
���������
	����� ���������������������� ���!�����"��	#�������$%��&'���(	����)�����*�+�,��-.�/���/�0�����"�!���,�1&'���
2'3346587:9�; <0=';

>�?/@8ACB�?CDEACFGBIHKJLHNM�O0PRQ�FTSVU�HXW�OY�AZB[FTSVU�H\JLH�]^?K_`?CDaFTbVBIH#c�ACdeJLHVdQVY�H[f�c�?ZQVH#c�AZU0B[B[FTHVB�gZhigZf�j1d�FGkZHVB�Q�FGDlY
MmFTHVB[BIHnHVD�_`?ZB[FTHocpU0B[FTHqf�rKse]t?Lu8HnviU!Q�Q[FTHqU!f�wyxZh!xZh#Mz?ZB[F6Q�u�H8J/HI{}|/xRfp~�BI?Cdeu8H

]^H[Q[d�HC��] s�Da�Ku�� �[U!Q�Q[FTHVU�� ��B

�\�1�%���y�����T�����i���i��� 3/�I4^�,�
A
46� �L�� 4^�I4t�L�m4���4^�8�p�R�L��� �L�^� � �C�t� � 4t3 � �I�!���I��� S 4t�1�8���� � ���L��4^�8�%  � �I�I4 �C� � �L�^� �y�

4^3o�I��¡� �¢0£ �I�!���I���K�m5V�L�\ e�/�I4t3¤ S ¥¦ � � �8�V�L�V�m�I���N  � �I�I4^�I4t�L3o46�V§ A(S) =
∑

i A(Si) ¦ ��V�8� S = ∪iSi ¨�© 3�I��K� � �8��V� � �I465 �C� �,� � 3 �  e�L4t3/� ¥ � 3 �L��� 4��84^�L�\� � 3�5q�I4t�L3
� � �84t��ª���� f(x + y) = f(x) + f(y)
�G�/� � 3i�`  � 4t�

(x, y) «  �8�R�!4 � � � 4^� 4t� 5q�L3i�I4t3 � � � � ¥ 4�� �I� �0� 5V�����I� �¡� 4t3� � ��� � 3�5[�84^�/3 f(x) = ax ¥ � �   e�L�I�I4t3¤N�8��z��� �^� � ¦ 4^3¤4^3i�I�V�8 �8�q� � �I4t�L3¬�C� �/�� 4^�I4t�i4^�,��§�7!3� ¦ 4t3¤ � � � �\  � �}46�\��3� � ¤/��8�®¤L� � �I �I��¯5V� �t� �y5[�I4t�L� ¢ �V� � �!4^�/� ¥ �I� � �° � �,�84����!4t3¤K�8� �0� 5q�I4t�L346��� �   �8� � 58��y� � 3 �o� 4^3� � �
∗
�I�y5q�L3��,�8� � 5q�I4t�L3 ¨

�#±���²
³1�y´��y�Tµ�� �I�V���V�����I�¶�8�� ¢ �V� � �!4^�/�\�L�\ ��I�/ ������84^�y�n� ¢ �I�V�8�L� � 4^3¬�I��� � 4^�\4^�
t → ∞ �C���I���X�I�0�,�8�V�

�V�L� �t� �84^�/3
∗ ¨

�n�V�V·Z¸µL��´�·!� 5 � �/�I� � 4^3!� � �84 � 3/�n4^3 � ��5q�/�n e�i� �L¢� �o� �¢ ���V�n�L���I��: � � ���:�I  � 5V�
∗ ¥p¦ �4658� � �I�I� � 5[��� �L�^� �I� �Z£° �y5[�8�L�84^�y���,� � �I�I4t3¤¹� �0º 5V4^��3/� � �o3�� � � ¢ �¶»�4t3 � 3��4^¤/� ¢ �L�8��!� � 5 �L�^� � � 4^�8� @8?ZQ�FGd
A���?ZD¼DaBI?LuVD¼FTAZdi½ ¥ ��V3�5V�¡� ��t� �� 5V5V� � 3i�I4t3¤¾���/�\�I�� � ���!�\ 0�8�C�84t5

∗
 �I�/ e�V�I�I4t���n�L���I��� � �!3 � �\465 �C� �I�0�,�8�V� ∗ ¨ 2'3 � ���8� � 5[�I�/�n46�\�I���I�\� �)�Q�D¼BI?Zd!¿/H�?CDaD¼BI?LuVDEACB 4^�%�I�� � �!3 � �\4t5����I�y�,�8�I465[�8� � �/3:4���46��58� � �C�I465

∗ ¨
�z�eÀi·Z¸Á�Àe� �8�4t�z�I�V�8� � �I�I�05q4 � �8� � ¦ 4��8�}�\� � 3}� �L�^� �y���C�%� ¢ �I�V�8� �C¢�� � �i��� 3i�I4^�I4t���z46� � 5[� ���C�t� �#4 �t�^£E� �Vª�3� � « 4^�4t�z���8����3/�84 �L� �I�K �8��5q46�I� ¦ ��V�I�����4����8�q�����8�m�8� � D¼FG�KH�?ZkZHVBI?V¿iH �L� �L3¤��8��Â�I�!���8�V�Ã�I� � ° ��5[�8�L�8�K4t3:�I��¡ �� � �I�
��  � 5q�

∗ ¥ � Q¼s?CDaFT?C]�?CkZHqBI?V¿iH 4t3¶5 � �����L� � ��  � �I4 �C�t� �}�qÄ!�8�V3 � � � ���0���I���Å� ¢ �I�V�8�L� �`� � � 4^Æe���I��3/�¡�I�y��� �^� �84^�/3�� ¥�L� �  � � �I� £ �I  � 5V� � �L�V� � ¤L� ¨/Ç 3o�I�46� �6� �I�I�V��5 � �I� ¥ 4^�z46� �8�V�8�\� �o� Q[Dl?ZD¼F6Q�D¼FTu�?Z]1?ZkZHVBI?V¿iH � 3 � 4^�z4t3i�L� � �L�����I�L�\�¦ �V4t¤L�/�N» ��È �\� � � � �8�[É ½ �R�L�����8��� � � �I����  � 5q� ¨ ;��8¤L� � 465 ∗ �I����L�8�n¤L4t�L��� 5q�/3 � 4^�I4t�L3�� � 3 � ��� ¦ �4t5��¹�I4t�\� � 3 ��,� � �I46���I465 �C��� �L�V� � ¤L���+5 � 3 ¢ �\4 � �V3i�I4^ª�� � ¨�Ê �/� � � � �\  � �\�C� N
4^3 � �� e�V3 � �V3/� � 3 � 4 � �V3/�84t5 �C�t� � � 46�,�8�I4 ¢� �8� �

� � 3 � �L�Ã� � �84 �C¢� ���
(Xi)i ¥ �8�� ]^?CËÌA��N]^?ZBa¿iH�d�U0�\@�HqB�Q ��� � �8���m�I���¡5V�L3i�L���I¤/�V3�5V� � �

N → ∞ �C�1�I���¡� � �\  � �
� �L��� � ¤L�

(1/N)
∑N

i=1 Xi
�8�n�8��Â5q�/�n�\�/3:��� � �I46�,�84t5 �C��� �L�V� � ¤L� 〈X〉 ¨

Í �aÎ¼Ï1·ZµL¸0�y�T´eÐ���� 3!� �/���C� 4�� � �84^�L�+5�� � 3¤L��4t3#�I�� � �I�!�\ 0�I�L�I465
∗
¢ �V� � �!4^�/� �L� �n� �!3 � �\465 �C� ���0���I���

∗
»T� ¨ ¤ ¨ � 3�qÄ58� � 3¤L�\�C���,� �C¢ 4 � 4��,� ¢ �q� ¦ �V��3¾� ¦ �:ªÄ0� �  e�L4t3/��� ¥ �L�N�I��� �   e� � � � 3�5q���L� �:� 4t�\4^��5q�05 � � ∗ ½ � � � 5q�L3i�I�8� �  � � � �\�q�8�V�

∗
46��� � �84^� � ¨LÑ ��'  � � � �\�q�8�V��� �C�t� � � � ¦ �4658�K�I���5�� � 3¤/�z�05�5 � ����4t���I�� @qF ��U0BIu�?ZD¼FTAZdnsACFGd�D ¨iÑ ��@qF ��U0BIu8?CDaFTACd}JCFT?V¿LBI?Z� 46�%�I���  � �L�p�L���I��� � �I�I� � 5[�8�L�R»T� ½

∗
kVQ �I��z5V�L3i�I�8� �   � � � �\�q�8�V� ¨ 2 ¢ 4^� � ��5 � �84t�L3�46�p� � 4 � �I�¢ �Â¤L�V3��V�I465

∗
4��p�I���5q�/3 � 4^�I4t�L3������L��� ¢ �I�V�8�!4^3�¤n4�� � �8�¡�,�8� � 5q� � � �C�t� �#�,� �C¢� �

∗ ¥ 4 ¨ � ¨ � �I�N�8� ¢� ��� ∗ ¦ 4^�I�}�8���I e��5q��I� � � �0º 5q4t�V3i� � �:��� �L�^�  e�V�I� � � ¢�� �I4t�L3
∗
�C�%�I��Â�V�L� �^� �I4t�L3 �6� ¦ ¨�Ñ ���¡�qÆ���5[�'�L� �  e�V�I� � � ¢�� �I4t�L3 ¦ � ��t� �L3 � �¢ �N�I�¹����4��G�z�8�� ¢ 4^� � ��5 � �84^�/3: e�L4t3/� ¨

Í ´eÒ��yÓL²"¸Ð%Ð¬�%�T±��V·Z��ÔpÏ��y�T´eÐ�� �8� �6� �84^�L� ¦ �V4t¤L�i�z�C�1�I��� � 4�Æ��V�8�V3i����� � �I�y� x
�L� � �I�0�,�8�V� « �\�L�8�+ �8��5V4t�I� � � ¥ 4^�4t� �  �8� ¢��C¢ 4 � 4^�,� � 46�,�8�I4 ¢� �84^�/3n4t3n�I�������0���I���Õ5q�L30ª�¤ � � � �84^�/3��I  � 5V� ¥ �8�qÖ���5[�84^3�¤ �/��� 3/�84�� � �84^�L� � �Â�8�� ¢��L�t� 3�5q�¢ �V� ¦ �V�V3}�I����I� �C� ��3�V�8¤L� kBT

» ¦ ��V�8� T
46���I���N�8�V�\ e�V� � � � �I�

∗
� 3 �

kB
�I���×m� � �IØV� � 33}5q�/3���� � 3i� ½ � 3 �

Ù



 ��L�I��3/�I4 �L� �V3��V�I¤/�
U
��3�V�8¤L4t����§

PT (X) =
1

Z(T )
e−U(X)/kBT

Ñ ��'3�L�8� �C� 4^Ø � �I4t�/3�� � 5[�I�/� Z(T )
46� 5 �C�t� � � �8�� s�?ZB[D¼FGDaFTAZd���U0deuVDaFTACd � 3 � 4��m¤L4t�L��� � 5V5q�y�I���8��I� � ¤L� � 4^Æe���I��3 £

�I4 � �I4t�L3o�8�K�I�V�L��� �L� �8��V�8�\� � �!3 � �n465 �/��� 3/�84��84^�y� ¨
Í ´eÏ1Ð%�%¸0·R�¬µL´eÐ1�%���y�T´eÐ1±/�  �8���85q�84 ¢ 4^3¤��8��¡� �C�t� �y�m�/� ¢ �V� � �!4t�L���C�%� ¢ �I�V�8� �C¢� � �i��� 3/�84��84^�y� � �z�I��Â�I  � �84 �L�
¢ � � 3 �� �I4t�����C�1�I���Â���0���I�V�.46�����8�I�V3/�84 �L� �I�K¤L�q� � ¦ � �t��£  e�/�I� �  �I� ¢� �V� ¨MzHVB[FTA�JZFau"@8ACU0deJL?CB[P¬u8ACdeJCF6D¼FTAZd�Q ¥ 4 ¨ � ¨ �8�V  �6� 5V4^3�¤ � n

£ �!�! e�V�85 �¢ � ¢ � �
n
£ �8�L� � � ¢ �¬4 � �V3i�I4^���!4^3¤ � 3 �

¤ �t� 4^3�¤:�8�L¤/�q�I���V�N�8��¹�/  e�/�I4��8�K�I4 � ��� ¥ 46� � 3 � �\�V�84t5 �C� �I�846587`�I�`��4t� ��6� �I� � 3®4t30ª�34^�I�o���0���I��� � 3 �®� �L�/4 �
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∫
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Pm,σ(x) =

1√
2π σ

e−(x−m)2/2σ2
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� �� � � ¢ �¬�I��¾¤/� �/� 4^��3/�o�C� �

 ��L�I��3/�I4 �L�
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