) (ia)z)G(TO) (iwg)G(f) (iwa)(iwp — iwz — U)
1
i1 +iwp+2u—U

[e*ﬂﬂc‘f) (iwl)G(TO) (iws)
— 1G9 G P (iwa)], (C.11)

wherews = w1 +wy — w3 is fixed by energy conservatio@!'c is related to the two-particle
vertex by

G%’T¢(ia)1, w2, ia)3(ia)4))

=G 0nG P iw) Iy 4y (w1 iwg: iws, ((02)) G (iw3) G (iwa).

(C.12)
From Eg. (C.11), we then deduce

FN,N(iwl,iwz;iwg(iam))=ia)2—ia)3—U (C.13)
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in the low-temperature limit, i.e., by neglecting the second and third terms of the r.h.s. of
Eq. (C.11). These terms correspond to the contributions of the empty and doubly occupied
sites, which, according to the discussion of Section 2.2, should be discarded.

Let us now consider the effect of the Berry phase term

S SR = [ a0 1y (C.14)

on the single particle Green’s functigh The latter can be calculated from

1
G¢(f)=—W/d)»/D[f,e,p,d]e*(f)P(f)fT(f)f{k(o)p*(O)E(O)e*Sa‘,
at

G, (r) = —% [ @ [ Disecp.diaorp @110 77 Op O @
a (C.15)
by integrating explicitly the bosonie( p, d) and fermionic () fields and the Lagrange
multipliers. The calculation can be found in Appendix C of Ref. [39]. Neglecting the Berry
phase term, one recovers the results obtained above [Eqgs. (C.4)]. The first order correction
in A= (2|2) is

G (0) = f d11 G (r — 1) A%t G (),

GP(r)=- / d11 G (r — 1) A%w)G ¥ (1) (C.16)
in the limit 7 — 0. These results are easily extrapolated to higher orders as (in matrix
form)
_ ~0 0 40,~(0 0) 40,~(0 4,0,~(0
G¢_GT +GT A GT +GT A GT A GT +--,
() () 40,~(0) (0) 40,~(0) 40,~(0
G, =G, -G A% +G\"A% VA% ) — . (C.17)
or, equivalently,
Git=GP-4%  Gt=GPt Al (C.18)

Note that these Green’s functions, like the gauge fie®d depend on the site which is
considered.

Appendix D. Closed loopsin the strong-coupling perturbative expansion

In this appendix, we discuss the vanishing of closed loopsg gfarticles in the strong-
coupling perturbative expansion.

Since the Green’s functions®¢ are related to the verticds®, a diagram can always
be expressed in terms of th@R¢’s. Using Eqg. (C.3), one can show th&¢ is a sum
of terms proportional tg—1)” HiRzl Gg, (ti — Tp(y) Where P is a permutation ofl, R]
satisfyingopy = o; (i € [1, R]). Each closed loop of,, particles will then give terms
of the typeG, (1o — T)fyo - - - tooe Go (T, — T0) Whereo is the (conserved) spin along the
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loop and the integer varies from 2 tooo. Terms withn = 1 correspond to anomalous
diagrams and should be discarded. By summing over the different valuwesvef obtain
g,io)(r, rt=07)—-Gy,(r,r;t=07) whereg,io) is defined by Eq. (3.37). In the absence

of particles in the UHB, bot@fo)(r, r;t=07)andG(r,r; T =07) are equal to zero. We

conclude that closed loops @f particles vanish. On the other hand, si@r@(r, r,r=
07) — G4(r,r;T=07) =n— 1, closed loops of; particles do not vanish, except when
the density of particles equals 1 (half-filled case).

Appendix E. Green’sfunction of the“ physical” fermions
In this section, we relate the “physical” Green’s functiexc,cj;) to the propagator of

they field. Consider the fermionic field defined in the spin reference frame determined
by 2 [Eq. (B.1)]:

Cro = Z(Rf)o’ﬂ/d)rﬂ/- (El)
Since¢ = y (in the space spanned li%r), we deduce
~{ero (et (TN == D (R (D)) 4 1101 (DY, O (RIEH) ) (E.2)
01,02

For fermions in the LHB, we then find

G5B (T, 1t = —((Re (1)) ., vt (175, (D (R (D) 1, ) (E3)

Here y» = e*pfy, v, = p*df, and the mean values are to be taken with the action
S[f.e,p.d,»; 2] [Eq. (2.34)]. The Green’s functiog-"® can be expressed as the
functional derivative of the partition function calculated in the presence of external sources.
It is then possible to carry out the steps leading to the effective adipri, y; 2]
[Egs. (3.21) and (3.24)]. Taking the functional derivative, one finds h&€ is given

by Eqg. (E.3) where the field is now an elementary field and the mean value has to be
taken with the actiois[y*, y; £2].
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